
���������
	��
�����������
�����
��	����������
�
�! #"%$'&�()"*$,+.-0/#132�4650798: ;+<$%=%>? ;+@(BA
CEDGF*HJILKMDNIPOEDRQTSGUGVGWYXZDR[Z\.]_^a`,b!`,Xc`,D
KM[edTX�I)VRfhg%U�]iIkjl`,DRQTmnfo`,]pQT`,DJU

qhrtstuwvyx

z|{~}��*���
�3�%�����#�
�����<�t�,�k���,�#�@�����
�N���
�����J� n ∈ N

��  �J¡��G�¢�£�G¤�¥¦�¢�
∑

2|k

(

n

k

)

=
∑

2-k

(

n

k

)

§#¨�©�ª¬«
�B�®­�� © ¡��G¤ §�¨ ¤�¯ § �G�   �¢¤#°²±Y�¢�.³¢���<´¶µJ�G�E·¸¥#�<´�µ�¹ �)º¦� �¼»
�¢�B� §�¨�©�ª¬«h½ °²¤��¾´ ©�¨#¿ ´��¢°²¤À�G��¤�� ©Y  �ÂÁ£� ¿ ´¶�¢°.¤ÀµÃ¡��¢� ª¬« �G¤ {A ⊂ Nn : |A| ¯²� © � § � } ¨ ¤ §

{B ⊂ Nn : |B|
¨ ¤�¯²� © � § � } �

Ä ���
�P�£�G� m ∈ N
¨ ¤ § X := {(x, y, z) ∈ N3

m+1 : z > ±®�@Å {x, y}}
�:Æ'Ç.« ³¢�G¤3¥¦�¢� § ���È ¤�µR� « ³ § � © �
³¢�J±Y�J¤N´¶�EÉ²°.¤ X � ¨#Ê µJ¡��G��ËÌ�G�¢�£�G¤'Í

�B�|� © ±Y�Î´�´��G³¢¤Ï¥¦�¢� ÊcÐ#© Á£� § �J� k ∈ Nm+1

§ �¢� È ¤�µG� « ³ § � ©ÒÑT¨#Ó �J³ (x, y, z) � ¨ � X ±Ô��´
z = k

¨ ¤ § � ¨ ±Y±Ô�¢� © �J¤�¥¦�¢� § ���G�£� Æ � « ³¢�J¤Õ� ¨#Ê��
�¢�B� Æ'Ç.« ³¢�J¤�¥,�¢� § �¢� ÑÖ¨�Ó �J³ (x, y, z) � ¨ � X �¢¤ § �G¤Ï× Ç ³¢³��G¤'»���¤ § �G¤��J¤ x = y < z, x <

y < z
¨ ¤ § y < x < z ¯²��³�´ ¨ ¤ § � ¨ ±Y±Ô�¢� © �J¤�¥¦�¢�Ò� «�© ��� © ¯.� Ä ¤������£�l� ¨¦Ê��

ËØ�.� ÊcÐ�© �J�¢¤��ÒÙ § �J¤N´¶��´ Ç ´Ú� ©£« �.³�´��G¤Õ¥¦���ÜÛ
ª �   �G�£´��¢±Ô±Y�J¤�¥¦�¢� ÊcÐ#© s, n ∈ N

±Y�Î´ s ≤ n

∑

s≤k≤n
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·ZÝw��¤;¡��G���GÍ�Ù�¤;´�� ©£Ó�© �Ã´¶�¢� © �J¤Þ¥¦�¢� § ���l¥ ¨ ±Y±Ô�k�.³¢� § ���Lß ©�§ ¤ ¨ ¤�¯®�J�¢¤�� © ¯²�J�G��¯²¤��J´��G¤�àÕ�G¤�¯.�¨ ¤ § � © ±Ô��´£´¶�G³�¤a¥¦��� § �¢��ß ©�§ ¤ ¨ ¤�¯ § ���G�£� © àÕ�J¤�¯²��� © ¤#� ¨ ´¬�

z|{~}��*���
�Yá'�Ò�¬�²���<�t�G�â���,�#�@�����wã � § �¢��à ¨ ³�´�� Ó ³�� ¿ �<´��¢°²¤ÒÉ²°.¤ Æ � « ³¢�J¤L�G��¤�� Ä ��¤ Ç.© ��ß Ó � © �<´��¢°²¤
���£´R»w± Ð �£���G¤ä¡�� © µJ¡i�.¤�¯.��³ Ç<¨#å ¯ n − 2 ±Y�.³ ¿ ³B�<±Y±Ô� © ¤ ¨ ± �G��¤çæ © ° §�¨#¿ ´ a1a2a3...an

±Ô��´
n ≥ 2 � ¨ �£µ ¨�© � ª¬« ¤��J¤ �Lã �¢� È ¤�µR� « ³ § � © É.� © � ª¬« ��� § �J¤��G¤Ì±Yè²¯.³¢� ª¬« �G¤ ½ ³¢�.±Y±Ô� ©£¨ ¤�¯²�J¤?�£�G��±Ô��´
f(n)

Ä �GµJ�G� ª¬« ¤��J´ �éÆp�ê t� ¯²��³�´ f(2) = 1
¨ ¤ § ¡��G¯.�G¤ a1a2a3 = (a1a2)a3 = a1(a2a3)

���£´
f(3) = 2

� È ¨�ë � ©�§ �J±ì¯²�¢³Î´ f(4) = 5 » § �J¤�¤Ø�<³¢³¢�k±Yè.¯²³¢� ª¬« �G¤ ½ ³¢�.±Y±Ô� ©£¨ ¤�¯²�J¤?É²°.¤ a1a2a3a4�£�¢¤ § a1((a2a3)a4) = a1(a2(a3a4)) = (a1a2)(a3a4) = ((a1a2)a3)a4 = (a1(a2a3))a4

� Ëh� ©
É.� © �J�¢¤ Ä � © �G¤Õ¤�° ª¬« f(1) = 1.  �Ã´ © � ª¬« ´¶�G¤�¥¦�¢�Ò¤ ¨ ¤ § ���Ò� © µJ� ¨ ¯.�G¤ § �l× ¨ ¤ ¿ ´¶��°²¤

F (X) :=
∑

n≥1

f(n)Xn ∈ C[[X]]

É.°²¤ f : N → N ⊂ C
�



�N� Æ �J�¢¯²�J¤�¥¦�¢�<Í��
�w¯²��³�´ § �¢� Ê ° © ±®�<³¢�ÒæÖ°.´¶�J¤�µ © �G� « �G¤�� § �G¤N´¶�Î´ Ç ´

F (X) = X + F (X)2 .

Ä �|­�� © � ª¬« �<í
�G¤®¥¦�¢�9�£� ª¬« ±Y�Î´
Ýw��³ Ê �iÉ.°²¤Ô�N�p�G��¤���î��¼Å Ó ³¢��µG��´��Ãï�×%° © ±Ô�G³ ÊcÐ�© F (X)
¨ ¤ §YÄ �G�¾´¶��±âð

±Ô�G¤ñ¥,�¢� § ��� ½ °,�JòÔµG���G¤N´¶�J¤ f(n) É²°²¤ F (X) � © ¤�� ¨ ´ � Ë:�.� ÊcÐ#© �G�¢¤#�â×*° © ±Ô�G³ ÊcÐ#© f(n)� ©�« �<³�´¶�J¤Õ¥¦�¢�RÛ
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