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Abstract

This paper is concerned with complex Banach-space valued functions of the form
fk(rcosé?,rsinﬁ,z) = eikefk(r, 2), r € [0,00), 0 € T, z eR,

for some k € Z. It is demonstrated how classical and Sobolev spaces for the radial function fx can
be constructed in a natural fashion from the corresponding standard function spaces for fk A theory
of radial distributions is derived in the same spirit. Finally, a new class of Hankel spaces for the case
& = fr(r) is introduced. These spaces are the radial counterparts of the familiar Bessel-potential spaces
for functions defined on R?. The paper concludes with an application of the theory to the Dirichlet
boundary-value problem for Poisson’s equation in a cylindrical domain.

1 Introduction

Background

The selection of suitable function spaces is an integral part of the analysis of partial differential equa-
tions. Concepts such as weak and strong solutions and variational principles, as well as techniques such as
contraction-mapping principles, the Fourier transform and Green’s functions all rely heavily on these choices.
In many physical settings—such as heat conduction, acoustics and planetary motion—it may be convenient
to formulate the mathematical problem in polar coordinates, replacing the planar Cartesian coordinates
(x,%) by the planar radius r > 0 and angle 6 € T'. Following the development of the radial spatial dynam-
ics theory of Scheel [24], there has been a renewed interest in utilising polar coordinates to study partial
differential equations arising in pattern formation, either through an angular Fourier expansion

a(rcosf,rsinf) = Z e*up(r),
k€EZ

or by restricting to the special case of axisymmetric functions & = ug(r). A notable area of progress in recent
years comes from the study of spatial localisation in higher dimensions; e.g. see Lloyd & Sandstede [21],
McCalla & Sandstede [22], and Byrnes et al. [5] for localised axisymmetric patterns, and Hill, Bramburger
& Lloyd [16, 17] for approximate localised dihedral patterns. The partial differential equations in many
of these examples are fairly simple, and do not require some of the more sophisticated tools of functional
analysis. However, if one wishes to study more complex partial differential equations, such as those arising
in the study of axisymmetric fluid jets (e.g. see Alt, Caffarelli & Friedman [3], Erhardt, Wahlén & Weber
[11], and Groves & Nilsson [14]) or spikes on the surface of a ferrofluid (Hill, Lloyd & Turner [18]), then
one must first establish a convenient framework of radial function spaces in order to utilise the full range of
available analytic tools.

Of course, this problem is not novel. Many previous rigorous studies have considered axisymmetric solu-
tions to partial differential equations posed in polar coordinates, and by necessity deal with the question of



radial function spaces. However, the authors typically either define their own ad hoc function spaces (e.g. see
Ericsson [12] and Liu & Wang [7] for the Stokes and Navier—Stokes equations) or first massage their problem
to fit in a standard function-space framework (e.g. see Varvaruca & Weiss [27] for water waves and Wang
& Yang [28] for ferrofluid jets). In fact it appears many of the radial analogues of standard function spaces
are not well established, even in the case of the classical spaces of continuously differentiable functions. The
aim of the present work is to present a clear and comprehensive framework for radial function spaces that
encompasses many of the standard spaces connected with the analysis of partial differential equations.

The usual practice for symmetric functions of the form g (x) := ug(|x|) in R is to find a function space for
the radial function ug which characterises the membership of the symmetric function g in a given standard
space; for example, de Figueiredo, dos Santos & Miyagaki [10] introduce weighted Sobolev spaces for ug(r)
which guarantee that 4y belongs to the subspace of real, symmetric functions in the Sobolev space H™(B),
where B is the open unit ball in R? (see also Ostermann [23] for a complete characterisation). Similarly,
Bernardi, Dauge & Maday [4] and Costabel, Dauge & Hu [8] consider mode k functions iy, = tx(x) in R?
which have the property that

g (rcos B, rsinf) = e*uy(r), r>0, 0T,

for some radial coefficient uy = uy(r), where ug(0) = 0 if k¥ # 0; note in particular the distinction be-
tween azisymmetric functions (mode 0 functions, i.e. rotation invariant functions defined on R?) and radial
functions (functions defined on the half-line {r € [0,00)}). The above authors show that iy belongs to
H™(Bg(0); C), where Br(0) is the open origin-centred ball of radius R in R?, if and only if u; belongs to a
weighted Sobolev space H EZ) (which is characterised in different, but equivalent, ways in the two references).
The characterisations of H, (’”’,;”) are however not particularly intuitive, and do not address in particular the fol-
lowing question directly. Suppose that 1g(x) = ug(|x]), x € R? is an axisymmetric function in H™(Br(0);C)
(so that ug € Hg)); in what space does ug(|x[) lie? Consider for example the function ug(r) := sech(r), and
note that

e (%) := up(|x|) is axisymmetric and smooth in R? (see Figure 1(a));
e Gy (x) := u)(|x|) is axisymmetric but not smooth in R? (see Figure 1(b));
o us(x) := Aug(|x|) = ug(|x]) + ﬁug(\xb is axisymmetric and smooth in R? (see Figure 1(c));

e G3(x) := cos(arg(x))uj(|x|) is not axisymmetric but is smooth in R? (see Figure 1(d)).

This example illustrates that the radial derivative of a smooth axisymmetric function is not in general a
smooth azisymmetric function. It also illustrates the facts (see below) that the Laplacian of a smooth
axisymmetric function is, however, a smooth axisymmetric function, and, perhaps more surprisingly, that
the radial derivative of a smooth axisymmetric function is the radial coefficient of a smooth mode £1 function.

The above example shows that it is not sufficient to only consider axisymmetric functions when introducing
an analytical framework for radial functions, and more generally it is not immediately obvious whether
derivatives of a radial function in a given space also lie in that space. This remark is particularly pertinent
when utilising radial spatial dynamics, where radial derivatives play a central role. In this paper we introduce
a framework of radial function spaces with two aims: the radial spaces should correspond in a natural fashion
to (subspaces of ) standard spaces of mode k functions defined on R?, such that standard results for the latter
spaces are readily transferred to the former; and (appropriately defined) derivatives of a radial function should
map one space into another according to clear rules and without leaving the framework.
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Figure 1: Planar plots of the functions g (x), @1 (x), i2(X), @i3(x) defined above. Each function is smooth
except for 41, which has a cusp at the origin x = 0.

Overview

We begin our task in Section 2 by exploiting the structure inherent to polar coordinates, rather than at-
tempting to employ a more Cartesian-minded framework. Following Costabel, Dauge & Hu [8], we consider
the effect of applying Wirtinger-type complex differential operators Bg —iag' with

0 = L0, —10,), O = L0, +i0,)

to mode k functions; explicit calculations indicate that one should replace the differential operator 9, with
the k-index Bessel operator
d d k
Dp:=rF—rb=— 4=
F dr dr + r
and the higher-order differential operator 9 with

e (1ay
D=1 ket <;£> rk = Dk_(i—l)Dk—(z’—Q) ... Dg—1D.

Proposition 1.1. Let fk :R%2 — C be a mode k function with radial coefficient fy, : [0,00) — C. It follows
that
I fe = el(k_l)ex/%Dkfk, Oz fi = el(kﬂ)e\/%D—kfk,

and more generally
02O fu = M2 9T D LD fi (1.1)

forneNyand 0<i<n.

According to the above proposition the operator J; maps a mode k function with radial coefficient fj, to a
mode k — 1 function with radial coefficient Dy, fi, while 65 maps a mode k + 1 function with radial coefficient
D_k fr- Correspondingly, one finds that Dy and D_; map a mode k radial coefficient to a mode k — 1 and
a mode k + 1 radial coefficient respectively, as illustrated diagrammatically in Figure 2; it follows from the
calculation

Dy Dy = DitnDim
that the diagram commutes. Note that it is actually not necessary to distinguish between mode k£ and mode
—Fk radial coefficients since the radial coefficient of the mode k function fi(x,y) is also the radial coefficient
of the mode —k function f(z, —y) (which explains the apparent ambiguity in this interpretation of Dy.)

In Section 3.1 we examine spaces of classical functions using the above observations. Fix R € (0, 00]. It is
readily established that f; belongs to the subset C?k)(B r(0); C) of mode k functions in C°(Br(0);C) if and
only if its radial coefficient fj belongs to

Clr ([0, R); C) == {f. € C°([0, R); C) | kfrlr=o = 0}
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Figure 2: Actions of the Bessel operators. The mode k + j function in column m is

ei(kﬂ)ekaka_l ... Dy, fr, where the indices {k;}*, satisfy k; = £(k;—1 — 1), with k3 = £k, and consist
of (m — j) positive and % (m + j) non-positive terms.

(see Lemma 3.1). Observing that f; € C™(Bg(0);C) if and only if ag*iagfk belongs to C°(Br(0);C) for
0 <i<n <m, we thus find from equation (1.1) that f belongs to the subset CA’E}Z) (Br(0);C) of mode k
functions in C™(Bg(0); C) if and only if its radial coefficient fj belongs to

Ciy([0,R); C)
= {fi: [0, R) = C | D1, Dy fi € Cltin—2i) ([0, R); C), 0 < i < < m}
= {fk : [OvR) —C | Dzzizpzkfk € CO([(),R),(C), (k +n— 27’)’Dﬁ;3_1D?¢fk|r:O = O; 0 < { <n< m}

We establish analogous results for other classes of continuous functions, in particular for the mode k
bounded continuously differentiable functions Cy, ) (Br(0); C), test functions Zx)(Br(0); C) and Schwartz-

class functions j(k)(RQ;(C). In all cases the mapping fx +— fk defines a bijection between the respective
spaces and is furthermore an isometry C(yy,, ([0, R); C) — Cfj, (Br(0); C) and 74 ([0, 00); C) — i) (R%C)
with respect to the natural (semi-)norms (see Section 3.1 for details).

After discussing radial distributions in Section 3.2, we present a similar approach to Sobolev spaces in
Section 3.3. A mode k function f;, evidently belongs to L?(Br(0);C) if and only if its radial coefficient f;
belongs to

R
L2((0, R); C) = {f:[O,R)—MC | 271'/0 |f(r)|2rdr<oo},

and this observation leads us to define IA{(’E) (Br(0);C) for m € Ny as the completion of Q(k) (Br(0); C) with

respect to the norm
m n
A~ n _ LA
IFulle =33 () lop-otful:

n=0 =0



and H{ ((0, R); C) for m € Ny as the completion of Zx)([0, R]; C) with respect to the norm

m . n n » .
Il o= Y23 () 1D Difl
n=0

=0

(¢f. equation (1.1)); the spaces ﬁ(sk)(BR(O);(C) and HE, ((0, R);C) for s > 0 are defined by (complex)
interpolation. Embedding and trace theorems for these spaces are given in Section 3.3, where we exploit
the fact that the mapping fi — fir is an isometric isomorphism Hp, ((0,R);C) — I:I(Sk)(BR(O);C) by
construction.

We also give an equivalent construction of fI%(BR(O);(C) and H%((QR);(C) for m € Ny using weak
derivatives (equations (1.2) and (1.3) below of course reduce to integration-by-parts formulae in the special
case fr € Y(3)(Br(0);C), fr. € 24 ([0, R]; C), such that gri,—2; = 323_’32]% Gran—2i =272 D" Dl fi).

Lemma 1.2. Suppose that fi € L>(Br(0);C). The function jjyn_2; € L*(Br(0);C) is the weak derivative
8g_i8éfk of fr if and only if
(=" / fkaéag_%—k—nw = /gk+n—2i¢;—k—n+21’ (1.2)
Br(0) Br(0)

for all (ﬁ_k_n”i € @(,k,n+2i) (Br(0);C), and this condition holds if and only if

R R
(-1)" / o2 EDET D i ki) dr = / Grtnoi (b rmsm(rdr  (L3)
0 0

for all ¢_p_ni2i € D(—j—n12i)([0,R); C).

Definition 1.3. The function 2% gpin_2; € L2((0,R);C) is the weak radial derivative Dﬁ;_@HDZkfk of
fr € L2((0, R); C) if it satisfies (1.3) for all ¢_j_pi2:i € D(—j—n+2i)([0, R); C).

This construction leads us to the alternative definitions
H{y (BR(0);C) := {f € L*(Br(0);C) | ag*iagfk € L*(Br(0);C), 0 <i<n <m},
H{((0,R); C) == {fi € LI((0, R); C) | D"}, Dy fr € Li((0,R);C), 0 <i <n <m}
for mode k functions and their radial coefficients. These definitions can also be understood to mean

that appropriately defined distributional derivatives can be identified with functions in L?(Br(0);C) and
L3((0, R); C); this point is discussed in Sections 3.2 and 3.3.

In Section 3.4 we introduce a scale of Hilbert spaces By ((0,00);C), s = 0 for the radial coefficients of
mode k functions. These Hankel spaces are the radial counterparts of the Bessel-potential spaces constructed
as follows. The Fourier transform is a bijection .7 (R%;C) — . (R%; C) defined by

1 )
F =— x)e 6%
16 = g [, 700
with F~1g](x) = Flg](—x); it is isometric with respect to the L?(R?; C) norm, and therefore extends by
density to an isometric isomorphism L?(R%;C) — L?(R¢;C) (see Craig [9, §5.2]). The Bessel-potential space

B*(R%; C) is defined by
B*(R%C) = {f € L*(R%;C) : (1 + €2 F[f] € L*(R:;C)}, s> 0;

it coincides with the standard Sobolev space H*(R?; C) defined by weak derivatives for s € Ny and interpo-
lation for s > 0 (see Adams [2, Theorem 7.65]). Analogously, we define the k-index Hankel transform of a
function f € “4)([0, 00); C) by

Hel)(p) = / ) Tlor) rdr,



where J, is the k-index Bessel function of the first kind, and show that it is a bijection
F1([0,00); C) = S ([0, 00); C) with Hj ' [g] = Hi[g] which is isometric with respect to the L2((0,00); C)
norm; it therefore extends by density to an isometric isomorphism L%((0,00);C) — L2((0,00);C). The
Hankel space B, ((0,00); C) is defined by the formula

B{j((0,00);C) := {f € L((0,00):C) | (1 + p*)2Ha[f] € LT((0,00):C)}, 52 0; (1.4)

it coincides with the Sobolev space Hj ) ((0,00); C) constructed in Section 3.3.

