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THE WATER-WAVE PROBLEM

y=1+n(x21)
Yy
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Kinematic boundary condition:

—Clx = @y — NxPx — NPz

Dynamical boundary condition:

1 2 fx Nz
—opx+ SVl +n-p| —2— | -p| —2— | =0
2 A+ +nZ |, L/1+nE+aZ |,
Difficulties:
® A free-boundary value problem
® Nonlinear boundary conditions

Parameter: p = o/gh?
Solitary waves: f(x z,t) = n(x—ct, z), n(x—ct,z) - 0 as |[(x—ct, z)| = @



FULLY LOCALISED
SOLITARY WAVES

#® Weak surface tension (p < 1/3):

4
W’

>



FULLY LOCALISED
SOLITARY WAVES

® Strong surface tension (B > 1/3):




MODELLING

Weak surface tension (p < 1/3):



MODELLING

Weak surface tension (p < 1/3):

® Dispersion relation for linear wave trains n ~ cos p(x — ¢t):




MODELLING

Weak surface tension (p < 1/3):

#® Dispersion relation for linear wave trains ) ~ cos p(x — ct):

0 To u
® The Ansatz

F=cg(1—¢6%),  n(xz) = e ({(ex 62)e"" + [(ex, 6z)e ") + O(6°)



MODELLING

Weak surface tension (p < 1/3):

® Dispersion relation for linear wave trains n ~ cos p(x — ct):

0 Yo f
® The Ansatz
F=cg(1-6%),  n(xz) = e ({(ex 62)e" + [(ex, 6z)6 ") + O(6°)

leads to the Davey-Stewartson equation
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® A solitary-wave solution
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® This solution is a critical point of the functional
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MODELLING

Strong surface tension (p > 1/3):

® Dispersion relation for linear wave trains n ~ cos p(x — ct):
2
c

® The Ansatz
=1 52, q(x,z) = 62((6& 622) + 0(54)

leads to the Kadomtsev-Petviashvili equation

Cxx—c—gzz—a;zgzw
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® An explicit solitary-wave solution

3—x2+22
3+ +22)72

‘

>
® This solution is a critical point of the functional

o= [ {3erernred- 5o o

with function space

{xz)=-8

X = 5,C2(R?)
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VARIATIONAL PRINCIPLE
® | uke’s variational principle
AL (oo
O L LT T —4)}dxdz =0

recovers the hydrodynamic equations
® Use a Dirichlet-Neumann operator:

6Jw J‘co {_cf)xg + %56('1)5 + %ﬂz +P(V4 + q,% + ng —_ 4)}dXdZ =0

—@ J—@m

where & = @|y=144 and Plytin=E
T T~ _—
G(NE = V1 + 15 +1Z @nly=1:m Ap=0

@yly=0=0
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FORMULATION
o [0 [ {-one+ Geome s S+ /7o e - aves =0

- J—@

g
= F(n.g)

® Euler-Lagrange equations 6, F =0, 6 F =0
® Solve for £ as function of n: & = eG(n)~"n«
® Define
J(n) = F(n.&(m) = K(n) — 2Ln),

where

K(n) = LD J_ {%nz +PVA+ 02+ 12 —P} dx dz,

L(n) = % I I nK(n)n dx dz, K(n)& = “8x(0(n)-4§x)

-0 J-o
#® Study the new variational problem J/() = O
® K :H?(R?) — B(H?/%(R?), H®/%(R?)) is analytic at the origin
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® Modelling:
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® Find critical points of J() = K(n) — ¢2L(n)

9 Modelling:
52
F=1-¢
1 n(x z) = e2¢(ex, £2z) + O(e*)
o ]
® Write

na=x0m  nz2=(1-x@)n.
where y is the characteristic function of this set:

4*— lml < 6.

XDV (1 +n2) =0,
(1=x@)'(m+n2)=0

Solve for nz = no(m), setJd(m1) =J(m1 + nz2(m)), consider F(n4) = 0

Fel<s
1

® Jm=0 =
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REDUCTION

m(x z) = 62 (ex, 6°2)

® Write

or
n1(x.2) = & ({(ex 62)e"* + T(ex, 62)e ™)
® Arrive at the reduced variational functional

wo=[" [ {3e+erarse- 3o b o

or

@ (1 1 1
10 =" [ {3068+ +leP - Jler-{lePa-gicr f axee
+0(s™?|¢]I?)
® Study this functional in

Br(0) C X; := x(eD1,6°D2)X, X = 5, (R?)

0

or
Br(0) C X, := 2(eD)X, X = C2(R®)
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NATURAL CONSTRAINT SET

Find critical points of

1
To(@) = Z1¢IF — K
using the natural constraint set
N:={C#0: (l().) =0}

® Every critical point of o lies on N
® Any critical point of g* ofTo|~ is a critical point of To:

- Set F(g) = (1(0).2)

— There is a Lagrange multiplier p with T(Z*) — pF'(*) =0

— However
y= (@) -pPEL
(F(¢*).C*)

because

(F©.0) =—pp-2)lgl? <0, ZeN

® Look for minimisers of To over N
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GEOMETRICAL
INTERPRETATION

N={C+#0:(l().C) =0}

Any ray
{A :K()>0,2>0}

intersects N in precisely one point and the value of Tp along such a ray
attains a strict maximum at this point

L(20)
“

N \
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EXISTENCE THEORY

How to find a minimiser for To(Z) = 2||¢|[? — K(n) over

N={C#0: {Io().g),=0}?
GOkt
= F(0)
® Lemma (Palais-Smale sequence):
There exists a minimising sequence {g,} for To|y with T(Z,) — O
— Take a minimising sequence {Z,} for To|y

— By Ekeland’s variational principle there exists a sequence
of real numbers with T(Zy) — pn F'(Gn) — O

— Our previous argument shows that y, — 0

® Theorem (concentration-compactness):
There is a sequence {wy} C Z? such that that a subsequence
of {Za(- + wa)} converges weakly to a minimiser g, of To|y

— Key: Weak convergence of {,} implies convergence of {K(x)}





