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Homoclinic orbits in Hamiltonian systems




Homoclinic orbits in Hamiltonian systems
9« = GpH = g,
, =P =pa—Cq

H=3p" =24 +Cq°
+0(kl(q.p)I? + 1(a.P)I)

ax = GpH = g,
px=—04H =g —Cq’

H = 3p® - 2uq* + Cq’*
+0@l(g. p)I® + (3. P) )

q(x) = .\/? sech \/ux + O(p)

® Persistence by reversibility



Solitary water waves

® Wave of depression with strong surface tension (Kirchgassner
1988)
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#® Gravity wave of elevation ‘riding’ a flow with large constant
vorticity (Kozlov, Kuznetsov & Lokharu 2020)




Solitary waves on a ferrofluid jet

® Axisymmetric surface waves on a ferrofluid jet surrounding a
current-carrying wire (Groves & Nilsson 2018)
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Three-dimensional travelling water waves

#® Periodic gravity-capillary travelling water waves with a localised
transverse profile (Groves 2001)




Framework

Begin with a spatial dynamics problem

Uy = f¥(u) inQ,
B*(u) =0 on 20

The domain Q is fixed
Reversible: there is a reverser 5 with

f*(Su) = —f(u), BH(Su) = £B*(u)
Hamiltonian: there is a Hamiltonian system (X, Q, H) with
O], (FH(u), v) + Y(BH (u), v) = dHF[u](v)

for all v

The formal linearisation L = df°[0] is a Riesz spectral operator
with finite-dimensional centre subspace



Step 1: Linearise the boundary conditions

Uy = f¥(u) inQ,
Bf(u)=0 on 90

Use a near-identity change of variables
u=v+Gv), G(v) = O(lullIvll + IVII®)
to linearise and de-parametrise the boundary conditions:

vy = L(v) + NF(v) inQ,
Le(v) =0 on 90,

where L = df°[0] and Lg = dBC[0]

# Hamiltonian: (X, Q. Hire) With Hjp,(v) = H*(v + G¥(v)) and
Qﬁ:olo = QOIO



Step 2: Centre-manifold reduction

ve = L(v) + NF(v) in Q,
Lg(v) =0 on 80

Write X = X, @ Xy,

All small globally bounded solutions lie on
Mo = {(ve,vh) : vi = H'(ve) },

where #(v;) = O(|ulllvol + [Ive]?)

Reduced equation:

Vex = Lvg + NF(vs + H'(ve))

m Hamiltonian: (X, Qcm, Hem) With Hb(vs) = Hp,(vs + hH(v;)) and
ng IO = Qﬁ:olo



Step 3: Coordinates for the centre manifold

Use a symplectic basis for X;:
m Write v, = ge + pf, where Le = O, Lf = e with Q°|o(e, f) = 1:
QClo(va, V) = Qean(vyv2) = q4P2 - P4q2
Use a near-identity ‘Darboux’ change of variables
Ve = W + D(we), D¥(we) = O([ul]lwe|| + “Wc”2

to transform (X;, Qm, Hom) iNtO (Xg, Qgan, Hrea), Where
” d(Wc) = Hbm(we + D*(w,))
Possibly use a further near-identity ‘(partial) normal-form’
transformation that does not change Q..
Final result:
Gx = OpHres(a. P),
Px = —BqH1e4(a p)
m Reversible: 5(q,p) = (g, —p) if Se = ¢, Sf = —Ff



How to calculate H,.;?

u=v+Gyv)
ve + R (ve) + G*(ve + H(v;))

+ DH(w;) + W (ws + DH(wg))

+ GH(w, + D¥(w,) + H (w; + DH(wy)))
we + K we), K (we) = O[] [Iw[ + [Iwe|[*)
H‘rled(wc) = HP(WG + kp(Wc))
Coefficients in the Maclaurin series

K (we) = Z ki, jzuthjz

Ifq+p>2
Ja+i21

Il

can be calculated by substituting u = w;, + k#(w,) into
Uy = (u) inQ,
Bf(u)=0 on 90
Simplify using
O], (FH(u), v) + Y(BH(u), v) = dHF[u](v)



How to calculate H,.4?