Remarks 1.4.

(i) Just as the Fourier transform works well with standard differential operators, in that
G FIf1(&) = ()" FIx"f1(§),  FIoLfI(E) =i"E"FIfI(€),

where o € Ng for la| =n, n € Ny, the Hankel transforms work well with the Bessel operators, in that

DY LD HEL(p) = (“ 1) Hpgn-2:lr" f1(0)s Hin-2a[D55,Dif1(0) = (—=1)" " " Hi[f1(p)
for 0 <i<mn, n €Ny, where the tilde denotes differentiation with respect to p (see Lemma 3.28).

(ii) Just as one can define the Fourier transform of a tempered distribution T in the dual of .7 (R?;C) by
the formula (F[T], ) = (T, F[$]), one can define the Hankel transform of a tempered radial distribution
Ty, in the dual of #(1)((0,00); C) by the formula (Hi[Th], ox) = (T, Hi|¢r]) (see Definitions 3.17 and
3.32).

The k-index Hankel transform of fi € #)((0,00);C) is actually related to the Fourier transform of
fr € Z)(R?%;C) by the formula

Flfil(pcosw, psinw) = e* )%, [fi](p).

Using this observation one can deduce properties of Hankel spaces (embeddings and algebra properties)
from the corresponding, known properties of Bessel-potential spaces. However we find it instructive to work
directly with the definition (1.4) and give a self-contained theory in Section 3.4.

Remark 1.5. The more general version of the Hankel transform

TR ROV ATENC e

was studied by Zemanian [30, 81], who constructed three families H,, B, %, of Frechét spaces consisting of
smooth ‘testing’ functions [0,00) — R which play a similar role to our Schwartz-class spaces .#(3,)((0,00); C).
The Hankel transform is an automorphism on the space 3¢, of ‘slow growing’ functions and maps the space
B, of ‘rapidly growing’ functions isometrically onto %,,; distributions and distributional Hankel transforms
can be constructed in a natural manner, and there are ‘shift’ operators to move between different spaces.
While our work on the Hankel transform has indeed been influenced by the Zemanian spaces, they appear to
be often overlooked by the wider analysis community.

Our theory is actually more general than indicated in the above summary. We treat functions whose values
lie in a complex Banach space X and—in Sections 3.1-3.3 (classical and Sobolev spaces, distributions)—which
may depend upon an additional axial coordinate z. In other words, we consider functions fk : Br(0O)xR — X
with the property that

fe(rcosf,rsing, z) = e* fi.(r, 2), r€[0,R), 6 €T, z€R,



for some k € Z and some fj : [0,R) x R — X with f3(0,2) = 0 for k # 0; the definitions of the various
function spaces are generalised in the obvious fashion. Furthermore, just as one can define a partial Fourier
transform F : 73 (Br(0) x R; X') — .71, (Br(0) x R; X) by the formula

FUO = 2= [ Al
one can define a partial Hankel transform Hy : .71 ((0,00) x R; X') = .#(4)((0,00) x R; X) by the formula

Hilfx](p, 2 / Ji(r, 2)Jk(pr) rdr.

In Section 4 we present a typical application of our theory by considering the linear boundary-value
problem

foo  0<(zy)l <1,
gk @) =1,

UL

for the mode k function @y = e*uy(r, z) in the cylindrical domain B;(0) x R, where f = e fi.(r, 2)

and g, = e*%gy(2) are given mode k functions. More precisely, we consider the equivalent boundary-value
problem

(Dl_ka + Gf)uk = fr, O0<r<li, (1.5)

Uk = Gk, r=1, (1.6)

for uy in the domain (0,1) x R.
First suppose that fir € #4)((0,1) x R;C) and gx € .(R;C). Applying the partial Fourier transform to
(1.5), (1.6) yields the two-point boundary-value problem
(D1-xDy — |§|2)71 = fr, 0<r<l,
ks r=1,

:<
I

where @, fr and g, denote the partial Fourier transforms of ug, fi and g respectively. The solution to
(1.5), (1.6) is therefore

ur = Gk (fr) + Br(gk), (1.7)
in which

Gk (fk) [/ Gr(r.p) fe(p )Pdp} Bi(gr) := F [ﬁka(ﬂl)Qk

(and we again denote Bessel operators with respect to  and p by respectively Dj and Dk) the Green’s
function Gi(r, p) is given by

Ki(1€])
I (I€])
K (léD)

I (I€])

where Iy, K} are modified Bessel functions of the first and second kind respectively. In Section 4 we establish
the following result for the operators G and By; the main ingredient in the proof is a set of integral identities
for modified Bessel functions (see equations (4.14)—(4.20)).

— I (|€|r) (Kk(lﬁlp) -
~1lo) (el -

map)), 0<r<p,

Gk(rv p) =
Li(lelr >)7 per<l,




Lemma 1.6. Suppose that m € Ny.

i) The function Gi(fi) belongs to H™2((0,1) x R;C) with
(k)

Gk (fx)]

H(”;f f, ||fk||H(";)a

such that Gy extends by density to a bounded linear operator H(’Z)((O, 1)xR;C) — HEZ)”((O, 1) xR;C).

(i) The function By (gr) belongs to H(TZ)"'Q‘((O, 1) x R; C) with

1B (gl grmer S Ngell gmrzs 1Bkl gzt S Ngnll pmss

1

such that By, extends by density to a bounded linear operator H™ 2 (R; C) — H(mk;'l((o, 1) x R;C) and
H™3(R;C) — H{((0,1) x R; C).
Altogether we have established the following result.

Theorem 1.7. Suppose that m € Ny. For each fi, € HEZ)((O, 1)xR;C) and g, € H””%(R; C) the boundary-

value problem (1.5), (1.6) has a unique solution uy, € H(’Z)”((O7 1) x R; C) which depends continuously upon

fr and gy.

We also develop a theory of weak solutions for (1.5), (1.6).
Definition 1.8. Suppose that fi € L2((0,1) x R;C) and g € H=(R;C). A weak solution of (1.5), (1.6) is
a function uy € H(lk)((O7 1) x R; C) which satisfies (1.6) in Hz (R;C) and
5 (Dru, Dxdi) 13 + 5(D—ur, Do) 12 + (Ozuk, 0= 0%) 12 + (fi, i) 12 =0
for all ¢y, € H(lk)((O7 1) x R; C) with ¢i|r=1 =0 in H%(R; C).
We show that (1.5), (1.6) has a unique weak solution which is given by (1.7); in view of Lemma 1.6 (with
m = 0) it depends continuously on fi, € L2((0,1) x R;C) and g, € Hz (R;C).

We note that natural continuations of our work—such as treatment of vector-valued functions, convergence
of Fourier series of mode k functions and a theory for Nemytskii operators in radial Sobolev and Hankel
spaces—are deferred to later studies in order to keep the present article concise.
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2 Radial differential operators

In this section we introduce, and discuss the basic properties of, our radial differential operators. Let X be
a complex Banach space and f; : R? x R — X be a function with the property that

fr(rcosf,rsind, z) = ¢ fi.(r, 2), rel0,00), 8 €T, 2 €R, (2.1)

for some k € Z and some fj : [0,00) x R — X with f;(0,z) = 0 for & # 0. We refer to such functions as
mode k functions.



Remarks 2.1.

(i) The radial coefficient fo : [0,00) xR — X of a mode 0 function fo obviously satisfies fo(0,z) = fo(0, 2).
The same is true for k # 0 since fi(0,z) = 0 implies that fk(O,z) =0.

(i) The radial coefficient fi : [0,00) x R — X of the mode k function fk(x,y, z) is the radial coefficient of
the mode —k function fi(x,—y, 2).

Assuming sufficient differentiability, let us consider the effect of applying Wirtinger-type complex differ-
ential operators 8%’_162 with

O¢ = (O0r — iay)v 6% = L(aﬁ + iay)

1
V2
to mode k functions. For this purpose we introduce the k-index Bessel operator
Cwd g d Lk

Dy = = — 4+ —
BT d7"+r’

and

e (1 A"
’DE =r ket (7’(17“) ’I"k = Dk_(n_l)Dk_(n_Q) ce Dkflpk,

for k € Z and n € Ny. The following proposition shows in particular that the generic radial differential

operator is the generalised Bessel operator ngiﬂ)z.

Proposition 2.2. Let fk :R2 xR — X be a mode k function with radial coefficient fi : [0,00) x R — X.
It follows that

Ocfi =" LD fi,  Oefr =BTV SD
and more generally

8?—1aéfk _ ei(k+n72i)0 27%Di;i7]plkfk

formeNyand 0<i<n.

Proof. Observe that in polar coordinates

O = e 55(0r = 109), Oz =" (8 + 10p),

V2
such that
ag‘fk _ e—iG%(aT _ %59)(6*9]‘;@) _ ei(k—l)@%(% + %)fk _ ei(k—l)@%fpkfk’
asz _ eiﬁ%(ar + %89)(eik9fk) _ ei(k+1)9%(% _ é)fk _ ei(k+1)9%ID—kf}c~
Furthermore
ar (eikefk) _ ag—l(ei(k—l)H%szfk) _ 82’_2 (ei(k—Q)f)%Difk) L ei(k—n)ez—gpgfk7
%L(eik'efk> — agil(ei(k—i_l)gépfkfk) — 8%%2 (ei(k+2)9%D3kfk) R ei(k+")92_%pﬁkfk

for n € Ny, from which it follows that

8?71'82 (eiké)f) _ ag—i (ei(k—i)92—%plicf) _ ei(Hn_Qi)eQ—%DﬁZiiDif-

forn € Ng and 0 <i < n. O



Remarks 2.3.

(i) Notice that
Afe = (20:0; + 02) fr. = €™ Mg fi,

where the k-index radial Laplacian is given by

Ag =Dy Dy + 02 = D14 xD_j + 02

(#i) Let us also record the useful formula
. p n—2i 1d e _ —i 1d ‘ n—i
DD =2 (L) 0 (L) R () = (1) i)

where Jy, is the k-index Bessel function of the first kind (see Watson [29] and Abramowitz € Stegun
[1] for a comprehensive treatment of Bessel functions).

Although the Wirtinger operators O, af commute, the Bessel operators (whose definition naturally extends
to real-valued indices) instead satisfy the following commutation relation.

Proposition 2.4. The commutation relation

DLDI =D

n
M+77,DV7’ITL

holds for all v,u € R and m,n € Ny.

Proof. We begin by considering the case when n = m = 1, such that

d d d? +pd -1
DD =+ 2 )+ +2 pried  pv=1)
dr r dr r

T dr? r dr r2
It follows that D, D, = D,Dg for any a, 8 € R that satisfy

a+p=v+pu, Bla—1) = p(v —1),

and we conclude that
DIJDM = DH+1DV—1

for all v, u € R.

We now return to the general case
DyD; = (Do—(n-1)Po—(n-2) - -- Dv=1Dy) (Dp—(m-1)Ppu—(m—2) - - - Du—1Dp) -

Observe that
DZ}DZI = Dg:ll (DVDu—(m—l)Du—(m—2) - 'Dﬂflpu) )
=D} "1 (Dus1—(m-1Pv-1Dp—(m—2) --- Du-1Dy) ,
= ID;L:11 (,Dpﬂklf(mfl)IDpﬂklf(me)Du—Q s DM—IDM> s

=D}71 (Pysr-(m-1)Dpt1-(m-2) - Du1-1Dpus1) Dms
- DZ:%DZ/L_A'_lDV—WL'

Continuing this iteration, we obtain

DDy =D, D)\ Dyry = D) 3D, DL, = =Dy, Dy O

p+1 v—m p+n="v—m-
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According to Proposition 2.2 the operator d; maps a mode k function with radial coefficient fj to a mode
k—1 function with radial coefficient Dy, f. while 9z maps a mode k+1 function with radial coefficient D_y, f.
Correspondingly, one finds that Dy and D_; map a mode k radial coeflicient to a mode £ — 1 and a mode
k + 1 radial coefficient respectively, as illustrated diagrammatically in Figure 2. (The apparent ambiguity
in this interpretation of Dy is resolved by Remark 2.1(ii).) It follows from Proposition 2.4 that the diagram
commutes, and we note the particularly helpful case

m n __ n m
D—k+n k — Dk—i—mD—k

for k € Z and m,n € Ny for later use.

The following proposition lists some elementary properties of the Bessel operators (with real-valued in-
dices), under the assumption that all products, compositions and integrals exist.

Proposition 2.5. The Bessel operator D, has the following properties for each € R.
(a) Constant rule:
D_,(r") =0.
(b) Shift rule:
Du(r’f(r)) = "Dy f(r)

for any v e R.

(¢) Product rule:
D,u+l/(fg) = D,ufg + fDug

for any v € R.
(d) Leibniz integral rule:

b(r) b(r)
D, < " frt) dt) = f(r,b(r)V' (r) — f(rya(r))d’ (r) + . D, f(r,t)dt

Remark 2.6. The Leibniz product rule
’Ln(lj)pnn—l p—n P ,
D Pl e =3 3 2 (727) () (7 7) (e o) (06 mina,)
j=0 (=5 s=0
for mode k and q radial coefficients f and qi is readily obtained by induction over n and p.
Finally, we give a useful radial version of Fad di Bruno’s formula (Lemma 2.9 below), again assuming that

all functions are sufficiently well behaved to justify any formal calculations. The following proposition is
used in the proof of this lemma.

