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X
@y—0 z
Kinematic boundary condition:

—CNx = Py — Nx@Px — NPz
Dynamical boundary condition:

SUPERN R [ S
2 VAI+nZ+nz | [ VA+nZ+nZ |,
Difficulties:

® A free-boundary value problem

® Nonlinear boundary conditions

Nondimensionalise

Solitary waves: n(x, z,t) = n(x—ct, z), n(x—ct,z) - 0 as |(x—ct, z)| —



FULLY LOCALISED
SOLITARY WAVES
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FORMULATION

® Use a Dirichlet-Neumann operator:

l¢|y=n=5
G()E = /1 + 12 + 02 @nly=n

@y —0

® We obtain the Zakharov-Craig-Sulem formulation

—Clx — G('I)f =0,
1 1 (G(n)E + ndx + '725:)2
Nt B B T o 4 E)

fx fz
- — - — =0
I:ﬂ/'l +n§+q§1 I:ﬂ/'l +q,%+q§l
® Travelling waves n(x,z, t) = n(x — ¢t, z), £(x,z,t) = E(x — ct, 2)
® Eliminate £ using & = —cG(n) ™",
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FORMULATION

We arrive at the single equation

K(n) - 2L(n) =0,

where

Nx Nz
K(fl)=fl— - ’
VA+n2+nz | [ WJ1+n2+n2 ),

— _ 2
L) = =Gkt - 50t + LI gy

and

KME =~G) & LE = —(G0) ")

® Lemma: K(-)(-), L(-)(-): H?(R?) x H3/2(R?) — H®/2(R?) are analytic
at the origin.

#® Corollary: The functions K, L : H3(R?) — H'(R?) are analytic at
the origin.
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where ¢ is the solution of the boundary-value problem

Prct Py + Pz =0, y<n,
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where g is the solution of the boundary-value problem
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KME = —(@ly=n)e L) = —(@ly=n)z
where g is the solution of the boundary-value problem

Pt Py + Pz =0, y<,
€0y_’o’ y—- o,
Py — kPx — NPz = & y=n

® Flatten:

@(x.y.2) Y =y—n(x2) u(% Y, 2)

® New problem:
U + Uy + Uzz = O4Fa(n,u) + ByFa(n, u) + 8.F3(n,u),  y<O,
uy — 0, y— -,
uy = Fa(n,u) + &x y=0,
with Fs (1, u) = fictly, F2(,u) = Ml + fizuz — (12 + 12)uy, Fa(n,u) = nu,
® K& = —utxly=0, L(NE = —tzy=0
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ANALYTICITY

For each Fy, Fz, F5 € H2(Z), £ € H?/2(R?) the BVP

uy —0, y— -,
Uy=F2+5x, y=O,

admits a unique solution u = 5(F4, Fa, F,&) in H3(Z)
Seek zeros of
T : H3(Z) x HX(R?) x H¥/3(R?) — H3(Z),

T(u 1, &) = u—5(F4(n, u), F2(n, u), F3(n, u), £)
(n,u) — Fj(n, u) is analytic H3(R?) x H3(X) — H3(X)
T is analytic with 7(0,0,0) = 0 and d4T[0,0,0] = |
Analytic implicit-function theorem: u = u(n, ) is analytic
H?(R?) x H5/3(R?) — H2(Z)

K(n)& = —uy|y=0, L(N)E = —u,|y=0 are analytic
H?(R2) x H?/2(R2) — HP/2(R2)
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K(n) —c2Ln) =0 (%)
Dispersion relation for linear waves n = A cos k4x:
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® Write ¢® = 2(1 — ¢)
® Substitute the Ansatz
n(xz) = 36(C4(X. 2)e" + L1(X. 2)e ™)
+6°00(X, 2) + 367 (Ga(X, 2)6™ + 5o(X, Z)e ™) + - -,

where X = gx, Z = gz, into (%)



MODELLING

K(n) —c2Ln) =0 (%)
Dispersion relation for linear waves n = A cos k4x:

2
oA

® Write ¢® = 2(1 — ¢°)
® Substitute the Ansatz
n(x2) = 36(C4(X.2)6" + Ta(X. 2)e™)
+ 62C0(X,Z) + %sz(Cg(X,Z)ez"‘ + Cg(X,Z)e"z"‘) Hoeee,
where X = gx, Z = gz, into (%)
® At 0(g) one finds that

—3Cox — Qazz + 01 — B Pe =0
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NLS EQUATION

The stationary nonlinear Schrodinger equation

-0 —Cz+C - lPr =0
has a unique symmetric, positive (real) solution ¢* € S(R?)
Our Ansatz therefore predicts the existence of a famly

n(x, z) = C*(ex, 62) cos(x + ) + O(¢?)
of solitary waves
Two of them (6 = 0 and 6 = x) are symmetric:




