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MAGNETIC EQUATIONS

® The magnetic field B, H satisfies

curlH4 = 0O, curlHz = 0O, divBs =0, divBs =0,

where
B4 = po(H4 + M([H4])). B2 = LoH2
® Hence
Hy = -V, Hz = —Vip,
where
div(u(|Vya|)Vya) =0, Awz =0,
and

_ 4 4 M)
[.1(5) =1+ T

® At the free surface B4.n = Bo.n and H4.t = Hsz.t, so that

W2 =y, Won = (V1 |)yan



HYDRODYNAMIC EQUATIONS

® The velocity field v satisfies
curlv =0, divv =0,
pvi + p(v.Vv)v = =Vp* + io(M(|H4]).V)H,

® Hence

v=V$, APp=0,

[Vl
o+ EIV8E ~o | olple) = 1)de 4" =0
Qo )

~
= v(|V])
® Dynamic condition at the free surface:

— Balance of forces:

P duoMn)? = Suo(u(IV1) — 124,

po

20k
- y=-J9/2%, ¢ =0, =0is asolution

® Kinematic condition at the free surface:

(51;+v.V)(r~R~C) =0 = “Ct'I'CPr_ %qbrCr“qszz =0



AXISYMMETRIC WAVES

® For axisymmetric flows ¢ = {(z,t), ¢ = ¢(r,z t) we always have

Jo
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and we are left with a purely hydrodynamic problem.
® The dimensionless problem for travelling waves n = n(z — ct),

b= plz—ct)is
b+ 2+ =00 r<Ag
G+ r— 20, =0, r=1+¢,
4.+ 502+ 40 -a (v () -n)

+p((4+c§>-z_ - _4):0, st

“1+8) (1+q2)z

po? o

® Parameters:a= ———,p= —
1= e P k2
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VARIATIONAL PRINCIPLE

The variational principle

[ o)

—aT(Z) 4B + O + 120 — 2B + 5)2} jz=0,
where 1o = r (v () = v() (1 + 5) des
(0]

recovers the hydrodynamic equations (with r¢r|—o = 0).
Map the fluid domain to a cylinder:

e
r

F=

1+¢

r=0

New variable: ¢(¥ z) = ¢(r, z)
New variational principle:

=
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5 J L &, 0 B;)dz =0



SPATIAL DYNAMICS

Variational principle: & J L({C.¢.Copz)dz =0

Legendre transform:

oL oL
W= 5_62, Y= 5 = =00 wdy) ¢z =Pl w, Py)
Hamiltonian: 4
H(n, o, ¢, (-.U) = ni;+ Jo g, — L(n, b, Nz, 472):

1
{2 (e 1) e s Pt o

+aT(§) = (1 + OVP? = W2 + Zp(1 + ),

whereW:L<w+er2¢ )
1+¢ 14C Jo T

Hamiltonian system:
__OH 6H __6H 6H

S TTE R YT
Reversibility: z— —z, (n,w, ¢, y) = (n, —w, =, y)



KIRCHGASSNER REDUCTION

Introduce bifurcation parameters a = ap + p4, P = Po + p2, SO that
Uy = Lu 4+ Ny(u) (%)

Spectrum of L:

® (%) has a finite-dimensional invariant manifold M
® For small p all small bounded solutions to (*) lie on M

® Reduced system:

— describes the flow on M
— is reversible and Hamiltonian

® Homoclinic solutions to the reduced system are solitary waves



EIGENVALUES

® An additional double zero eigenvalue due to the symmetry

Pp—P+c



EIGENVALUES

® An additional double zero eigenvalue due to the symmetry

Pp—¢P+c



KDV WAVES

® Reduced system (after

p=po>1, scaling):
2
: Cﬂ}{k y=2+82 % = pro0)
% p: = q+coq +0(6)

® ¢, >0forp <Py, co <Oforp>p,



KDV WAVES

® Reduced system (after

eetee B =po> %, scaling):
«%* i p: = q+uqt +csq° +0(6)







KAWAHARA WAVES

® Reduced system (after

ote C4 scaling):
e Y p=14c(1+ps2, Gz = —p1+ooph +0(6),
° . Joz = p2 + 0(6),
______ y =2+c6* bz = g2 +0(0),
pez = 2(1+p)ge + g1 +0(0)
4

® Foré, p=0we find u —2u” +u—u? = O foru ~ py

® A family of multipulse solitary waves with exponentially decaying
oscillatory tails (waves of elevation for ¢; > O, waves of
depression for ¢o < 0)




KAWAHARA WAVES

® Reduced system (after

oto C4 scaling):
Y p=2+c(1+p)6% Gz = —p1+eps +osps +0(6),
ole JQoz = P2 + 0(5)s
e elee —
______ . y_2+c:é‘4 prz = Q2+0(5),
pez = 2(1+p)g2 + g1 +0(0)
p

® Foré, p, e =0 we find u” — 2u” +u—u® = O for u ~ py

® Two families of multipulse solitary waves with exponentially
decaying oscillatory tails (waves of elevation, waves of
depression)









NLS WAVES

® Reduced system:

P=Po A, = ﬂ, B, = —ﬂ,
V= o+ 62 9B oA
H = iw(AB — AB) + |B|?
+Hye(JAJ% I(AB — AB), 6)
2P +0(|(A.B)P|(6.A.B)[")

2
® Two symmetric envelope solitary waves:

Ape- e

® Multipulse envelope solitary waves:

(Posy0) € Ca2