Proposition 2.7. Suppose that 1& :R%2 xR — X and define a mode k radial coefficient Py, [1/3] by

2m

Peld](r, z) = D(rcos,rsind, z)e k0 dg.

o
The formula
D4 DLOY " Prlt)] = Pan2i[28 02 0LOE )

—k+1

holds for 0 <i<n<p, p€ Ny.

11



Proof. Observe that

R 1 27 R .
DiPr[v](r, 2) = g/o (8, + ]:) Y(rcos,rsinf, z) e * dg

Lo . —ik6 1 [k . —ik6
=5 /. Or(Y(rcosf,rsinb, z)) e do + %/0 ;1/1(7“ cosf,rsind) e do
1 o2 . . 1 2T i N .
=50 ; Or(P(rcosf,rsinb, z)) e * dh — o /0 ;89(@/}(7’ cosf,rsin, z)) e * dg,
1 2m . : N X
= — e 10 (6,. - 169) U(rcosf, rsind, z) e *=10 4¢
2 0 r
1 2m

m \/5841/3(7“ cosf,rsinf, z) e =10 4¢
T Jo

= Pkfl[\/iaum(r’ Z)?

where we have used the relation 9, = e_w%(ar — 19p), and similarly

D Pl = Pk+1[\/§aﬁm, 0. Pr[¢] = Pr[0.7].
Iterating these results yields
DiPuld] = Puonl28000],  DNPuld] = Prsnl202¢],  OLPu[Y] = Prl0LY]
and hence
D™ DROL " Puld)] = Prsnnil2% 02 0LOE ). O

Remark 2.8. Suppose that (ﬁ € C™(R? x R; X). It follows from the uniform continuity of the defining
integrand and its derivatives over compact subsets of [0,00) x T! x R that Py[¢] € C°([0,00) x R; X), and

furthermore that differentiation under the integral sign is justified, so that Py[¢] € C™([0,0) x R; X).

Lemma 2.9. Suppose that u : X — X, let fk :R2 xR — X be a mode k function with radial coefficient
fr:[0,00) x R = X and define a mode £ radial coefficient ug(fx) : [0,00) X R = X by

ue(fr) == Peluo fi].

The formula

D™, LDy Muy(fi) = Z Po i [ L) (D fros -+ 7wafk)}
m={B;}€l,

holds for 0 <i <mn <p, p € Ny. Here Il, is the set of partitions of {1,...,p}, each partition m € II,, consists
of || blocks By, ..., B, and
no_ o1 i Bl—m™
Df fy = DTE DO T

in which mfg is the number of elements in B which are less than or equal to j.

Proof. Using the multivariate version of Fad di Bruno’s formula given by Hardy [15, Proposition 1] in the
present context, we find that

T (wo fi) = > du[f] (0% fi o080 ),
n={B,}€ll,
where

O fi = QT E T g B LT

12



It follows from Proposition 2.7 that

D", DLOP T Pylu o fi]

£+i
1 o 5 P i £ i(l+n—21:)0
5 AN—1 91 —-n —1 n—21
=5: | 2 we foe a6
L[ Imly,[ £ Bi ¢ B f i(64n—24)0
= — 2z ™ 1 . - —i(l4+n—2i
o7 Jy 28 Y duffy] (5 frvo 0 fk)e 6
m={B;}€ll,
1 27 ) ‘ . . ‘
- 7/ S ellen200gily (£, (DB fy . P f)em 200 g,
27 Jo
m={B;}€ll,
1 27 i _ . 5 5.
= %/0 Z o il=Im|k)0 4l ‘u[fk](,Dklfka"' ’Dk‘ Iflc) de,
TK‘:{Bj}GHP
= 7] ¢ B, B\
o Z Po—jriild u[fk](pk Jrsoo Dy, fk)],
n={B;}€l,

where the third line follows from the second because
8Bfk — ei(k+m’é—2m§3)€2—%m}§Dkak

(see Proposition 2.2) and

Z k= |rlk, Z my, =n, Z mfgj =1 O

Bjem Bjem B;em

3 Function spaces

3.1 Classical function spaces

Let R > 0 and denote the open and closed origin-centred balls of radius R in R? by Br(0) and Bg(0)
respectively. In this section we consider classes of mode k continuous functions Br(0) x R — X, in particular
characterising the mode k subspaces

(i) C)(Br(0) x R; X) of the space C™(Bgr(0) x R; X)) of m-times continuously differentiable functions;

(ii) C’(’Z)b(BR(O) x R; X) of the space CI"(Br(0) x R; X)) of m-times boundedly continuously differentiable
functions;

(iii) @(k)(BR(O) xR; X) of the space Z(Br(0) xR; X) of test functions with compact support in Br(0) X R;

(iv) QS’?(k)(R2 x R; X) of the space .7 (R? x R; X) of Schwartz-class functions.

Note that Br(0) can be replaced by R? in (i)—(iii) and by Bx(0) in (i), (ii) (with the obvious modifications
to definitions and results), and we also consider the subspace

D) (Br(0) x B; X) = { fil 5,10y xr | fx € Dy (R* x R; X)}

of
P(Br(0) x B X) = {flg oz | f € 2R x R; X)}.

Functions which do not depend upon the axial coordinate are included as special cases.

13



Lemma 3.1. A mode k function fk belongs to CY(Br(0) x R; X) if and only if its radial coefficient fi,
belongs to
Clo ([0, R) x R; X) := {fr € C°([0, R) x R; X) | kfx|r=0 = 0}

Proof. Note that f, € C°(Bg(0) x R; X) if and only if

fi € CO(BR(0) x R; X), lim  fe(x,2) = fi(0, 20)

(x,2)—(0,20)
for each 29 € R, where Bj(0) = Bg(0) \ {0}, while f, € C°([0, R) x R; X) if and only if

fr € C°((0,R) x R; X), im  fi(r,2) = fr(0, 20)
(r,2)—(0,20)
for each zy € R. However f, € C°(B,(0) x R; X) if and only if fi € C°((0,R) x R; X) (because the
polar-coordinate transformation is a homeomorphism B/%(0) — (0, R) x T'), while

lim || fo(x, 2) = fo(0,20) | =0
(x,2)—(0,20) ——
= f0(0, 20)

if and only if
lim || fo(r, 2) = fo(0, 20)[| = 0,

(r,2)—(0,20)
and for k # 0
lim || fr(x, z0)[ = 0

(x,2)—(0,20)

if and only if
lim  ||e* fi(r, 2)| = 0. O
—_——

(r,2)—(0,20)

= [/ (r, 2)l

Corollary 3.2. A mode k function f belongs to C"™(Bgr(0) x R; X) if and only if its radial coefficient f;
belongs to

Cliny ([0, R)XR; X) := {fi : [0, R)xR = X | DL Dy " fi € Chpyy0iy ([0, R)XR; X), 0 <i <n < p<m}.

Proof. Observe that f, € C"™(Bg(0) x R; X) if and only if or oo fx belongs to C°(Bg(0) x R; X) for
0 <i<n<p<m. However

ag—zaéagfnfk — ei(k+n72i)027%Dﬁziizpiapfnfk’

such that the result follows from Lemma 3.1. O

Remark 3.3. Note that
Ciy([0,R) x R; X) = {fi, : [0, R)xR — X | D2 Dyd? " fr € C°([0, R) x R; X),
(k+n—20)D" L DioP frlr—0 =0, 0<i<n<p<m}
The above arguments also show that a mode k function f; belongs to C"(Br(0) x R; X) if and only if
its radial coefficient belongs to

Clip ([0, B) x Ry X)) = {fi € Ci, ([0, B) x R; X) | sup 1D DL fi(r, 2) || < o0, 0 < i< < p<m},

z€R
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o 9(Bgr(0) x R; X) if and only if its radial coefficient belongs to
D) ([0, R) x R; X) := {fx € O ([0, R) x R; X) | supp fi, € [0, R) x R},
and to .7 (R? x R; X) if and only if its radial coefficient belongs to

Y(k)([o, OO) XR;X)
=1/ € O ([0, 00) x R; X) | sup|(r, 2)|"™ | D2

ZGR

,HZD,C@” " fr(r,2)]|™ <00, 0 < i <n<p, my,ma,p€ No}.

We refer to functions in Z;)([0, R) x R; X) and .#(4,([0,00) x R; X) as radial test functions and radial
Schwartz-class functions. In this context we also note that a mode k function belongs to %) (Br(0) x R; X)
if and only if its radial coefficient belongs to

@(k)([O,R] X R;X) = {fk|[O,R]><]R | fk € @(k)([O,oo) X R;X)}.

Lemma 3.4.

(i) The space C ([0, R) x R; X) is a Banach space with respect to the norm

|fillegy,, = _max_sup D™ DL fu(r, 2.
- T z€R

1) The space S1,)([0,00) x R; X)) is a Fréchet space with respect to the family
(k)

| frllm map <m<ax< 52103 | (r, z)|m1||D"kHDk8p ™ fr(r, 2)||™? m1,ma,p € Ng
i<n<p r
z€R

of seminorms.

Proof. This result follows from the facts that C’(g)b(B r(0) xR; X) and j(k)(]RQ x R; X) are closed subspaces
of the Banach space

C"(Br(0) xR; X) = {f € C™(Bgr(0) x R; X) | max  sup ||6" 184 P f(x,z)|| < oo}
0<i<n<p<m |x|<R
z€R

and the Fréchet space

S (RPxR; X) = {f € C®(R*xR; X) | max sup |(x,2)[™ (|02 "0y " f(x, 2)|™ < o0, ma1,ma,p € No}

0<i<n<p xeRr2

z€R
respectively, and that the mapping fx — fk defines an  isometric isomorphism
(k)b([O Ry xR X)— CA’(Tz)b(BR(O) x R; X) and ;) ([0,00) x R; X') — Y(k)(]Rz x R; X). O

The following technical lemma shows how a test function can be written as a sum of radial test functions.

Lemma 3.5. Suppose that ¢ € C°(Br(0) x R;X), such that (r,0,z) — ¢(rcosf,rsind,z) lies in
C>([0,R) x T* x R; X). The respective functions
1 2m

2

ox(r,2) == H(rcos 0, rsinf, z)e*0 dg, k ez,

belong to CF) ([0, R) x R; X)) (with ¢i € Z 1) ([0, R) x R; X)) if » € 2(Br(0) x R; X)) and the series S o
kEZ
converges compactly to ¢ (and uniformly if ¢ € Z2(Br(0) x R; X)).

15



Proof. The compact convergence of the series follows by familiar methods from the classical theory of Fourier
series. To show that ¢y, € C(k)([O, R) x R; X), observe that ¢y = Pi[¢], where

27

P[] (r, 2) = U(rcos,rsind, z)e 0 dg

2r
(interchanging the sum and integral is justified due to the uniform convergence of the series for each fixed
(r,2)). Tt follows from Proposition 2.7 and Remark 2.8 that Py[¢] € C>([0, R) x R; X) with
DL DO Pelo] = Pk+nf2i[2%5g7i323§_”$]~
Evidently
(k+n— 2i)7>k+n_2i[Q%ag—zaga§*”¢]lr:o =0,
such that ¢ € C’(k)([O,R) x R; X). O

Remark 3.6. In the notation of the previous lemma, the series 8?”8285_"(% converges compactly to
kEZ

8?_152657"(;3 for0 <i<n<p, peNy (and uniformly if e 2(Br(0) x R; X)).
Corollary 3.7. Suppose that ¢ € P(Br(0) x R; X), such that (r,0,z) ~ (2)(7" cos@,rsinf, z) lies in
2([0,R] x T! x R; X). The functions

1 2

by (;AS(T cos @, rsinb, z)e *? dg, keZ,
T

or(r, z) =

belong to Z(1,)([0, R] x R; X) and the series bi converges uniformly to .
kez

The corresponding result for Schwartz-class functions is proved in the same fashion.

Lemma 3.8. Suppose that ¢ € .Z(R? x R;X), such that (r,0,z) — ¢(rcos,rsinb,z) lies in
Z(]0,00) x T' x R; X). The functions
1 27
21

or(r,z) == H(rcos @, rsinf, z)e~*? dg, keZ,

belong to #()([0,00) x R; X) and the series ) br converges uniformly to ¢.
keZ

The next proposition, which follows from Corollary 3.2 and the observation that fk IS CA',T (Br(0) xR; X),
dq € CI"(Br(0) x R; X) implies frg, € Cf',(Br(0) x R; X) (and similarly for the other function spaces)
gives information on the product of two continuous functions. A formula for D" . +iDis O " (frgq) is
given in Remark 2.6.

Proposition 3.9. Let X be a Banach algebra.

(i) Suppose that fr € Cf([0,R) x R; X) (or C7y, ([0, R) x R; X)) and gq € C(([0,R) x R; X) (or

Cipp([0, R) x R; X) ). It follows that frgq € Cfi, ([0, R) x R; X) (or C ), ([0, R) x R; X)) ).

(ii) Suppose that fi € CF([0,00) x R;X) and g; € Zg)([0,00) x R;X). It follows that
fv9q € Dh1q) ([0, 00) X R; X).

(iii) Suppose that fi € CF5)([0,00) x R; X), gq € H)([0,00) x R; X) and that HD"kLDzap ™ fi(r, 2)||
grows at most polynomially as |(r,z)] — oo for all 0 < i < n < p and p € Ny. It follows that

fkgq € cSﬂ(le-‘rq)([oa OO) X R;X)'
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Similar results are available for compositions of functions (see Remark 2.8, noting that

(P[] (r, 2)|r=0 = 0); a formula for D"* qHD,H_qaz "ug(fr) is given in Remark 2.7.