EXPANSIONS

K(n) —2(1—6*)L(n) =0



EXPANSIONS

K(n) —2(1—6*)L(n) =0
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EXPANSIONS

K(n) —2(1—6*)L(n) =0

Nx Nz
KnN=n—-| —m—m— | = | ——
=1 I:\/4+n§+n§l I:v4+n§+n§],
® We find that

Ki(n) = n— N — Nz
‘42('1) =0,

Ko(t) = (0 + 20+ 02 + )
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K(n) —2(1—6*)L(n) =0

—_ —_ 2
) = =5 k(n)? - ety + BRI iy

® Writing

K(n)E = Kol +Ke(n)E+Ka(mE+..., L(N)E = LoZ+La(mE+La()i+...

yields
La(n) = Kon,
La(n) = —3(Kon)® — 3(Lom)? + 302 + Ka(mn,
Ls(n) = —KonKa(m)n — LonL(n)n — n2Kon — ixhzLon + Ka(mn



EXPANSIONS

K(n) —2(1—6*)L(n) =0

1 2 1 2, (= nKn)n = nzL(n)n)?
—_— - K
Ln) = =5 K(mm~ = 5 (L)~ + 20+ 4 +K(mn
® K(ME = —uxly=0, L(N)E = —Uz|y=0, Where
Uy + Uyy + Uzz = OFy (n,u)+ 8yF2(ﬂ: u) + 8;Fz(n, u), y<0,
uy — 0, y— -,
uy = Fa(n,u) + &, y=0,

with F4(n, u) = feuy, Fa(n,u) = Ny + nzuz — (12 + 12)uy, Fa(n,u) = nauy



EXPANSIONS

K(n) —2(1—6*)L(n) =0

2
) =~ - G + =PI I I iy
® K(NE = —uly=0, L(NE = —uz|y=0, Where
U + Uy + Uzz = ByF4(n, u) + 8yF2(n, u) + 8;F3(n, u), y<Oo0,
uy — 0, y— -,
uy = Fa(n,u) + &u, y=0,
with F1(n,u) = ey, F2(n, u) = fixti + fizz — (12 + n2)uy, Fs(n,u) = nzy

® Write u§=uo€+u4(n)€+u2(n)§+.“:



EXPANSIONS

K(n) —2(1—6*)L(n) =0

—_ —_ 2
) = =5 k(n)? - ety + BRI iy

K(mE = —xly=0. L(NE = —tz|y=0, Where
U + Uy + Uzz = ByF4(n, u) + 8yF2(n, u) + 8;F3(n, u), y<o0,
uy — 0, y— —w,
uy = Fa(n,u) + &y, y=0,
with Fs (1, u) = fixty, Fa(n, u) = fux + fzuz — (15 + 1Z)uy, Fa(n, u) = nuy

® Write UE = Uk + 1 (M)E + ua(n)E + ... :

T Y



EXPANSIONS

K(n) —2(1—6*)L(n) =0

—_ —_ 2
) = =5 k(n)? - ety + BRI iy

K(n)E = —uxly=0, L(N& = —uz|y=0, Where
U + Uy + Uzz = ByF4(n, u) + 8yF2(n, u) + 8;F3(n, u), y<O,
uy — 0, y— -,
uy = Fo(n,u) + &x, y=0,
With Fa (1, u) = ney, F2(m,u) = Netx + fzz — (1% + nZ)uy, Fa(n, u) = nauy

» Write uE = upf +wy(n)E + ua(E +...:

[k _ o | kKik2 e
=7 [3ie] o= [pe] s [

Ka(mn = —(nn«)x — Ko(nKon) — Lo(nLon),
Ka(mn = Ko(nKo(nKon)) + Ko(nLo(nLon)) + Lo(nLo(nKon)) + Lo(nMo(nLon))
+ 3Ko(mP) + 3(MPKo)x + ZLo(mPhiz) + 3 (MPLoN)xe



EXPANSIONS

K(n) —2(1—6*)L(n) =0

—_ —_ 2
) = =5 k(n)? - ety + BRI iy

® We find that

La(n) = Kon,
La(n) = 3 (12 — (Kon)® — (Lom)? — 2(nxn)x — 2Ko(Kon) — 2Lo(nLon)) »
L3(n) = KonKo(nKon) + Kon Lo(nLon) + Lon Lo(nKon) + Lon Mo(nLon)

+ Ko(nKo(nKon)) + Ko(nLo(nLon)) + Lo(nLo(nKon))

+ Lo(nMo(iLon)) + N(Kof)ex + 3Ko(mPhe) + 3 (mPKoM)x

+ N(LoMMz + 3Lo(PMz) + 3(MPLoN)z
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with
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 REDUCTION

