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Introduction

Notation

® We investigate Laurent polynomials in C [z*!] with
z2: =212,

@ A Laurent polynomial has the form f := Z_;'j:l b; - z00),
@ The VARIETY of a Laurent polynomial f is denoted as V(f).

@ For fixed exponents we denote the corresponding set as

A={a(j) €Z":1<j<d}.
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Introduction

Notation

We investigate Laurent polynomials in C [z*!] with
z2: =212,

(]

A Laurent polynomial has the form f := Z_;'j:l b; - zo0).

(]

The VARIETY of a Laurent polynomial f is denoted as V(f).

(]

For fixed exponents we denote the corresponding set as

A={a(j) €Z":1<j<d}.

(]

The NEWTON POLYTOPE New(f) of a Laurent polynomial f
is the polytope obtained by taking the convex hull of all its
exponent vectors, i.e. here we have New(f) = conv A.
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What is an amoeba?

Definition (Gelfand, Kapranov, Zelevinsky)
Let f € C[z] with variety V(f) C (C*)".
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What is an amoeba?

Definition (Gelfand, Kapranov, Zelevinsky)
Let f € C[z] with variety V(f) C (C*)". Define the Log-map as:

Log: (CH)"—R",
(|z1] - e, |zp| - ei'¢") — (log|z1], ..., log|zn|)
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What is an amoeba?

Definition (Gelfand, Kapranov, Zelevinsky)
Let f € C[z] with variety V(f) C (C*)". Define the Log-map as:

Log: (CH)"—R",
(|z1] - e, |zp| - ei'¢") — (log|z1], ..., log|zn|)

The AMOEBA A(f) of f is the image of V(f) under the Log-map.
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What is an amoeba?

Qf=zn+zn+1
Q =223 —92{23 + 2123 — 42125 — 4z 2 + 1
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What is an amoeba?

Qf=zn+zn+1
Q =223 —92{23 + 2123 — 42125 — 4z 2 + 1

L b b b s o n o s oo
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Let f € C[z] with amoeba A(f). Then:
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Let f € C[z] with amoeba A(f). Then:

e A(f) is a closed set with non—empty complement (Gelfand,
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(Forsberg, Passare, Tsikh).
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Let f € C[z] with amoeba A(f). Then:

e A(f) is a closed set with non—empty complement (Gelfand,
Kapranov, Zelevinksy).

@ Each complement component E,(f) of A(f) is convex
(Forsberg, Passare, Tsikh).

@ Each complement component E,(f) of A(f) corresponds
uniquely to a lattice point « in New(f) (via the ORDER
MAP).
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e A(f) is a closed set with non—empty complement (Gelfand,
Kapranov, Zelevinksy).

@ Each complement component E,(f) of A(f) is convex
(Forsberg, Passare, Tsikh).

@ Each complement component E,(f) of A(f) corresponds
uniquely to a lattice point « in New(f) (via the ORDER
MAP). Wether a complement component of A(f) exists
depends on the choice of the coefficients of f.
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Basic properties of amoebas

Let f € C[z] with amoeba A(f). Then:

e A(f) is a closed set with non—empty complement (Gelfand,
Kapranov, Zelevinksy).

@ Each complement component E,(f) of A(f) is convex
(Forsberg, Passare, Tsikh).

@ Each complement component E,(f) of A(f) corresponds
uniquely to a lattice point « in New(f) (via the ORDER
MAP). Wether a complement component of A(f) exists
depends on the choice of the coefficients of f. The
complement components corresponding to the vertices of
New(f) do always exist (Forsberg, Passare, Tsikh).
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Basic properties of amoebas

Let f € C[z] with amoeba A(f). Then:

e A(f) is a closed set with non—empty complement (Gelfand,
Kapranov, Zelevinksy).

@ Each complement component E,(f) of A(f) is convex
(Forsberg, Passare, Tsikh).

@ Each complement component E,(f) of A(f) corresponds
uniquely to a lattice point « in New(f) (via the ORDER
MAP). Wether a complement component of A(f) exists
depends on the choice of the coefficients of f. The
complement components corresponding to the vertices of
New(f) do always exist (Forsberg, Passare, Tsikh).