Proposition 3.10. Let u € C°(X; X), fx € C(k)([O,R) x R; X) and define ue(fr) € C&)([O,R) x R; X) by
ue(fx) = Peluo fk], where

1 2

Pe[d)(r, z) = -

o 1[)(7’ cosf,rsinf, z)e 0 dg

for ¢ € CY[(0, R) x R; X).

(i) Suppose that fr € C{j; ([O R)xR; X) (or C73y, ([0, R) xR; X)) and u € C™(X; X) (oru € CJ'(X;X)).
It follows that Ug(fk) G Cip ([0, R) x R; X) (or O, ([0, R) x R; X) ).

(ii) Suppose that fi € D) ([0, R) x R; X) and v € C>(X; X). It follows that ue(frx) € Z(0)([0, R) x R; X).

iii) Suppose that fi, € .Zy([0,00) x R; X), u € C®(X; X) and that |d*ulz]|| grows at most polynomially
(k)
as ||z|| = oo for all i € No. It follows that u(fr) € -#()([0,00) x R; X).

Finally, we record some useful results concerning standard radial functions.
Lemma 3.11. Suppose that £ € Ng.

(i) The function f(r) =r* belongs to Cln ([0, R);R) for all k € Z if £ > m;

(i) The function f(r) = r* belongs to C(k)([ R);R) fork=40,0—2,...,—L.

Proof. Since
Dy(r*) = (k +O)r' !

we find that
i—1 n—i—1 1—1
DD = [[(k+ ¢ = 25D, () = ] (—k+¢—25) [J(k + £ —25)r*"
j=0 §=0 §=0

Evidently ngiﬂ)};(ré) belongs to C°([0, R); R) and vanishes at the origin for all 0 < i < n < £ ; in particular,
this observation establishes part (i).

To establish part (ii) we examine D’ k‘l-'rZDZ (r%). This derivative is constant and hence belongs to C°([0, 00); R)
for all 0 < ¢ < /; furthermore

4
(k+ = 20D Di(r) =0 = (1) [ (k + £ — 2y)

=0

vanishes for all 0 < ¢ < £ if and only if k + ¢ — 25 = 0 for some j with 0 < j < /. In this case De_kZ_HDZ( 0

is identically zero, such that all higher-order radial derivatives exist and are also identically zero. O

Lemma 3.12. The function f(r) = (14 1%)% belongs to Co) ([0, R); R) for every s € R.

Proof. Let fi(r) := (14 7%)27% for i € Ng. By induction over m we find that

1+m—1 m—
Dy fi(r) = ] (s=20)r™ fixm(r), 2(i — j)r
j=i Jj=0
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for all m € Ny, such that

i—1
DDy fo(r) = [] (s = 20) D} (0 i)
=0
B z_ n—i n— il i
_ 3—23 ( )D (r)DE(f:(r))
j= £=0
z 1 n
= T2 Z(Z )pn {YDE(fi(r)
=0 =1
z 1 n n—i n—~{—1
— 3—2_] Z(Z—Z) H 2 17L+4H @’fﬁ()
=0 =i J=0
n—_{—1 -1
:Z(n—l> 21—] s—2j M nfé()
=i J=0 =0

belongs to C°(]0,00); R) for all n € Ny.

To verify that
(n = 20)Di "Dy fo(r)lr=0 = 0
for 0 < i < n, n € Ny we examine each term in the sum over ¢ separately. Obviously r*~"|,_q = 0 for

n—~—1
2¢ > n, while H 2(i—j) =0for i+¢ <n—1, such that £ <4 < n—/¢—1; the remaining case i +¢ > n—1

and 20 < n arlses only when n = 2¢ = 2¢, such that n — 2i = 0. O

3.2 Spaces of distributions

In this section we study distributions acting on the spaces @(k)(BR(O) x R; C) and 52(;6) (R? x R; C) of mode
k test functions and Schwartz-class functions; again Br(0) can be replaced by R? and functions which do
not depend upon the axial coordinate are included as special cases.

Recall that a distribution T : Z(Bgr(0) x R;C) — X is a sequentially continuous linear functional, where
convergence of the sequence {¢’} C Z(Br(0) xR;C) to ¢ € 2(Br(0) x R; C) means that there is a compact
subset K of Br(0) x R such that

(i) supp @ C K for all j € N,
(i) Bgfi(’?éaf*”gz;j — 82—“1'8285’”(;3 uniformly over K for 0 <i <n < p and p € Ng.

We denote the set of all such distributions by 2'(Br(0) x R; X). Without loss of generality we can take
K = B,,(0) x [—20, 20] for some 0 < 19 < R and 2o > 0 in the definition of convergence, and hence define
the class ;) (Br(0) x R; X) of mode k distributions by replacin% Q(BAR(O) x R;C) by Z(1)(Br(0) x R;C)
in the above construction. Furthermore, a mode k distribution T}, € @ék)(BR(O) x R; X) can be extended
to a distribution in 2’(Br(0) x R; X) by writing a test function ¢ € Z(Br(0) x R;C) as a sum ¢ = 5 ¢y

LEL
of radial test functions ¢, € @(g)(BR(O) x R;C) (see Lemma 3.5) and defining

(Tlm@ = (Tkﬂik)-

Definition 3.13. A k-index radial distribution is a sequentially continuous linear functional
T :© Z2w)([0,R) x R;C) — X, where convergence of the sequence {¢}} C Zuy([0,R) x R;C) to
& € Dy ([0, R) x R; C) means that there exists 0 < 1o < R and 2o > 0 such that
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(i) supp ), C [0,70] X [—20, z0] for all j € N,
(ii) D" DLdP~"¢) — D"t DLOP "¢y uniformly over [0,70] X [~20, 20] for 0 < i <n <p and p € No.

—k+i —k+1
We denote the set of all k-index radial distributions by 2/,,([0, R) x R; X).

(k)
Note that the linear mapping T}, : .@(k)(BR(O) x R;C) — X belongs to .@(’k)(BR(O) x R; X) if and only if
Ty : D4)([0, R) x R;C) — X given by

(Th, bi) = (Th, b

} /
belongs to @(k)
Our next result characterises the distributional derivative of a mode k distribution.

([0, R) x R; X).

Lemma 3.14. Suppose that T, € Q{k)(BR(?) X REX)' The distribution Sy 2 € 92(’,“”_21)(313(0) xR; X)
is the distributional derivative 82“162657"7} of Ty, if and only if
(= 1)P(Th, 007 07" Pegn—2:) = (Sktn—2is Phn—2:) (3.1)

for all (ng_t'_n_Qi € .@(;H_n_gi)(BR(O) x R;C), and this condition holds if and only if

(=1)P(T, 2_%Dik+iplrcl—?-i—2ia§_n¢k+n72i) = (Skt+n—2ir Pktn—2i) (3.2)
for all ¢ yn—2i € Dijyn—2:)([0,R) x R; C).

Proof. We proceed by writing a test function ¢ € 2(Br(0) x R;C) as a sum ¢ = > b¢ of radial test
LEL

functions ¢, € _@(Z)(BR(O) x R; C) (see Lemma 3.5); the general derivative 82—3?71'85*”5) is likewise written
as 82—82‘71‘85_"@5 = %jzaé’-ag*iag—%@ (see Remark 3.6) where 82—82‘485_"(;3“",% € @(4)(33(0) x R; C).
We thus find that

(Th, 000" §) = (Ti, 007 'O " bpesm—2i)

_n 1 i _
:(TkaQ QD—k-s-iD/Z-s-:z—ziag n¢k+n—2i)a

(§k+n—2i7 Qg) = (§k+n—2i7 ng,—i-n—Qi)
= (Skn—2is Phtn—2i)
such that
(=1)P(T, 0£08 027" ¢) = (Sktn—2i, )
for all ¢ € Z(Bgr(0) x R;C) if and only if (3.1) holds for all ¢in—2; € D(rn_20)(Br(0) x R;C) and if and
only if (3.2) holds for all ¢p1n—2i € D(ktn—2:)([0, R) x R;C). O

Definition 3.15. The element 23 Sy, _2; € _@ék+n_2i)((0, R) x R; X) is the distributional radial derivative

Dﬁ;ipgag—nn of Ti € 7, ((0, R) x R; X) if it satisfies (3.2) for all ¢pin—2i € D(in—2i)([0, R) x R;C).

Recall that a distribution T' € 2’'(Bgr(0) x R; X) is identified with a (necessarily unique) function
f € L?(Bgr(0) x R; X) if

1.9 = [ 16

Br(0)xR

19



for all ¢ € Z(Bg(0) x R;C). Similarly, we identify a mode k distribution 7T} € @ék)(BR(O) x R; X) with a
mode —k function f_j € L2(Bg(0) x R; X) if

(Tor i) = / Fod

BR(O)X]R

for all ¢, € _@(k) (Br(0) x R; C); the calculation

R
(T, &) = (Th, b1) = /J?fkqgk = 2WAA for(r, 2)pr(r, z)rdrdz,

BR(O)X]R
/f_k¢ Z /f_k(bg—QWZ(S H// [k rz@rzrdrdz-?w// fork(r, 2)pr(r, z)rdrdz,
Br(0)xR €y, (0)xR tez

where ¢ = 3 ¢y for ¢ € Z(Br(0) x R;C) and ¢, € @(4)(33(0) x R;C) (see Lemma 3.5), shows that
LEL

Tr = f_i in the above sense. Finally, noting that (%, ¢) = (Tk, ¢x) and f_j belongs to L2(Bg(0) x R; X)
if and only if its radial coefficient f_; belongs to

L%((O,R)xR;X):{f:[0,R)><R—>X|2%//R||f(7">2)||27“d7“d2<00}7
RJO

we identify a k-index radial distribution T), € Z;,([0, R) x R; X)) with f_ € L3((0,R) x R; X) if

R
(Tx, dr) :27T/IR/O foi(r,2)oi(r, z)rdrdz

for all o € Z41,)([0, R) x R;C).

The next definition deals with products of distributions with smooth functions. Note that
fq € O?;)(BR(O) x R;C), ¢y € .@(@(BR(O) x R; C) implies that fqPr € -@(k+q) (Br(0) x R;C), and (Z)i — ok
in .@(k)(BR(O) x R; C) implies that fqugf; — qugigk in .@(k+q)(BR(O) x R;C), so that the products are well
defined.

Definition 3.16.

(i) The product quk of the function fq € CA'E’(IO)(BR(O) x R;C) and the mode k distribution
Ty € .@(’k)(BR(O) x R; X)) is the element of @équ)(BR(O) x R; X) defined by

(quk7 (ngfq) = (Tk7 fqéqu)'

(ii) The product [feTx of the function fq € CZH([0,R) x R;C) and the radial distribution

Ty € ng ([0, R) x R; X)) is the element of@ ([O R) x R; X) defined by

(quk7 (bqu) = (Tk7 fq¢k:7q)'

A similar theory for tempered distributions is readily constructed. A tempered distribution is a contin-
uous linear functional .#(R? x R;C) — X (where continuity is defined by the Fréchet-space structure of
Z(R? x R;C)). We denote the set of all such distributions by ./ (R? x R; X).
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Definition 3.17.

(i) A mode k tempered distribution is a continuous linear functional 5’?(;6) (R? x R;C) — X (where con-
tinuity is defined by the Fréchet-space structure of j(k)(]RQ x R;C)). We denote the set of all such
distributions by 7, (R? x R; X).

(ii) A k-index tempered radial distribution is a continuous linear functional ;) ([0,00)xR; C) — X (where
continuity is defined by the Fréchet-space structure of #(1)([0,00) x R;C)). We denote the set of all
such distributions by #(,,([0,00) x R; X).

The theory for tempered distributions is completely analogous to the above treatment of regular
distributions.  In particular, mode k tempered distributions extend to tempered distributions in
Z'([0,00) x R; X) (see Lemma 3.8), the mapping T + Tk, where (Tk, ¢) = (Tk, d%), is a bijection
Fy([0,00) x R; X) — 52(%) ([0,00) x R; X), and distributional derivatives and products with slowly growing
functions are constructed along the lines described in Lemma 3.14, Definition 3.15 and Definition 3.16.

3.3 Sobolev spaces

In this section we study the subspace ﬁ(’z)(BR(O) x R; X) of the Sobolev space H™(Br(0) x R; X) consisting
of mode k functions; once again Br(0) can be replaced by R? and functions which do not depend upon the
axial coordinate are included as special cases.

A mode k function f;, evidently belongs to L2(Bg(0) x R; X) if and only if its radial coefficient f;, belongs
to

R
Lf((o,R)xR;X):{f:[o,R)xR—>X|27r// ||f(r,z)||2rdrdz<oo}7
RJO

and this observation leads us to define E[ZZ)(BR(O) x R; X) as the completion of @(k)(ER(O) x R; X') with

respect to the norm
m p n
~ n i ap—n 2
el =335 (1) N0z ioior Al (33

p=0n=0 i=0

and H{ ((0, R) x R; X) as the completion of Z1([0, R] x R; X) with respect to the norm

m p n
— n n—i i ap—
el =D 22 Y (1) I phor il (3.4

p=0n=0 =0
The following result follows directly from these definitions.

Proposition 3.18.

(i) The space fl(’z)(BR(O) x R; X) is a closed subspace of H™(Br(0) x R; X).

(ii) The mode k function fi belongs to H’&‘)(BR(O) x R; X) if and only if its radial coefficient fi belongs
to H(’Z)((O, R) x R; X), and the mapping fr — fr is an isometric isomorphism.

(#ii) The space @(k)(BR(O) xR; X)N fIZZ)(BR(O) x R; X) is a dense subspace of f[g’,z)(BR(O) x R; X) and
the space P;)((0, R) x R; X) N H(’Z)((O,R) x R; X) is a dense subspace of H(",;L)((O,R) x R; X).