® The coefficient of g° in H., is

Cs = Hi(e,e,€)

® [f C5 = O the coefficient of g* in H., is
Cs = Hg(e, e.e6)+ %Hg(e, e,ko,20),
where

fkozo = —f3(e,€),

ngo,go = —Bg(e, 6)



Solitary waves on a ferrofluid jet

Axisymmetric travelling waves:
m 1(z,6,t) = n(z — ct)
m The hydrodynamic problem decouples

Formulate in terms of (1, ¢)



Solitary waves on a ferrofluid jet

The governing equations

¢,r+%¢,+q>zz=o, 0<r<4+n()
¢r =0, r=20,
Nz + qbr ¢znz =0, r=1+ ﬂ(Z),
4T
472 + (¢r + ¢z ,] +1

1 N2z _ 5
(s 1) =0 et

follow from the formal variational principle

§J {J:n(%mpﬁ + %rqbf - r¢z> dr

—aT(n)+P( +n)(1+m)"2 - %PM + n)z}dz =0



Solitary waves on a ferrofluid jet

#® ‘Flatten’ the equations with the transformation

®(s,2) = P(r, 2)

#® The flattened equations follow from the variational principle

1) J L(n, ®; 0., $,)dz =0,
where

L(n, Pz, ®;) =

1 2

1 sn, P, N, Ps

—(sd?+ | @, - 1402 | — | &, — 14025 »d
L{2<5 6+|: 4+’7:| ( +fl)5> ( 1+n (e °

—aT() + B + )1 + 202 = 2P 40
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Solitary waves on a ferrofluid jet
Variational principle: 5JL(r), 1., P,)dz=0

Legendre transform:

5L
w = W g = = : r’Z = ”z(n;w;q);g);q)z = q)z(n:w:d):g)
4

and
4

Hn, w, @, &) = nw + J s®,€ ds — L(n, D, 1,, P;)
)

T[4 g 2 1
= .[o {E I:(/] e +4] “ +n)25— Ee@?} ds

+aT(n) = (4 + = W2 + (4 +1),

1 1 M -
where W = W+ J o2 ®,Z ds | satisfies |W| < p

1

Q((m,%w«&),(nz, d>2,w2,§2)) =woly — w2 +J (Eo®q —E4P2)rdr
0

Reversibility: 5(1, w, ®,&) = (1, —w, =P, §)



Solitary waves on a ferrofluid jet

o Write
p>1, a=2+p+yp

# After scaling z and g one obtains the reduced Hamiltonian

Hey = 3p? — 2ug? + (aT™(0) — 6)4° + O(|(g. p)I? + (g, P)I)




Solitary waves on a ferrofluid jet

/I
H(n, w, P, &) = nw + J sP,E ds — L(n, P, 0., P;)
0

“far € ? 1
SREIFEI R

+aT() = (4 + mVBE = W2 + (1 + 1),

1

1 1
wher = 2 isfi
ere W 4+f’l(w+4+f1j 5d>9§d5> satisfies |W| < p

(o]
1

O( (M1, P1, 04, &4),(N12s P2, w2, E2)) =wall — wah2 +J (Eo®q —E1P2)ods
0

We deal with the case p = O by restricting to the submanifold

1 M,
=——-_/ 5P, ds
@ 4+ﬂ.[o o



Solitary waves on a ferrofluid jet

1 2
® H(n®E) = Jo {% I:ﬁ + ’I:I (1 +n)?s — %QCP?} ds + aT(n)

4

9 Olpon((n1,®1,84), (N2, P2,E2)) = JO(52¢4 — ®x¢4)6ds

1 1
- % J 62(Pp,E + ,E5) ds + ”72 J 62(P1,E + D,E4) do
0 0

#® Reversibility: 5(n,®,&) = (1, —9, &)