@ Every configuration of existing and non-existing inner
complement components is possible (Rullgard).
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The configuration space of amoebas

@ For A C Z" the CONFIGURATION SPACE CZ is the set

feC [zil] f = Z bj-zo‘(j),bj € C,New(f) =convA
a(j)eA
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The configuration space of amoebas

@ For A C Z" the CONFIGURATION SPACE CZ is the set

feC [zil] f = Z bj-zo‘(j),bj € C,New(f) =convA
a(j)eA

@ For a € A we define U2 C C* as the set

{fe(Cf:Ea(f);«é@)}.
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Introduction

The configuration space of amoebas

@ For A C Z" the CONFIGURATION SPACE CZ is the set

feC [zil] f = Z bj-zo‘(j),bj € C,New(f) =convA
a(j)eA

@ For a € A we define U2 C C* as the set

{fe(Cf:Ea(f);«é@)}.

@ Since every f in C4 is determined by its coefficient vector, we
may interpret CZ as projective space with dimension d = #A.
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Unfortunately, this is the only example where all Ué‘ are known . ..
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Theorem (Rullgard)
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Introduction

The configuration space of amoebas

Let f:=bo+ >, bj-z. Then

Unfortunately, this is the only example where all Ué‘ are known . ..
But:

Theorem (Rullgard)

All U2 are non—empty, pseudo—convex, semialgebraic sets. The
intersection of (U4)€ with an arbitrary projective line in C is
non—empty and connected.
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Key problems on the configuration spaces of amoebas

KEY PROBLEMS ON CA:
@ What is the geometric structure of the U4?
@ How can the U4 be computed?

o Are the U/ connected? (“Jackpot question”)
MESSAGE OF THE TALK:

Let A:={a(0),...,a(n+1)} C Z" such that a(1),...,a(n+ 1)
span up a simplex with barycenter «(0). Then:
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Key problems on the configuration spaces of amoebas

KEY PROBLEMS ON CA:
@ What is the geometric structure of the U4?
@ How can the U4 be computed?

o Are the U/ connected? (“Jackpot question”)

MESSAGE OF THE TALK:
Let A:={a(0),...,a(n+1)} C Z" such that a(1),...,a(n+ 1)
span up a simplex with barycenter «(0). Then:

] Ué(o) locally has the structure of an area bounded by a
hypocycloid.
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KEY PROBLEMS ON CA:
@ What is the geometric structure of the U4?
@ How can the U4 be computed?

o Are the U/ connected? (“Jackpot question”)

MESSAGE OF THE TALK:
Let A:={a(0),...,a(n+1)} C Z" such that a(1),...,a(n+ 1)
span up a simplex with barycenter «(0). Then:

] Ué(o) locally has the structure of an area bounded by a
hypocycloid.

@ Membership of points in Ué(j) can be decided for every j.
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Introduction

Key problems on the configuration spaces of amoebas

KEY PROBLEMS ON CA:
@ What is the geometric structure of the U4?
@ How can the U4 be computed?

o Are the U/ connected? (“Jackpot question”)

MESSAGE OF THE TALK:
Let A:={a(0),...,a(n+1)} C Z" such that a(1),...,a(n+ 1)
span up a simplex with barycenter «(0). Then:

] Ué(o) locally has the structure of an area bounded by a
hypocycloid.

@ Membership of points in Ué(j) can be decided for every j.

o All Ué(j) are pathconnected.
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Complement components of amoebas for P,
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Complement components of amoebas for 73’3

Initial Example

Example (Passare, Rullgérd)

Let £ := 1+b0'zl"'2n+2f:12j”+1.
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Complement components of amoebas for PZ

Initial Example

Example (Passare, Rullgérd)

Let f:=1+bo-z1- - 2za+ > ;1 2" Then A(f) is solid if and

only if A(f) contains the origin which is the case if and only if
bo g Kni={-to—--—th: t;€C,|tj] =1,tp--- t, =1} .
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Complement components of amoebas for 73’3

Initial Example

Example (Passare, Rullgérd)

Let f:=1+bo-z1- - 2za+ > ;1 2" Then A(f) is solid if and

only if A(f) contains the origin which is the case if and only if
bo g Kni={-to—--—th: t;€C,|tj] =1,tp--- t, =1} .

K> looks approximately the following way:
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The class of investigated polynomials
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Complement components of amoebas for PZ

The class of investigated polynomials

Definition
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Complement components of amoebas for PZ

The class of investigated polynomials

Definition
@ Let P be the class f := by + ZJ”;Lll b; - zU) of Laurent—
polynomials with conv{a(1),...,a(n+ 1)} being a simplex
containing the origin in the interior.
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Complement components of amoebas for PZ

The class of investigated polynomials

Definition
@ Let P be the class f := by + ZJ”;Lll b; - zU) of Laurent—
polynomials with conv{a(1),...,a(n+ 1)} being a simplex
containing the origin in the interior.