Definition 3.19. The closure of _@(k) (Br(0) x R; X) in I;T(’Z) (Br(0) x R; X') and Z4,)(Br(0) x R; X) in
H

(Z)((O,R) x R; X) is denoted respectively by ﬁ(T"k')O(BR(O) x R; X) and H("kl)o((O,R) x R; X).
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We now turn to fractional-order spaces.

Definition 3.20. Write s >0 as s = m + 6, where m = |s]. We define

HG,y (Br(0) x R; X) := [H{ (Br(0) x R; X), H(5 (Br(0) x R; X))o,

H(Sk)((O,R) x R; X) := [H(TZ)((O,R) x R; X), H(’Z;rl((O,R) x R; X))o,
where the square bracket denotes complex interpolation in the sense of Calderdn [6] and Lions & Magenes
[20, vol. I, ch. 1].

Remarks 3.21.

(i) The mode k function fi belongs to H(k)( r(0) X R; X) if and only if its radial coefficient fi belongs
to H(k)(((), R) x R; X), and the mapping fi — fk is an isometric isomorphism.

(ii) Using a result by Triebel [26, §1.17.1, Theorem 1], we find that H(k)( r(0) X R; X) coincides with the
subspace of
H*(Bgr(0) x R; X) := [H™(Bg(0) x R; X), H™" "' (B(0) x R; X)]y

consisting of mode k functions, such that H{,((0,R) x R; X) coincides with the space of their radial
coefficients.
(i4i) The space @(k)(ER(O) x R; X) is dense in ﬁ(sk) (Br(0) x R; X) because fIZZ)(BR(O) x R; X) is dense in

I:IFIC)(BR(O) x R; X) (see Lions & Magenes [20, vol. I, ch. 1, Remark 8.2] and Lemma 3.26(ii)), such
that D) ([0, R] x R; X) is dense in HG,(Br(0) x R; X).

Finally, we state the radial version of the Sobolev embedding theorem, now distinguishing between func-
tions with and without dependence on the axial coordinate.

Lemma 3.22.

i) Suppose that n € Ny and s > n+ 1. The radial Sobolev space H?,((0, R); X) is a Banach algebra and
(k)
is continuously embedded in C7., ([0, R]; X).

(it) Suppose that n € No and s > n+ 2. The radial Sobolev space H{,((0, R) x R; X) is a Banach algebra
and is continuously embedded in C(k)b([O, Rl xR; X).

Proof. Part (i) follows from the facts that H(“’k)( r(0); X) is a Banach algebra which is continuously
embedded in C%b( r(0);X) if s > n+ 1, and that the spaces I;T(Sk)(BR(O);X), HG,((0,R); X) and
C(k)b(BR( ); X), (k)b([O,R];X) are isometrically isomorphic. Part (ii) is obtained by the same argu-
ment. O

Remark 3.23. Noting that H{,((0, R); X) € H*((6, R); X) and H, ((0, R) x R; X) € H*((6, R) x R; X)

for each § € (0, R), we find that H{,\((0, R); X) is continuously embedded in Cy([6, R]; X) for s > n+ 1 and
H(Sk)((O, R) x R; X)) is continuously embedded in CJ([0, R] x R; X) for s >n+1.

The argument given in Remark 3.23 also leads to a trace theorem for Hf ((0, R) x R; X).

Lemma 3.24. Suppose that s > % The mapping fr — frlr=r defined on Z;,)([0, R] x R; X') extends to a
continuous linear mapping H(Sk,)(((), Ry xR X)— HS*%(R;X) with continuous right inverse.
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We now work with the alternative definition of flgz)(BR(O) x R; X) as the subspace
{fx € L*(Br(0) x R; X) | 32—”'8255‘”1% € L*(Br(0) xR; X), 0<i<n <p<m}

of H™(Bgr(0) x R; X) consisting of mode k functions (where ag*iagag—”fk now denotes a distributional
derivative of fk), equipping it with the norm (3.3). In this context we refer to a@—iagagfnfk as a weak

¢
derivative. In view of Lemma 3.14 and Definition 3.15 we define

HEy((0,R) x Ry X) := {fx € L((0, R) x R; X) | D4, DyoP " fr € LI((0,R) x R; X), 0<i <n <p<m},

(where D" kZHD’ OP~" fr, now denotes a distributional radial derivative); in this context we refer to
D"kaDl 0P~ "fr as a weak radial derivative.  Observing that a mode k function fk belongs to

H(k) (Br(0) x R; X) if and only if its radial coefficient fi belongs to H{j)((0, R) x R; X), one finds that
H(%((O,R) x R; X) is a Banach space with respect to the norm (3.4) becaube fr — fr 1s an isometric
isomorphism H(”,;”)((O, R)xR; X) — Hgy (Br(0) x R; X).

Using Lemma 3.14 we can directly characterise the weak derivative of a mode k function and the weak
radial derivative of its radial coefficient.

Lemma 3.25. Suppose that fk € L?(Bgr(0) x R; X). The function Gyin_2; € L*>(Br(0) x R; X) is the weak

derivative 3? ’345"’ " fi of fi if and only if

—1)p/fkaéag%af_"é—kfnmi = /gk+n72i¢?7k7n+2i (3.5)

Br(0)xR Br(0)xR

for all (Z/;_k_n_l,_Qi € @(,k,n+2i) (Br(0) x R; X), and this condition holds if and only if
R
- )p/ / fre(r,2)2 2DZ+; ZD kent2i00 " O_k—nq2i(r, 2)r drdz
R Jo

R
= // Jhtn—2i(Ty 2)P—f—nt2i(r, 2)rdrdz (3.6)
R JO
for all _j—n12i € D(_p—nt20)([0, R) x R; X).

The following result confirms that the present constructions of fl(’z) (Br(0)xR; X) and Hy ((0,R)xR; X)
by weak derivatives coincide with the spaces obtained as the completions of @(k) (Br(0) x R; X) and

@(k)([O,R] X R'X).
Lemma 3.26. Suppose that fj, € H(k)(BR(O) X R; X) (such that f € Hp ((0,R) x R; X)). There exists

a sequence {¢1} C @(k)(BR( ) x R; X) such that ¢ — fr in H(k)(BR( ) x R; X) and ¢, — fi in
Hip ((0,R) x R; X) as j — oo.

Proof. Since 2(Br(0)xR; X) is dense in H™(Bg(0)xR; X) there exists a sequence {¢/} C Z(Br(0)xR; X)
with QSJ — fi in H™(Br(0) x R; X) as j — 00, and by Corollary 3.7 we can write each of these functions as

asum ¢/ = 3 d)j of mode ¢ functions d)j € 9(@)(31%( ) x R; X). Observe that gi)i — fr = Prld? — fi], where
LEL

27

PelYl(r,2) = 5 d(rcosd, rsind, z)e "+ 4o

(interchanging the sum and integral is justified due to the uniform convergence of the series for
cach fixed (r,z)). Furthermore Pj extends from a mapping Z(Br(0) x R; X) — Z4)([0, R] x R; X) (sce
Remark 2.8) to a continuous mapping H™(Bg(0) x R;X) — Hp([0,R) x R;X). It follows that

67, — frllam = [P[¢? — fill

n Hy, =0 and hence ||¢7 — fi]||gm — 0 as j — co. O
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3.4 Hankel spaces

In this section we introduce a scale of Hilbert spaces B(Sk)((O, 00); X), s > 0 for the radial coefficients of
mode k functions. These Hankel spaces are the radial counterparts of the familiar Bessel-potential spaces
constructed using the Fourier transform, which is here replaced by the following radial transform.

Definition 3.27. The k-index Hankel transform of a function f € ([0, 00); X) is defined by the integral

o0
- / Fr)Je(pr) rdr. (3.7)
0
We begin by establishing some basic properties of the Hankel transform; for notational clarity we denote
Bessel operators with respect to r and p by respectively D and Di.

Lemma 3.28. The Hankel transform Hy maps #(1)(]0,00); X) into itself, and furthermore the identities

DL DiHf(p) = (—1)" Hign—2ilr" f(p),
Hiesn—2i[D" 34 D fl(p) = (=1)" " p" Hai[f1(p)

hold for each f € 4)([0,00); X) and 0 <i <n, n € Ny.

Proof. First observe that " f € #{(j1n—2:)([0,00); X) for all 0 < i < n by Proposition 3.9(ii) and Lemma
3.11(ii). Noting that formally

D”kaDZ / flr D”kaDZ Ji(pr)rdr

:/0 T f( ) 71k+1<]k z(pT)TdT
= GO [ e s

0

= (=1)" "Hppn—2:[r"f](p),

where we have used Remark 2.3(ii), and using a familiar dominated convergence argument with dominating
function r f establishes the existence of the derivatives D"’ DZ » Hi|f] for 0 < i <n, n € Ny and validity of
the first identity.

The second identity follows from the calculation
Hk+n_2i[2>’1;ii if / D—k-HDkf 7)Jgtn—2:(pr) rdr

= (=" f( M) D n—i Dk yaidkrn—2i(pr) r dr
0

=V [ PO Tl
(0 [ rar
= (=1)" 7" " Hrlf1(p),

where we have integrated by parts. Combining the two identities yields

PN DHEL(0) = (<) 0" Hig 2l £ (p)

(_1)n+m7i7j7‘lk+n+m—21—2j[D [ n+2z+]Di+n_zi(Tnf)](P)
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for any j with 0 < j < m and m € Ny. We conclude that

sup o™ D" Dy [ f](p)] < oo,

p=0
and furthermore
(k4 n — 20D DLHALFI(0) = (—1)" " (k + 1 — 20) Jysn2(0) / P () rdr = 0
0
because Jiipn_2;(0) =0if k 4+ n — 2i # 0. O

Proposition 3.29. The Hankel transform Hy : 7 ([0,00); X) — Fx)([0,00); X) is an involution and
isometric with respect to the L?((0,00); X) norm.

Proof. Hankel’s theorem (see Titchmarsh [25, §8.18]) states that

o0 oo 1 . .
| e [ aos)vmmats)asdn = 5 (matr+ ) + limatr )

for g € L1((0,00); X) N BV0c([0, 00); X). Writing g(r) = /7 f(r), we find that
A1) = [ o) [ 561 ps) s p = £10)

for f € Z4)([0,00); X), such that H;' = Hi. The fact that Hy : F(4)([0,00); X) = Fu)([0,00); X) is
isometric with respect to the L3((0,00); X) norm follows from the calculation

/000 f1(r) fa(r) rdr = /000 fi(r) /OOO Hylfo] (p) I (pr) pdp 7 dr
:/0 /0 J1(r)Jx(pr) rdr He[f2](p) pdp
B /0‘” Hi[f1](p)Hrlf2](p) pdp

for fi,fo € Su([0,00); X), where the inversion of the repeated integral is justified since
() = rpfi (r)Hx [ () belongs to L((0, 00); X)2. o

Corollary 3.30. The Hankel transform Hy : #3)([0,00); X) — F1)([0,00); X) eatends to an isometric
isomorphism L2((0,00); X) — L2((0,00); X).
Remark 3.31. A useful consequence of the previous corollary is that

m

P
il = D2 D 2102 002" fillza, (M fullFy, = Z Z 1D, Dy 0" fll 2
p=0n=0 p=0n=0
for fr € ]EI(’Z)O(BR(O) x R; X)) and any choice of i, with 0 < i, < n. It suffices to prove this result for
fr € @(k)(BR(O) x R; X) C 5’2@(1&2 x R; X)), such that 85*"]5 € Zk)(RQ;X) for each fized z € R. Using
Corollary 3.30 and Lemma 3.28 and integrating over z, we find that
D75 DO fullZs = [ Hackn—aal D5 DT Fulll22 = 1" Ha 02" £l 22

for each i with 0 < i < mn. The assertion now follows fmm the definitions (3.3), (3.4) of the norms and the

fact that ||D”kaD‘ " fillL2 and hence ||8" lal =" fil| 2 is independent of i.

We now define the Hankel spaces and state their main properties; although Lemmata 3.34 and 3.35 follow
from Lemma 3.33(iii) and Lemma 3.22 we here give an instructive direct proof.
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Definition 3.32.

(i) The Hankel transform of a tempered radial distribution Ty € 7

(1) ((0,00); X) is the tempered radial
distribution Hy[Ty] € () ((0,00); X) defined by

(HilTkl, o) = (T, Hildr]),  dn € Fr)((0,00); X).
(i) For s > 0 the Hankel space B%((O, 00); X) is defined by the formula

By ((0,00); X) := {f € L{((0,00); X) | (1+p*)2Hs[f] € LT((0,00); X)},
where f and Hy[f] can be understood as tempered radial distributions or as functions in L?((0,00); X).

Lemma 3.33.

(i) The Hankel space B(Sk)(((), 00); X) is a Banach space with respect to the norm

1/2

I, = ([0 2 B0 oo

(ii) The Schwartz space #(1)([0,00); X) is dense in B, ((0,00); X).

(iii) The Hankel space B‘(gk)((O, o0); X) coincides with the radial Sobolev space ka)(((), o0); X) (see Defini-
tion 3.20).

Proof. Parts (i) and (ii) follow from the fact that g — Hy[(1 + (-)?)"2g] is an isometric isomorphism
L3((0,00); X) — B, ((0,00); X) which maps the dense subset #{4)([0, 00); X) of L2((0,00); X) onto itself.

Turning to part (iii), we first show that B ((0,00); X)) = H{j: ((0,00); X) for m € Ny by demonstrating

that ||f||H(m ”fHB(";i) for f € #41)([0,00); X). To this end we note that

Soo 3 (1) 1o - 22 D3 (7)1t 2L
n=0 =0

1=0
-3 S (%) b ul
1=0

= S A
n=0
= (1 4+ 2" 23, 2.

