MODEL EQUATIONS

up + (n(u) + Lu)y =0
® Whitham equation:

WK = (t""h(")) 0K)  nu)=uP 4

= m(k)
® KdV equation:
lu=1+3u”,  n(u)=

Travelling waves: u(x,t) = u(x — vt)
Formal weakly nonlinear theory for Whitham gives KdV:

® long-wave expansion:
v=A+ @i ux) = pw(fx),
where p = 1 [1? := Q(u)

® Choosing a 3.y =&, we find that

p§ (AW’ = vw +w?) +o(u¥) =0

KdV has stable solitary-wave solutions. Does Whitham?



KdV:\IARIATIONAL PRINCIPLES

® Solitary waves are local minimisers of
€)= [ (WP -3, =1

® Semilinear structure

#® A nonempty set of minimisers over H!, minimising sequences
converge (Albert, Zeng)

Whitham:
® Solitary waves are local minimisers of

€u) := J —3ulu—N(), Qu)=p

® Linear part is smoothing: L : H® — H**2
® Look for minimisers over

U={ueH" : |lul <R}

#® Minimising sequences with sup ||ua||4 < R converge



PERIODIC WAVES

5
€p(u) := J , (-fulu—N@), Qeu)=p
-5

® Minimise

over
Up = {ueHp: |lulls <R}

® We regularise and penalise the functional:
€pp(u) = €p(u) + p(llulF)

— pis smooth and increasing
- pt)=0forO<t < R?
- p(t) > wastT(2R)?

® Look for minimisers of ¢, over {||ull4 < 2R}



MINIMISATION PROCEDURE

Erp() = Epu), + p(lullf)., s€(3.1)

<D T &
Defined Defined
on Hp on Hp

® ¢p, has a minimiser up # O, since it is
— weakly lower-semicontinuous
— coercive (|lullst = 2R = &€p,(u) = @)

on {u€Hp: Qe(u) = p}

® yp lies in the region unaffected by the penalisation:
— A priori estimates show that
€rplue) <—p  €p,(up) + 1P Q' (up) =0
= w>1-5 |wl|i<o
— Take w € CF and Q(w) = 1:
€r(uiwudn)) = —p+ pBen(w) +o(uf)
— Take w(x) = VAp(Ax), A < 1:

Eww) = J (%zﬂz(q/)z - ga&qﬁ) <0



SPECIAL MINIMISING
SEQUENCE

® Let {v}r be a bounded family of functions in H' with
supp(ve) C (=5, 5),  dist(£5, supp(vr)) > %P*
and let wp € H be its periodic extension

p p
-2 2
ﬁ—) Lﬁq—)
e e
< €(ve) —€p(wp) = 0,  Q(vp) = Qr(wr)

(€’ (ve) — €p(wr)llir(—£.2), 1€ (vP)llie g2 — ©

IR (ve) — Qe(we)lli—z.2), IR (ve)llir gp>23) = O
® We translate and truncate up, to obtain a minimising squence
{tn} for € with
[l < . [1€/(@n) + vn@ @n)|l4 — O



CONCENTRATION-
COMPACTNESS

A minimising sequence {u,} with €(un) — I, Q(un) = p, sup ||unll4 <R
can
#® concentrate ({u,} behaves like a minimising sequence for the
periodic problem)
— leads to convergence to a minimiser u
— v > 1 (supercritical), ||ul|2 = O(u)
= |lull2 < llulls (regularity theory)
® vanish (the wave dissolves into ripples)
— easily ruled out
® dichotomise (the wave splits into two parts)
— Dichotomy is ruled out by strict sub-additivity

Lgipe <y + Iy
(easy to prove when N(u) is homogeneous)
® Try to approximate N(u,) with 3 [
—Eu)<—u—ad S Nu) S —a
— So we require N;(u,) = a(u%) (not clear for a general minimising
sequence)
= Ne(un) = O(|JunllZ |unllZ) = O(llunllf) = O42)



SCALING

® Do solutions scale like KAV (u(x) = pSw(p3x))?
® Show that ||lu]|? = Ou):

- M= [ (Z i 0R). et
= Mo S w8l
® Split a solution of F'[(v — m(k))&] = n(u):
Da(k) == E(k)A(K),  Do(K) := (1 —E(K)AK)
(v —m)ty EFn(u)],
(v —m)dz (1=8)Fn(W)]

Il

® Estimates:

= llezllo S 1i(n(w)llo < ellullolle”llo
— (v—m) = k2 for [k| < ko, SO that

[le s Jo-mee
S Inwip
S aElulg

= = wll5 S Nulillulle



SCALING

M = [ (2 + ¥ 2)
® We know that

IIU"I2 S uliBllull < o5 ull?

i

® Multiply by p%, add [u? = 2y

P S (1 + et )
® Q:={ve[0): |l Su}

- 0€eQ
-TEQR = [0,7]CA
— Suppose t, := supQ < 1. Choose & > O so that z, + L& < 1:

s S (44 1% 1 1ullZ), )

S



CONVERGENCE

® Scaling arguments yield
EuEwPx) = —p + pBEw(w) +o(u®),  wE Dy

() = —p + pBEu(u Bu(3x) +owd),  ueD,
® Thus
= ly=—p+p8h, +opd)
— = —p+pdeBu ) + o(u?)
— En(uBu(p3x))) = hw +0(1)
9 |t follows that

sup disty (p‘§ u(u3x), D) — 0
u€eby
Otherwise:
— There exist {y,} and {u,} € D, with
Pn - OO

it [ Eun(u ) ~ wils 2 6

2 1. .
— {pn ® us(n °x)} is @ minimising sequence for €,, over
{w e H": Q(w) =1}, so converges