@ Let P4 C Pa be the subclass with a(1) = — 374 a(j).
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Complement components of amoebas for 73’3

The equilibrium point
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Complement components of amoebas for PZ

The equilibrium point

Definition
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Complement components of amoebas for PZ

The equilibrium point

Definition
Let f € Pa. We define the EQUILIBRIUM POINT eq(f) C R" as
the point with

by - (Log ™ (eq(f)))* | = -+ = |bpy1 - (Log ™ (eq(f)))(" ).
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Complement components of amoebas for PZ

The equilibrium point

Definition
Let f € Pa. We define the EQUILIBRIUM POINT eq(f) C R" as
the point with

by - (Log ™ (eq(f)))* | = -+ = |bpy1 - (Log ™ (eq(f)))(" ).

Remark
eq(f) is the unique vertex of the tropical variety 7 (Trop(f — bp))
obtained by “naive” tropicalization via Log—valuation

n+1

Trop(f — bo) := (P log |bj| © (Log(2), a(/))
j=1
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Complement components of amoebas for 73’3

Initial example Il
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Complement components of amoebas for PZ

Initial example Il

Let fbo =1+by-2z1---2, +er'7:12f+1
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Complement components of amoebas for PZ

Initial example Il

Let foy ;= 1+bo 21+ 2zp+ > 74 zf’*l. After rescaling by
f— f-z=(-1) we have f € Pjx.
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Complement components of amoebas for PZ

Initial example Il

Let foy ;= 1+bo 21+ 2zp+ > 74 zf’*l. After rescaling by
f— f-z=(L1) we have f € PX. eq(f) is the origin, since

‘Log—1(0)—(1,...,1) _ ‘Log—l(0)(0,...,0,n+1,0,...,0)‘ _ 1
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Complement components of amoebas for 73’3

Initial example Il

Let foy ;= 1+bo 21+ 2zp+ > 74 zf’*l. After rescaling by
f— f-z=(L1) we have f € PX. eq(f) is the origin, since

‘Log—1(0)—(1,...,1) _ ‘Log—l(0)(0,...,0,n+1,0,...,0)‘ _ 1
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px
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Complement components of amoebas for PZ

The inner complement component of A(f) with f € Px

Theorem (Theobald, dW.)

Let f,, be a family of parametric polynomials in Px with
parameter by € C.
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Complement components of amoebas for PZ

The inner complement component of A(f) with f € Px

Theorem (Theobald, dW.)

Let f,, be a family of parametric polynomials in Px with
parameter by € C. Then the following statements are equivalent:
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Complement components of amoebas for PZ

The inner complement component of A(f) with f € Px

Theorem (Theobald, dW.)

Let f,, be a family of parametric polynomials in Px with
parameter by € C. Then the following statements are equivalent:

Q fy, € Ug (i.e. A(fp,) has genus 1),
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Complement components of amoebas for PZ

The inner complement component of A(f) with f € Px

Theorem (Theobald, dW.)

Let f,, be a family of parametric polynomials in Px with
parameter by € C. Then the following statements are equivalent:

Q fy, € Ug (i.e. A(fp,) has genus 1),
Q eq(f) € Eo(fi),
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Complement components of amoebas for PZ

The inner complement component of A(f) with f € Px

Theorem (Theobald, dW.)

Let f,, be a family of parametric polynomials in Px with
parameter by € C. Then the following statements are equivalent:

Q fy, € Ug (i.e. A(fp,) has genus 1),
Q eq(f) € Eo(fi),
Q by ¢ {_|@| . Zfzo ei(arg(b))+(e()).9) . ¢ [ojzﬂ)n} .
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):
@ For every w € R" there is a fiberfunction

Fw oo :10,27)" — C, ¢ — f(Log_l(w),gb).
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):
@ For every w € R" there is a fiberfunction

Fw oo :10,27)" — C, ¢ — f(Log_l(w),gb).

o Let w € Eg(fp,) with w # eq(f).
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):
@ For every w € R" there is a fiberfunction

Fw oo :10,27)" — C, ¢ — f(Log_l(w),gb).

o Let w € Eg(fp,) with w # eq(f).

@ Investigate the tropical hypersurface T given by
n+1

@ log |bj| ® (Log(z), a()))

Jj=1
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):
@ For every w € R" there is a fiberfunction

Fw oo :10,27)" — C, ¢ — f(Log_l(w),gb).

o Let w € Eg(fp,) with w # eq(f).