Now write s = m + 6 with m = |s] and let X, be the Banach lattice of (equivalence classes of) Lebesgue-
measurable functions f : (0,00) — R such that (14 |-|)¥2f € L3((0,00);R). Observe that X, has the
dominated convergence property for all s > 0, such that

(X (X), X1 (X)]o = Xy O X7 11(X)

(see Calderén [6, p. 125]). Evidently X X? ., = X, and since Hj is an isometric isomorphism
B‘(gk)((O7 o00); X) — X (X) we conclude that
Heo ((0,50); X) = [ (0, 00); X), HZEH((0, 50); X

= (B}, (0, 00); X), B ((0,00): X))o

= B, ((0,00); X). O
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Lemma 3.34. The Hankel space B(;,((0,00); X) is continuously embedded in C?k)b([o, 00); X) for s > 1.

Proof. Note that
/ Hi[f1(p)Jk(pr) pdp (3.8)

for f € B(;,((0,00); X). It follows from this formula that

||f|oosup‘ / Half Jk<pr)pdp‘
< / Half1(0)] pdp

= [ A R ) A1)

<([a+ p2>spdp)1/2 ([Tax p2>5|mm<p>|2pdp)l/2

< Ifllse,,

because p(1 + p?)~* € L((0,00); X) for s > 1. This calculation shows that B, ((0,00); X) is continuously
embedded in L>((0,00); X) and also that pHy[f] € L*((0,00); X).

The continuity of f follows by applying a familiar dominated convergence argument to the formula (3.8)
with pH[f] as dominating function; this formula also shows that f(0) =0 if k¥ # 0. O

Lemma 3.35. Suppose that m € Nyo. The Hankel space B(k)((O,oo);X) is continuously embedded in
Cliyp([0,00); X) for s >m + 1.

Proof. Take f € Bfk)((O7 00); X) and consider the functions

Gremi(r) = (=1)"" /OOO P " Hi[f1(p) Jetn—2i(pr) pdp

for 0 <4 <n < m. Arguing as in the previous lemma, we find that

1/2

%) 00 1/2 %)
1gkmallos < / p"mf](pnpdps(/o p2"<1+p2>-5pdp) (/ <1+p2>S|Hk[f]<p>|2pdp) < /1l

if s > n + 1 because p?" (1 + p?)~% € L*((0,00); X) if s > n + 1.
Applying the derivative D’igiﬂ)};, 0 <i < n < m, systematically to the formula

0= [ 1) i
noting that formally
oo
DUDLAE) = (1" [ P HA) nailor) pdp
0

and using a familiar dominated convergence argument with dominating function p"*1H[f] shows that
kafﬂDZ f exists and equals gk ;. The above formula also shows that D"} ¢ Di P f(0)=0if k+n—2i#0.

—k+i
Altogether we conclude that f € C(T;c)b([o7 00); X) and

1lleg, S £

By 0<n<m. O
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Lemma 3.36. Suppose that X is a Banach algebra and that s,s1,82 > 0, s1,82 > s and s1 + so > s+ 1.

The inequality

< s
(k+e) ™ ”f‘ (1}) (/)

holds for each f € B(Sé)(((),oo);X) and g € B(Sl?)((O,oo);X).

HngB

Proof. We begin with the calculation
Hivelfal(p / JF(r)g(r)Jyye(pr) rdr
/ / Hi[f](w) Jx (ur) udu/ Helg)(w) Ty (wr) w dw Jgpe(pr) rdr
/ / / T (ur) Jo(wr) Jgpo(pr) r drHg [ f](w)He[g] (w)vw du dw
= /0 /0 cos(koy — L) D(p, u, w)Hi[f](u) He[g](w)uw du dw,
in which we have used the formula
/000 Ji(ur)Jo(wr)Jg4e(pr) rdr = cos(kdw, — Loy) D(p, u, w),
where ¢,, ¢u, ¢y are the angles of a triangle with sides of length p, u, w and D(p, u,w) = (Tuwsing,) ! if

this triangle exists and zero otherwise (see Jackson & Maximon [19] and Gervois & Navelet [13]). Elementary

geometry shows that

2 -1/2 -1/2
Z(u = (p—w)?) P ((p+w)? )T p-wl <u<ptow,
D(p,u,w) =q ™
0, otherwise,
and we calculate
oo 2 p+w _ B
/ D(p,u,whudu = = / (W= (p—w)?)) " ((p+w)?—u2) Pudu=1 (3.9)
0 [p—w|
and - -
/ D(p,u,w)wdw = / D(p,u,w)pdp=1 (3.10)
0 0

because 27 D(p, u, w) is the reciprocal of the area of a triangle of sides with length p, u and w and is therefore
symmetric in its arguments.

Observe that
2

cos(kpy, — Ldy) D(p, w, w)Hi[f1(w) Helg](w)uw dudw|| pdp

Iendlfally,, = [0

+p
/ (// (1+p%)2D Pa“7U))II’Hk[f](U)IIIIHz[g](w)lluwdudw)2pdp
UL

where we have estimated

2
<1+u2+w2>5D<p,u7w>|Hkm<u>|||He[g]<w>|uwdudw) pdp,

ng(u+w)2§u2—|—w2
because D(p,u,w) =0 if p > u 4+ w. Using the inequality

(1 _|_u2 +’LU2)T S (1 +u2)r+r1(1 _|_w2)7r1 4 (1 +w2)r+r2(1 +u2)7r2
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for r,r1,79 > 0 with r = %& r o= %(s —81), T = %(s — $2), we thus find that

(k+2)

[Herelf 9l S/000(11+12)2pdp5/OoolfpdpﬂL/oooI%pdp, (3.11)
where
o= [ 7 Do) F I+ 0 ) dudus
fim [ [ Dl a0 + ) # gl o dud
We note that

0o oo 1/2
u, W u?)* w)||? w?)z(s=s1) w)||luw du dw
I < </O /0 D(p,u, w)(1 4+ u)* [ He[f](w)[|7(1 + ") [Helg)(w)|[uw dud )

0o oo 1/2
D(p,u, w)(1 + w2zl dd) 7
x (/ | Dlonw)a-+ ) gl ) du
such that
[e's) [e'e) [e'e) . 2
| rodo < [T+ a s P ude ( / <1+w2>2<5Sl>|m[g}<w>nwdw)
0 0 0

< / (1) L) )] / (14 0?)* [Helg)(w) P w duw / T4 wdw
</l

2 2
s s 12
B, 91 B (3.12)

where we have used (3.9), (3.10) in the first line. A similar calculation shows that
| B oo S 171y loles. (3.13)
0 (k) 0]

The result follows from inequalities (3.11)—(3.13). O

4 The Dirichlet boundary-value problem

In this section we consider, as an application of the above theory, the linear boundary-value problem

Aty = fr,  0<|(z,y)] <1,
Uy, = gk7 |($7y)| = ]-7

—
N =
— —

for the mode k function @y = e*®uy(r,z) in the cylindrical domain B;(0) x R, where f = e f(r, z)
and gy = e'¥?
problem

gx(z) are given mode k functions. More precisely, we consider the equivalent boundary-value

(D1_xDy + 0*)up, = f, 0<r<l, (4.3)

Uk = Gk, T:1,

for uy, in the cylindrical domain (0,1) x R. Note that it suffices to consider k € Ny (see Remark 2.1), which
we henceforth assume to be fixed.
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4.1 Weak and strong solutions

We begin by discussing weak solutions.

Definition 4.1. Suppose that fi € L2((0,1) x R;C) and g € Hz (R;C). A weak solution of (4.3), (4.4) is
a function uy, € H(lk)((O, 1) x R; C) which satisfies (4.4) in H= (R;C) and

5 (Drur, Dror) 2 + 3(D_rur, D) 12 + (0:uk, D20k) 12 + (fis br) 2 = 0 (4.5)
for all ¢y, € H(lk)o((O, 1) x R;C).

Remark 4.2. A strong solution of (4.3), (4.4) is a weak solution which lies in H(Qk)((O, 1) xR;C) and hence
necessarily satisfies (4.3) in L2((0,1) x R;C) and (4.4) in H?(R;C).

Lemma 4.3. For each fi, € L2((0,1) x R;C) and g, € H2(R;C) the boundary-value problem (4.3), (4.4)
admits a unique weak solution uy € H(lk)((O, 1) x R; C), and this weak solution depends continuously upon fi
and gp.

Proof. Let hy, € H(lk)((O7 1) x R; C) be a function with hy|,—1 = g in H%(R; C) and ||hk||H(1k) < ||g;€||H% (see
Lemma 3.24). We seek wy, € H(lk)o((O, 1) x R;C) such that

5 (Drwi, Dior) 12 + 3 (D—gw, D_or) 2 + (Dzwk, k) 2 =
— 5 (Drhi, Dioi) 12 — 5(D—rhi, Doidi) 12 — (Ozh, 0=0%) 12 — (fr, Pk) 12 (4.6)

for all ¢y, € H(lk)o(((), 1) x R; C), so that up = wy, + g is a weak solution of (4.3), (4.4).

Both sides of (4.6) are evidently bilinear continuous forms (H (1k)0((0, 1) x R;C))? — R. The elementary

estimate )

1
w(r,z)? = (/ P w,r? dr>

establishes the Poincaré inequality

1
< flogr/ wfrdr,
0

1 1 1 1
1 1 1
/ w?rdr < 7/ w’rdr = — [ (Dpw+ D_jw)?rdr < 7/ (Drw)? + (D_w)?) rdr
0 4 Jo 16 Jo 8 Jo
for w € Z4([0,1) x R;C) and hence w € H;y((0,1) x R;C) by density, such that
w i (3| Dpw||2, + S D_pwl|?2 + %H@szQLQ)% is equivalent to the usual norm for H(lk)o((O, 1) x R;C). The
left-hand side of (4.6) is therefore coercive, and the existence of a unique function w € H (116)0((07 1) x R; C)
satisfying (4.6) for all ¢y € H(lk)o((O, 1) x R; C) follows from the Lax-Milgram lemma. The corresponding

weak solution uy, to (4.3), (4.4) is unique since the difference between two weak solutions satisfies (4.6) with
hi = fr, =0 for all ¢, € H(lk)o((O, 1) x R;C) and is therefore zero. O

It is possible to obtain an explicit formula for the (weak) solution to (4.3), (4.4). First suppose that
fr € Zw)((0,1) x R;C), gr € Y (R;C) and take the Fourier transform in z, which yields the two-point
boundary-value problem

(D1—Di = [§*)ir = fr,  0<r<1,
9k r= ]-7

=34

k

where i, fr and g denote the Fourier transforms of u, fi, and g, respectively. The solution to (4.3), (4.4)
is

U = G (fr) + Br(gk), (4.7)

30



in which

Gr(fr) = F " [/O G (r, p) ka(p)pdp} : Bi(ge) == F [@ka(ﬁ 1) gk (4.8)

(we again denote Bessel operators with respect to r, and later with respect to s, by D% and with respect to
p by Di). The Green’s function Gy(r, p) is given by

Gy(r, p) = {_Ik(|§|7“)Kk(|f|p), 0<r<p,
’ ~L(gp) Kr(Elr), p<r<1,

where K; is defined in terms of the modified Bessel functions I; and K of the first and second kind by the

formula

)

< S) = i\S) — (— k

it satisfies

Kois) = Ki(s),  Diki(s) = —Kia(s), s [Ki(s)lia(s) + Li(9)Kia(5)] = 1.

In Section 4.2 below we establish the following theorem by showing that G (fx) and By (gx) inherit addi-
tional regularity of fi and gx and observing that a weak solution of (4.3), (4.4) which lies in H(zk)((O, 1)xR;C)
is a strong solution (see Remark 4.2).

Theorem 4.4.
(i) For each fir € S1)((0,1) x R;C) the function Gi.(fr) belongs to H(Zk)((O7 1) x R; C) with
19k (Fe)llmz, < 1 fellzzs

such that Gy extends by density to a bounded linear operator L3((0,1) x R;C) — ka)((O, 1) x R; C).

(it) For each g, € ./ (R;C) the function Bi(gr) belongs to H(2k)((07 1) x R; C) with

1Bk (9x)ll 1,

o Skl 1Bk

o Sl

such that By, extends by density to a bounded linear operator H? (R;C) — H(lk)((O,l) x R;C) and
H% (R;C) — HZ,((0,1) x R;C).

Corollary 4.5. Suppose that fi, € L2((0,1) x R;C) and g, € Hz(R;C). The weak solution to (4.3), (4.4)
is given by the formula (4.7).

Proof. First suppose that fi € #;)((0,1) x R;C), gr € .7(R;C). By construction Gi(fx)lr=1 = 0 and
Bi(gk)|r=1 = gk, such that ug|,—1 = gi, and substituting (4.7) into the left-hand side of equation (4.5)
and integrating by parts, we find that this equation is satisfied for each ¢ € H(lk)o(((), 1) x R;C)). The
result follows by density (because of Theorem 4.4 and the fact that the right-hand side of (4.5) is a bilinear
continuous form (H(lk)o(((), 1) x R;C))? = R). O

Our main result is also deduced from Theorem 4.4.

Theorem 4.6. Suppose that m € Ny. The function

U = Gi(fr) + Br(gk) (4.9)
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(i) belongs to HEZ)H((Q 1) x R; C) with

larll s S el gy + gkll ey
whenever f, € Hj ((0,1) x R;C), gx € H™"3(R;C);
(i) belongs to H(%JFZ((O, 1) x R; C) with

el o S Wil + gl s

whenever fi, € H(k)(((), 1) x R;C), gr € H™3(R; C).

Proof. We establish these results inductively, noting that by density it suffices to prove the stated estimates

for fr € Sy ((0,1) x R;C), g € & (R;C); they hold for m = 0 by Theorem 4.4.