K(n) —2(1 - 6%){(n) =0

Seek a solutionn o

with
n(xz) ~ 36(C4(ex, 62)e™ + T4 (ex, 62)e™)
® Write
m=x0m  n2=1-xOn
where y is the characteristic function of this set:

ko
. | . kq

2(D) (K(m + n12) — 2(1 — 6°)L(m +12)) =0,
(1= 2(D)) (K(m1 + n12) — 2(1 — 2) (1 + 12)) = O

® Consider



REDUCTION

Seek a solution n of
K —2(1-¢*)Lm) =0
with
n(xz) ~ 36(C4(ex, 62)e™ + T4 (ex, 62)e™)
® Write
m=x0m  n2="1-x@n
where y is the characteristic function of this set:

ko
. | . k4

2(D)(K(m + n2) —2(1 — 6*)L(m +n2)) =0, (1)
(1= 2(D)) (K(m1 + n12) — 2(1 — 2) (1 + 12)) = O (2)

® Consider

® Solve (2) for nz = nz(n4) and insert into (1) to yield the reduced
equation
2(D)(K(m + n2(n4)) — 2(1 — £2)L(14 + n2(m))) =0
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® Write
m(x2) = 36(C(ex ez)e™ + L(ex, 62)6™)

® The reduced equation is a full dispersion stationary NLS equation
6 2F (g1 + k1, 6k2)0] + 24 + xo(eD) (- 3 117C +6"20(|Ig])) = O,
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where
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® The reduced equation is a full dispersion stationary NLS equation
6 2F (g1 + k1, 6k2)0] + 24 + xo(eD) (- 3 117C +6"20(|Ig])) = O,
(*)

where

K
gk) =1 + k> —2-2,
for ¢ € Bg(0) C xo(eD)H' (R?)
® Easier to replace ¢ with yo(eD)Z and work in the fixed space
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REDUCTION

Write
m(x2) = 36(C(ex ez)e™ + L(ex, 62)6™)

The reduced equation is a full dispersion stationary NLS equation
672 F [g(1 + oka, 6k2)] + 20 + (D) ( - 4 [£7C +6™720(|[¢]]4)) = O,
(*)

where

gk) =1 + |k|* - 2@
Ikl
for ¢ € Br(0) C xo(eD)H' (R?)
Easier to replace ¢ with yo(eD)Z and work in the fixed space
H'(R?)
In the limit ¢ — O we obtain the stationary NLS equation

~30a—Cz+{ - JlPr=0

from (%)
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are non-degenerate in the class of solutions symmetric under
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® The reduced equation (*) has this symmetry (inherited from the
symmetry n(x, z) - n(—x, z), n(x, z) — n(x, —z) of the original
problem)
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® The two symmetric solutions +* of

~30w—Cz +{ - 33lCF7 =0
are non-degenerate in the class of solutions symmetric under
(% 2) = 0(=x,2), {(x,2) = C(x —2)
® The reduced equation (*) has this symmetry (inherited from the
symmetry n(x, z) - n(—x, z), n(x, z) — n(x, —z) of the original
problem)
® Apply an implicit-function theorem argument to (%) in the space
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EXISTENCE

The two symmetric solutions +C* of

~30w—Cz +{ - 33lCF7 =0
are non-degenerate in the class of solutions symmetric under
(% 2) = 0(=x,2), {(x,2) = C(x —2)
The reduced equation (*) has this symmetry (inherited from the
symmetry n(x, z) - n(—x, z), n(x, z) — n(x, —z) of the original
problem)
Apply an implicit-function theorem argument to (%) in the space

Hy(R?) = {C € H'(R?): {(x 2) = {(%2), {(x2) = {(x ~2)}

(%) has two symmetric solitary waves for small values of ¢
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® We have found solitary waves of the form

n=m+nz,  mxz) = 36(G(ex 62)e" + {(ex,62)e ™)
® Hence
lIl1E2 ey = NS IEzey + -+« lInll = O(e).
= 10 gy + - »
so that the waves have small amplitude but finite energy
® ltis necessary to work with functions with finite H>(R2)-norm:

— Actually prove the analyticity of the Neumann-Dirichlet
operators at the origin in

Z = {n:llmllo + Inzllems) < o}
and work in a neighbourhood
{n e H®R?): [Inllz < M}
of the origin in H3(R?)



‘SMALL SOLUTIONS

® We have found solitary waves of the form

n=m+nz,  mxz) = 36(G(ex 62)e" + {(ex,62)e ™)
® Hence
lIl1E2 ey = NS IEzey + -+« lInll = O(e).
= 10 gy + - »
so that the waves have small amplitude but finite energy
® ltis necessary to work with functions with finite H>(R2)-norm:

— Actually prove the analyticity of the Neumann-Dirichlet
operators at the origin in

Z = {n:llmllo + Inzllems) < o}
and work in a neighbourhood
{n e H(R?): Inllz < M}
of the origin in H3(R?)
— Careful book-keeping
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