@ Investigate the tropical hypersurface T given by
n+1

@ log |bj| ® (Log(z), a()))

j=1
Let Ao,...,A, be the regions of R™\7 and let w.l.o.g.
w € Ap.
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):
@ For every w € R" there is a fiberfunction

Fw oo :10,27)" — C, ¢ — f(Log_l(w),gb).

o Let w € Eg(fp,) with w # eq(f).

@ Investigate the tropical hypersurface T given by
n+1

@ log |bj| ® (Log(z), a()))

=1
Let Ag,..., A, bfe the regions of R"\7 and let w.l.o.g.
w € Ap.
o Key step: For every Aj # Ap there exists a w(j) € R" such
that there is an |somorph|sm Tw(j) on [0,27)" with

Fu i (8) = Fu(j) o (Tw(j) (€))-



Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):

o Key step: For every Aj # Ap there exists a w(j) € R" such
that there is an isomorphism T,y on [0,27)" with

Tty (0) = Fu(i) i, (Tw()(8))-
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):

o Key step: For every Aj # Ap there exists a w(j) € R" such
that there is an isomorphism T,y on [0,27)" with

Tty (0) = Fu(i) i, (Tw()(8))-

@ Thus, in particular w € Eg(fp,) = w(j) € Eg(fp,) for all j.
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):

o Key step: For every Aj # Ap there exists a w(j) € R" such
that there is an isomorphism T,y on [0,27)" with

Tty (0) = Fu(i) i, (Tw()(8))-

@ Thus, in particular w € Eg(fp,) = w(j) € Eg(fp,) for all j.

@ Hence, w € Eg(fy,) = conv{w,w(1),...,w(n)} C Eg(fp,)
since Eg(fp,) is convex.
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Complement components of amoebas for 73’3

The inner complement component of A(f) with f € Px

Sketch of proof for (1) = (2):

o Key step: For every Aj # Ap there exists a w(j) € R" such
that there is an isomorphism T,y on [0,27)" with

Tty (0) = Fu(i) i, (Tw()(8))-

@ Thus, in particular w € Eg(fp,) = w(j) € Eg(fp,) for all j.

@ Hence, w € Eg(fy,) = conv{w,w(1),...,w(n)} C Eg(fp,)
since Eg(fp,) is convex.

o Therefore, w € Eg(fy,) = eq(f) € Eg(f,) since eq(f) is
unique vertex of 7.

|
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Complement components of amoebas for PZ

The inner complement component of A(f) with f € Px

Theorem (Theobald, dW.)

Let fp, be a family of parametric polynomials in PA with
parameter by € C. Then the following statements are equivalent:

Q fy, € Ug (i.e. A(fp,) has genus 1),
Q eq(f) € Eo(fp,),
Q by ¢ {_|@| LY g el B Ha()e) ;¢ € [ojgﬂ)n} '

Aim: Describe the geometric struture of the set
S .= {bo € C: V(Feqityi) # @}
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Geometrical and topological structure of (Uéq)c

Geometrical and topological structure of

(Ug)°
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Geometrical and topological structure of (Uéq)c

Hypocycloids
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Geometrical and topological structure of (Uéq)c

Hypocycloids
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Geometrical and topological structure of (Uéq)c

Hypocycloids

For R > r, a HYPOCYCLOID with parameters R,r € R is the
parametric curve in R? = C given by

(R—r)-e?®+r-e(5)¢  ¢elo2m).
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For R > r, a HYPOCYCLOID with parameters R,r € R is the
parametric curve in R? = C given by
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Geometrically, it is the trajectory of some fixed point on a circle
with radius r rolling (from the interior) on a circle with radius R.
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Geometrical and topological structure of (Uéq)c

Hypocycloids

Definition
For R > r, a HYPOCYCLOID with parameters R,r € R is the
parametric curve in R? = C given by

(R—r)-e?®+r-e(5)¢  ¢elo2m).

Geometrically, it is the trajectory of some fixed point on a circle
with radius r rolling (from the interior) on a circle with radius R.
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Geometrical and topological structure of (Uéq)c

Geometrical and topological structure of (Ug')¢

Theorem (Theobald, dW.)
Let A:={0,(1),...,a(n+ 1)} C Z" such that convA is a
simplex with barycenter 0.
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Geometrical and topological structure of (Ug')¢

Theorem (Theobald, dW.)
Let A:={0,(1),...,a(n+ 1)} C Z" such that convA is a

simplex with barycenter 0. For by, ..., byr1 € C* the intersection
of 8(U6‘)C with h:={(bg : by : --- : byy1) : by € C} is the
hypocycloid with parameters R = (n+ 1) - |©], r = |©| and cusps
at