Suppose that assertion (i) holds for some m € Ny. Differentiating (4.9), we find that v) := 9,ux and

U,f := Dyjuy satisfy
vp = Gr(fR) + Br(g), e = Grg1(fi0) + Brgi(gp),
where f2 := 9, fx, g) := 0.9k, fi := D+xfr, and

1
g =F ! U Dika(lvp)fk(p)PdP+DikaGk(171)gk] ;
0

T L) - e (€])
d U T(ep) PPt =T e g’“]

By the inductive hypothesis

1
[ PPt 7 /P75 o 1/ RS SO (s s < £ Ny + g 1y s
Obviously
1Fi Ny, = 1Dnfullarg ) S fill s R Neg, = 10= Fill gy S N fell g
and
Ikl st = 102001 sy < llgkll s

and furthermore

19712 < /m<1+|s|2>m+% ([ 2085, 01 ) ac + /m<1+|s|> (e

oo (Iél) oo

R e
i (S8 v
:/_O;( DGS: ( (D) — 21}]31((5” Tev1(1€]) )(/ (o pdp) de

. T (€D
/ /1+|£| AT >|2pdpd5+/ (L4 €2 (g de
= 1102 il + lonl .o

< fllrg, + gl g
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It follows that
||uk||§{%+2 = ||uk\|Hm+1 + 2||DkukHHm+1 + 31D pul?, mi1 0. uk||Hm)+1
||uk\|Hm+1 + 2||v+||Hm+1 + 5 llvg 113 mi1 ”vk”Hm;rl

2Hgk I2

S Wl +gell? ey + 516 1 Zm

(k) H1n+ 3

Ugi 1Py + 1520+ 10212y

(h—1) Hm+2

+ 35 B, +

S IIkaIHm+1 + gkl g

where the third line follows from the second by (4.10) and the fourth from the third by (4.11)—(4.13).
Assertion (ii) is proved in a similar fashion. O

In the following theory we make use of the rescaled modified Struve function of the second kind

My, : [0,00) — R given by the formula
My (s) :=2"1/al(k + 3) (Ie(s) — Li(s))

where Ly is the modified Struve function of the first kind of order k¥ € R (see Abramowitz & Stegun [1,
§12.2]).

Proposition 4.7. The function My, satisfies

(i) the integral identity
b

/b Zi(s) % ds = [Wk[Mk7 Z)(s)

for each k € Ny, where Zy, € {I, K, Xk} and Wi [v1, v2](s) = s(v1Dgva — vaDgv1)(s);

(ii) the differential identities
DkMk(S) = (2k — 1)Mk,1(8), keN,

and
= ——— (Mg41(s) — s¥), k € No;

(iii) the estimates 0 < My (s) < s¥71 k € N and 0 < My(s) < 2571 for all s € (0,00) and

s — 0,

VL(k + 3)
m sk (1+0(9)),

My(s) = s (1+0O(s72)) 5 — 00

My,(s) =

for each k € Ny.

The functions s — s¥My(s) and s — s~¥My(s) are monotone increasing and decreasing over s € (0,00),
respectively, for each k € N. Furthermore s — Mg(s) is monotone decreasing over s € (0, 00).

Proof. Part (i) follows from the calculation
DoWy[v1,v2](s) = s (v1 D1 Dyv2 — v2D1-Dyvr) (s),
such that

DoWi[My, Zi](s) = Zi(s)s",
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because
D1-1DrZi, = 0, Dy _; Dy My, = —s 71,

while part (ii) follows from the facts that Dyly = Ix—1, DpLy = Li_; for k € N and

sk

D_il, =1, D_iL =L —_—
ke = Lk+1, kL (s) kt1(8) + 2k /rT(k + 3)

for k € Ny. Turning to part (iii), we find from the integral representations of modified Bessel and Struve
functions (Abramowitz & Stegun [1, (9.6.18), (12.2.2)]) that

such that My(s) > 0 and

M, (s) = s+ / ’ % (e*SCOS@) sin?*~1(6) do
0

=t <1 — (2k — 1)/0

< Skfl

[ME]

e cos(0) cos(0) sin?F=1) (9) d9>

for k € N, while the identity
1

3

shows that 0 < My(s) < 2s71. The asymptotic estimates are also obtained from the corresponding estimates
for I, and L,, (see Abramowitz & Stegun [1, (9.6.10), (9.7.1), (12.2.1), (12.2.6))]).

Mo(s) = = (Ma(s) — s) + %Ml(s),

The final assertion follows from the calculations

d s~k

- (s7"My(s)) = s FD_ My(s) = W(MkJrl(s) —s¥) <o,
% (s"My(s)) = s*DpMy(s) = (2k — 1)s"My,_1(s) > 0,
for k € N and
%Mo(s) == Ml(S) —1 S 0. O

Remark 4.8. The same argument shows that the functions s v s*I1,(s) and s — s~ *I;(s) are monotone
increasing and s — s*Ky(s) and s — s *Ky(s) are monotone decreasing over s € (0,00) for each k € Ny.

Finally, we record the integrals

b S b b P b
[ rtenstar = [ teaten] [ R o ar= L Ruadan] g
for £ > 0,
b
[ 1€l o ar = (1177 (Mgl Te-a(€lr) — (26 = DMea(iln el (4.15)
b i i b
[ Rellelryotar = [~1el " r (Mal€ln Kama(lghr) + (26 - DM Ratlen))] - (4.10)
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for £ >1,

b
/ L(lelr) =2 dr = [~ T(IElr) + (6P (Moot (1€]r) Te—a([€]r) — (20 — 3)Mo—a(€]r) Te—a (IE1)]
(4.17)

b
[ Rellelr) o2 ar = [=r Rilelr) + 6P~ (Mea(€ln) Kol + (26 = DMe-a€lr) Ko ()

(4.18)
for £ > 2, and
b
/ I_o(|€]r)re=2dr =
l—1 2—¢ b
e e M (i) reallel) ~ (26— Mool s )| - (429

b
/ f(g_2(|§|r) r2dr =

r T Ko (Elr) €t
20— 3 20— 3

b

(M1 () Kol + (26 - 3)Me—2(|£7‘)f(e—1(|£7’))] (4.20)

a

for £ > 2.

4.2 Estimates for G, and B;

We begin by establishing Theorem 4.4(i) in three steps (Lemmata 4.10, 4.12 and 4.14). In analogy with the
derivatives Dy f = r*k%(r’“f), our method is to consider integrals of the form

! 1
7ﬂ_é/o [fr.p)lp e dp, p /0 |f(r.p)| ' dr,

for suitably chosen ¢ € Z.

Proposition 4.9. For each q € {0,1,2} and k € Ny the estimates

1 1
7t [ 1Gurmal R an i [ Gatr ol o dp 1
0 0
hold uniformly over r,p € [0,1] and £ € R.

Proof. Using the integrals (4.14) we find that
1
ARES p_k/ |G (r, p)| P TR dr
0

~ P 1
= Rl [ (i) ka1l [ Rl ar
p

AR AGD)
MG (1 I(E) )

which implies that [¢|2Z; < 1. Furthermore, the function s + s *I;(s) is monotone increasing over
s € (0,00), such that

35



1 (1_ P Ix([lp) > <1 (1 lim, 0 s~ I, (s ))

€1 (g )~ €|~ * I (1€])
L (1 27" )
€12 L(k + DI~ 1 (I€])
{ e €0,

€] = oo
it follows that Z; < 1 and hence |¢|Z; < 374 + 1[¢]*T; S 1.
The second estimate follows immediately from the symmetry property Gi(r, p) = Gi(p, 7). O

Lemma 4.10. The estimates

1Gk(fillzs 10:Gk(fillczs 102Gk(fi)llez S I fila
hold for each fi, € #1)((0,1) x R;C) and k € No.

Proof. For each fixed ¢ € {0, 1,2} we find that

2

1 1
109Gk (fi)lI2; = | €ty pp| rarac,

—50Jo
oo pl 1 )

< /_ /0 (lgqr—k/o \Gk(ﬂpﬂpl—s—k dp) <|€|qu/0 ‘Gk(’f",P)ka(p)‘zpl_k dp) rdrdé,
oo pl 1

S /7 /0 <|’5qu/0 |Gk(7“,ﬂ)|fk(ﬁ)2p1_kdp) rdrde,
oo pl 1

= /; A <|fqpk ; |Gk(’/‘, p)‘,,,1+k d’l”) |fk(p)|2 pd,odf,

(') 1
5/ /O|fk<p)|2pdpd§,
< felle.

where we have used the Cauchy-Schwarz inequality

1 1 .
< (swrk [ 16l dp)(aqf’“ / |Gk<r,p>||fk<p>|2plkdp),

(4.21)
Fubini’s theorem and Proposition 4.9. O

2

'/01 119G (r, p) fr(p) pdp

The next step is to estimate

1
DiyGr(fe) = F ! {/O D1 Gy(r, P)Pfk(ﬂ)ﬂdp} ;

where R
=& ez ([€]7) Kk ([€lp), 0 <7 <p,

DinGil(r, p) = >
=G p) {|s|fk<|s|p>f<k¢1<|s|r>, p<r<l.

Proposition 4.11.

(i) For each fized g € {0,1} and k € N the estimates

1 1
€11 [ 1DuGatr ot 1€ [ DG 0 dp 1

hold uniformly over r,p € [0,1] and £ € R.
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(i1) For each fized q € {0,1} and k € Ny the estimates

1 1
€7 [ DGt (€ [ IDGulr) o S 1
0 0
hold uniformly over r,p € [0,1] and £ € R.

Proof. (i) Using the integrals (4.15), (4.16), we find that
1
T = rl_k/ |DkGr(r, p)| p" dp
0

— (€[ ([Elr)r / Le(€lp) o dp + |E1 T (JElr)r = / Ri(€1p) ot dp
0 T
= (€2 L K (1€l (M (el T (1) — 2k — DM (1€ Tu(€]))

G
(e KB 1 el (ML () T (elr) — @k — 1My (€l Te(]r)
(D
1-k L B " My (€]) ,
(2 - M) - TEED el ).

Applying the inequalities

i (el Ki(le) 1 | 1
and
ik (o L OMED, L (e a1y MillED
(lelr) ((% DMl - TAE 1 >) < S (2 VAT + ) - T )

which follow from the facts that s — I(s), s — s ¥I;(s) are monotone increasing, while s — s~*My(s) is

monotone decreasing, yields
€19, < 28, (|€]r) + 2F; (1€]r) + FF([€]),

where

Fl(s):= sq+1_kKk_1(s) (Mg (8)Ip—1(s) = (2k — 1)Mp_1(8)Ix(9)) ,

q

F2(s) 1= 59k M, (s)k—1(s) — (2k — 1)My—1(s) Iy (s)
q : J
Ik(S)
_ 1 _ Mi(s)
3 g1l = k—1 1y k
Fj(s):=s I <2 Val(k + 3) T (s) ) .
Finally, observing that
0, — 0, 0, — 0
Fls) =4 ° Fl(s) = §
0, s— o0, %, s — 00,
L 50, 0, s=0
F(s) 4 70 7 Fi(s) >4 °
0, § — 00, 1, s— o0,
_2k 0 s—=0
—0 )
F3(s) —» {2k ° ’ F2(s) — 1
o {07 5§ — 00, v 7\/;?((’;;5)7 5 — 00,

we find that F(s) < 1 over s € [0,00) for ¢ € {0,1} and j € {1,2,3}, and thus conclude that [£|9Z; < 1.
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Similarly

1
I3 = pl_k/ | DG (r, p)|rk dr
0
. P L
= \€|Kk(\€|ﬂ)017k/ Te—a(€)r) r* dr + \€|fk(\€|ﬂ)ﬁ'17k/ Ky—1(|¢]r)r* dr
0 P

=7 (I&Ip)Kk(lé“lp)Ik(lﬁ\p)

such that
€Ty < 2F3(€lp),  Fi(s) = sTK(s)Ii(s)

for g € {0,1}. Because
i, — 0, 0, —0,
Fi(s) =42 HOE TS
0, § — 00, %, s — 00,
we conclude that Fyj(s) < 1 over s € [0,00) for g € {0,1} and hence [¢]9Z5 < 1.
(ii) It follows from the integrals (4.14) that

= / |D ka |pk+1dp

= R (€)™ [ 1€l0) 0 dp-+ €l (1) / Bi(l€lp) o1 dp
I
i 2Kl B eln) + AR 206 e o iln) -
2051 ()
|£| (|€|7")Kk,+1(|€|7")Ik+1(|€|7") |£|Ik(|§|)
since
(€1 K1) T (€]r) < (VKRN Tus1 (€D = 1 — €] K1 (€D T ],
such that o1
1T S2EHE) + FED, F) = et
(where we have replaced k by k + 1 in the definition of F}). Because
1
Fg(s)%{m, 50, FE(S)%{O, s — 0,
0, s — 00, 2, s5— 00,

we conclude that |§|2Z, < 1.

Similarly

1
Is = Pfk/ |D_kGr(r, p)| 7" dr
0
1

~ P )
= [€l K (ele)o™" /0 T (]r) v+ dr + (€| (€l p)p™ / Ky (lglr) vt dr

p

3f(k(\ﬁlp)(Iﬁlp)l_k (M1 ([€]p) Ik (1€l p) — (2K + )M (€] p) T4 (I€]0))

T
ML (g)
+ g o)+ 2k 1) (Mmm DA msm)
< ZRuIEelo) ™ (MKl u(Ilp) — (2h-+ DM(elp) s (1)

T @EED (et s 1y M)
GEEYCESY (2 VLt +2) = T e )
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such that (2 1 1)
+1)s
——F
DR e)
(where we have replaced k by k + 1 in the definition of F)). It follows that [£|Z;
furthermore

€19Z5 < 2F} (I€]p) +

<1 for k € N, and

~

(2k+1) F3(s) _ msd—1 Lo(s)’
2k a k=0 2 Io(S)
such that
2k + 1 1 — 0, 2k +1 0 — 0,
&Fg’(s) N s gpﬁ(s) s s
2k k=0 Oa s — 00, 2k k=0 ga s — 00,
and hence |£]9Z5 < 1 for ¢ € {0,1} and k = 0. O

Lemma 4.12. The estimates

IDkGr(fi)llzs 10:DrGr(fe)llez S fullzz, K EN,

and
ID—kGr(fe)llz, 110:D-kGr(fi)llz < [ fullzz &k € No,

hold for each fi € #1)((0,1) x R; C).
Proof. For fixed ¢ € {0,1} we find that

109 DkG (F)a S flnzs  10ID_Ge(Fi)l2e S 11F ez

by the method used in Lemma 4.10, replacing the Cauchy-Schwarz estimate (4.21) with respectively

2

1 1 1
‘Iﬁl" [ DGt )t pap s(wﬂ—k 0 |ch:k<r,p>|p’“dp)(mw—l 0 Dkemp)nfk(p)ﬁpHdp)

and
2

1 1 1
]|s|qoz>kck<r,p>fk<p>pdp s(swr—’f/o |Dka<r,p>|pl+kdp)(|5|Qrk/0 |Dka<r,p>||fk<p>|2pl-kdp)

and using the estimates given in Proposition 4.11. O

Proposition 4.13.

(i) For each fixed k > 2 the estimates

1 1
pg‘k/ ID}Gy(r, p)| rF 2 dr, 7“3"“/ IDRGk(r,p)| p"2dp S 1
0 0

hold uniformly over r,p € [0,1] and £ € R.

(ii) For each fired k € Ny the estimates

1 1
P [Pt Gutnaltan 1 [0 Gl ap S
0 0

hold uniformly over r,p € [0,1] and £ € R.

39



Proof. (i) This result follows from the calculations
1
Is = p3_k/ |D2G) (7, p)| T2 dr
0

- , L
~ [ERREl) " [ Dicaleln) 2 ar 4 PLEl ™ [ Rica(éln) 2 ar
P

3—k

- @3 (2<k —DF ((';'f) 7 (Ma(igle) = (161" )
3—k [ _ Q(k_l) _ 1 B B 2(]{7—1)

+ Ie(I€lp) (1€]p) ( 0D T ((% 3)Mj_o(€]) = Mkl(fl)»)
2(k—1) (I€lp)* * I (I€]p) | 12—k

= (2k — 3) <1Jr RERIAE) €] Mk—1(|£|))

_Ak—1)

= (2k — 3)

and

1
Iy = 7‘3”“/ IDRG(r, p)| p* 2 dp
0

r 1
=|§\2ffk72(|£|7“)7“3_'“/0 L(I€lp) p" 2 dp + €L T2 (1€]r)r* ™ [ Ky (1€]p) pF 2 dp

(I&lr)> " Tu—2(I€]r)
(2k — DIk(I€])

=2(k —1) — (2k = 3)(|¢|r)* "M _2(|¢]r) + (M (le]) — le[*1)
<2(k-1),
in which integrals (4.19), (4.20) and (4.17), (4.18) respectively have been used.

(ii) Similarly, this result follows from the calculations
1
Is = plfk/ |D? .G (r, p)| ¥ dr
0

- p L
= P Ki(I€]p)p'F /0 T2 ([€]r) % dr + |21 (€] p)p" F / Kyp2(|€]r) r¥ dr

p

1-k
— Q(k + 1) _ (2]@ 4 1)(|§|P)1ikMk(|€|P) o 2(k + 1)(|£|p) Ik(|f|p)

GRIAE)
2k + (€l 1eEle) 1
eengey o MeED
2k + (el 1eeln) 1
<2(k+1)+ HEIAE) €1 M ([€])
<4k+3
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and

1
Ty = rit / D2 ,Gi(r, )| £ dp
0

~ " 1 ~
= [ Ksa(€[r)rt | Ik(lflp)pkder|£|21k+2(|€|7")7"1*k/ Kx([€lp) p* dp

g (206 + D+ e (—2((’[;5%”1\4“1(&@  (2k+ DM€

et el M, ((€])
(61!~ 1ol 2+ D TS )

< gy (2064 )+ 2k DM (el
< 4k + 3

- 2k+1’

in which integrals (4.17), (4.18) and (4.15), (4.16) respectively have been used. O
Lemma 4.14. The estimates
D% DGk (fi)llz S ez, 0<i<2,

hold for each fi, € #1)((0,1) x R;C) and k € No.

Proof. Observe that
D% DiGr(fi) = {/ D, DiGr(r,p) p fr(p) pdp| + fi-

The case i = 1 is treated by noting that

Dl—kaGk(Ta P) = D1+kD_ka(T, ,0) = |£|2Gk(’f’, p)a

such that
D1k DrGr(fi) = full 7z < IEPGK(fr)lI72 = 10261 (fi)l* < Il full 2

for k € Ny, while the case i = 2, k = 1 is treated similarly by noting that
DIGi(r, p) = DoD1G1(r,p) = [€[*G1(r, p),

such that
IDiG1(f1) = fullza < EPG(FDIZ2 = 10261 (FOII S I full 3

It therefore remains to examine DiGy(r, p) (i = 2) for k > 2 and D?, G(r, p) (i = 0) for k € Ny. Using
the calculation )
—[€P T2 (Il ) Ki(€lp), 0 <7 <p,

D%, Gr(r,p) = ~
2 Gi(r:) {—|§|2fk(lfp)Kk¢2(|£T)7 p<r<l,

we find that

1 1 2
||D1%gk(fk)—fk||2L§§ /ODin(r,p)fk(p)pdp rdrdég,

—o0 JO
0 1 1 1

S/ / (73_1“/ IDin(r,p)lp’“‘deer‘g/ IDin(w)llfk(p)IQp“"“dp) rdrde,
—o0 J0 0 0

S el
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for k > 2 and
2

1D? 4Gk (fr) — fk:||2L’;‘ < 2 Gr(r,p) fr(p) pdp| rdrdé,

—o0 J0 0
[e%e] 1 1 1

< / / (rl—k/ D2, Gr(r, p)| P dp)(rk—l/ |D? . Gr(r, p)|| fr(p)|? 0> dp) rdrde,
—00 J0 0 0

S fellze

for k € Ny (in both cases the third line follows by the method used in Lemma 4.10 and the estimates given
in Proposition 4.13). O

Theorem 4.4(ii) is similarly proved two steps (Lemmata 4.15 and 4.16).

Lemma 4.15. The estimates

1Brk(9)llrz, [10:Br(g)llLz, IDxBr(9)llrz, IP-xBr(g)llrz < llgll 2
hold for each g € #(R;C) and k € Ny.

Proof. Observe that
00 1 T r 2
8@ + 0Bz = [ [ i) () g raras

I (1€])
> q I (|§|)Ik:1(|£|)) "
_ (1 2 1_ k+1 d
/5 +'“( G A
* 1 2\3 152
s [ ga+iepiiar as
~ gl
because
Lot (1 @)Y [art 50
2(1+3) (1 Ilg(s) >_>{;7+ § — 00
Furthermore 7
Daatilg) = 7 [l
such that
T
IDaaBio)ln = [ / e (2 l'f')”) 91 dr e,
T f,%mua)—Ik<|£|>fk¢z<|f|>) g
= [ zer( 72(€) s
s [ avier)iaa
~ lgl%,,
because
2
5 9 7% k_l(S)—Ik(S)kaz(S) 2]17, S%O,
s (1+s7) < 12(s) )% 1, s— o0
and

352(14-52)*% <I§+1(8) _Ik(S)IkJr?(S)) . {07 s =0,

1
3 S — OQ.
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Lemma 4.16. The estimates
102Bk(9)ll 2, 10-DsrBr(9)ll 2, 1D%:DiBr(9)lz S llgll 5,  0<i<2,

hold for each g € #(R;C) and k € Ny.

Proof. Clearly

I (|€|r
1924 (9) 3 = / / |§|4( DY e arae = 10,810,001 5 10201,y < Lol
2 _ IkI1 A _ 2 o 9 )
19-DiBe(9)1lzz = ey ) 197 drde = IDeBL@:g) 7 S 10:15,, < gl 4
and
.
D1 DeBelg) 2 = / / et (20 ) 2 drde = 02Bu(9) 122 < gl
Furthermore,
D2.5(g) = 7 g 2 ).
such that
DBl = [ / |£4(I’€“|§')’")) 9 rdrde,
T2 (1€D) — Tpr (D Tegs (€D, o
= 64(’““ )g de,
[ 2 HE) d
s [ igtigra
= gl 4
because
—st1+sY)72 (I,fm(s) _Iﬂl(s)ka?;(s)) L Jo s,
I3(s) %, s — 00.
O
References

[1] M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions. Dover, 1965.
[2] R. A. Adams. Sobolev Spaces. Academic Press, New York, 1975.

[3] H. W. Alt, L. A. Caffarelli, and A. Friedman. Axially symmetric jet flows. Arch. Rat. Mech. Anal.,
81(97-149), 1983.

[4] C. Bernardi, M. Dauge, and Y. Maday. Spectral methods for azisymmetric domains. Series in Applied
Mathematics. Gauthier-Villars, North Holland, Paris, Amsterdam, 1999.

[5] E. Byrnes, P. Carter, A. Doelman, and L. Liu. Large amplitude radially symmetric spots and gaps in
a dryland ecosystem model. J. Nonlinear Sci., 33:107, 2023.

[6] A.P. Calder6n. Intermediate spaces and interpolation, the complex method. Studia Math., 24:113-190,
1964.

43



[7]

Characterization and regularity for axisymmetric solenoidal vector fields with application to Navier-
Stokes equation. J.-g. liu and w.-c. wang. SIAM J. Math. Anal., 41:1825-1850, 2009.

M. Costabel, M. Dauge, and J.-Q. Hu. Characterization of Sobolev spaces by their Fourier coefficients
in axisymmetric domains. Calcolo, 60:15, 2023.

W. Craig. A Course on Partial Differential FEquations. Graduate Studies in Mathematics 197. A.M.S.,
Providence, R.I., 2018.

G. D. de Figueiredo, E. M. dos Santos, and O. H. Miyagaki. Sobolev spaces of symmetric functions and
applications. J. Func. Anal., 261:3735-3770, 2011.

A. H. Erhardt, E. Wahlén, and J. Weber. Bifurcation analysis for axisymmetric capillary water waves
with vorticity and swirl. Stud. Appl. Math., 149:904-942, 2022.

N. Ericsson. A framework for approximation of the Stokes equations in an axisymmetric domain.
Comput. Methods Appl. Math., 21:791-810, 2021.

A. Gervois and H. Navelet. Some integrals involving three Bessel functions when their arguments satisfy
the triangle inequalities. J. Math. Phys., 25:3350-3356, 1984.

M. D. Groves and D. Nilsson. Spatial dynamics methods for solitary waves on a ferrofluid jet. J. Math.
Fluid Mech., 20:1427-1458, 2017.

M. Hardy. Combinatorics of partial derivatives. Electronic Journal of Combinatorics (electronic only),
13:R1, 2006.

D. J. Hill, J. J. Bramburger, and D. J. B. Lloyd. Approximate localised dihedral patterns near a Turing
instability. Nonlinearity, 36:2567-2630, 2023.

D. J. Hill, J. J. Bramburger, and D. J. B. Lloyd. Dihedral rings of patterns emerging from a Turing
bifurcation. Nonlinearity, 37(035015), 2024.

D. J. Hill, D. J. B. Lloyd, and M. R. Turner. Localised radial patterns on the surface of a ferrofluid. J.
Nonlinear Sci., 31:79, 2021.

A. D. Jackson and L. C. Maximon. Integrals of products of Bessel functions. SIAM J. Appl. Math.,
3:446-460, 1972.

J. L. Lions and E. Magenes. Non-Homogeneous Boundary Value Problems and Applications. Springer-
Verlag, Berlin, 1972.

D. J. B. Lloyd and B. Sandstede. Localized radial solutions of the Swift-Hohenberg equation. Nonlin-
earity, 22:485-524, 20009.

S. G. McCalla and B. Sandstede. Spots in the Swift-Hohenberg equation. SIAM J. Appl. Dyn. Syst.,
12:831-877, 2013.

M. Ostermann. A characterisation of the subspace of radially symmetric functions in Sobolev spaces,
2022. arXiw:2209.02286.

A. Scheel. Radially symmetric patterns of reaction-diffusion systems. Mem. Amer. Math. Soc., 165(786),
2003.

E. C. Titchmarsh. Introduction to the Theory of Fourier Integrals. Clarendon Press, Oxford, 2nd edition,
1948.

44



[26] H. Triebel. Interpolation Theory, Function Spaces, Differential Operators. Johann Ambrosius Barth
Verlag, 2nd edition, 1995.

[27] E. Varvaruca and G. S. Weiss. Singularities of steady axisymmetric free surface flows with gravity.
Commun. Pure Appl. Math., 67:1263-1306, 2014.

[28] Z. Wang and J. Yang. Well-posedness of axisymmetric nonlinear surface waves on a ferrofluid jet. J.
Diff. Eqns., 267:5290-5317, 2019.

[29] G. N. Watson. A Treatise on the Theory of Bessel Functions. C. U. P.,; Cambridge, 1922.
[30] A. H. Zemanian. A distributional Hankel transformation. SIAM J. Appl. Math., 14:561-576, 1966.

[31] A. H. Zemanian. The Hankel transformation of certain distributions of rapid growth. SIAM J. Appl.
Math., 14:678-690, 1966.

45



	Introduction
	Radial differential operators
	Function spaces
	Classical function spaces
	Spaces of distributions
	Sobolev spaces
	Hankel spaces

	The Dirichlet boundary-value problem
	Weak and strong solutions
	Estimates for Gk and Bk