2k — >0 arg(by)
n+1

arg(by) = 7r-<1—|— ) ke{0,....n}
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Geometrical and topological structure of (Ug')¢

Theorem (Theobald, dW.)
Let A:={0,(1),...,a(n+ 1)} C Z" such that convA is a

simplex with barycenter 0. For by, ..., byr1 € C* the intersection
of 8(U6‘)C with h:={(bg : by : --- : byy1) : by € C} is the
hypocycloid with parameters R = (n+ 1) - |©], r = |©| and cusps
at

2k — >0 arg(by)
n+1

arg(by) = 7r-<1—|— ) ke{0,....n}

Furthermore, (Ug')€ is simply connected.
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Example
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Example

We investigate the parametric family of polynomials

foo = bo+2z71zy3 424 212% + (1 +1.30)- 2.
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Geometrical and topological structure of (Uéq)c

Example

We investigate the parametric family of polynomials
foo = bo+2z71zy3 424 212% + (1 +1.30)- 2.

Then CAN{(bg:1:2.4:1+1.3-i): by € C} looks approximately
the following way:
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Geometrical and topological structure of (Uéq)c

Sketch of proof

@ By former theorem: 9S = J( Ué(o))C N h with
S = {bo eC: V(feq(g),fbo) # @} .
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Sketch of proof

@ By former theorem: 9S = J( Ué(o))C N h with
S = {bo eC: V(feq(g),fbo) # @} .

o Let k:= —n+1+(—1)"*! and
F: [k,n] x[0,27) — C,
(1,16) o 1] - i €% 4 (0] - &V Ss o),
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Geometrical and topological structure of (Uéq)c

Sketch of proof

@ By former theorem: 9S = J( Ué(o))C N h with
S = {bo eC: V(feq(g),fbo) # @} .

o Let k:= —n+1+(—1)"* and
F: [k,n] x [0,27) — C,
() 5 18] - - € 4 (O] - M+ S ne(t)
© The image of F is contained in S,

© Up to a rotation, the curve parametrized by ¢ — F(n, ¢) for
¢ € [0,27) is a hypocyloid with R = (n+1) - |©], r = |O].
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Geometrical and topological structure of (Uéq)c

Sketch of proof

@ By former theorem: 9S = J( Ué(o))C N h with
S = {bo eC: V(feq(g),fbo) # @} .

o Let k:= —n+1+(—1)"*! and
F: [k,n] x[0,27) — C,
(1,16) o 1] - i €% 4 (0] - &V Ss o),

@ The image of F is contained in S,
© Up to a rotation, the curve parametrized by ¢ — F(n, ¢) for
¢ € [0,27) is a hypocyloid with R =(n+1)-|©], r = |O|.
@ Let T denote the region whose boundary is the hypocycloid
given by ¢ — F(n, ) for ¢ € [0,27). Then S C T and
oT C 0S.
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Geometrical and topological structure of (Uéq)c

Sketch of proof

@ Let T denote the region whose boundary is the hypocycloid
given by ¢ — F(n,¢) for ¢ € [0,27). Then S C T and
oT C 0S.
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Geometrical and topological structure of (Uéq)c

Sketch of proof

@ Let T denote the region whose boundary is the hypocycloid
given by ¢ — F(n,¢) for ¢ € [0,27). Then S C T and
oT C 0S.

@ The set S equals the region T whose boundary is the
hypocycloid with parameter R = (n+ 1) - |©|, r = |©| given
by ¢ — F(n,¢) for ¢ € [0,27). In particular, S is simply
connected.
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Geometrical and topological structure of (Uéq)c

Sketch of proof

@ Let T denote the region whose boundary is the hypocycloid
given by ¢ — F(n,¢) for ¢ € [0,27). Then S C T and
oT C 0S.

@ The set S equals the region T whose boundary is the
hypocycloid with parameter R = (n+ 1) - |©|, r = |©| given
by ¢ — F(n,¢) for ¢ € [0,27). In particular, S is simply
connected.
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The Jackpot question for F’A

The Jackpot question for Py
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The Jackpot question for 73’2

The Jackpot question for P

T. de Wolff The Configuration Space of Amoebas with barycentric Simplex



The Jackpot question for F’A

The Jackpot question for P

Theorem (Theobald, dW.)
Let CA C PA- Then U(')4 is pathconnected.
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The Jackpot question for 73’2

The Jackpot question for P

Theorem (Theobald, dW.)
Let CA C PA- Then U()4 is pathconnected.

It suffices to show:

Theorem (Theobald, dW.)

Let A:={«a(1),...,a(d)}. If for every b the set
(o}
{N-by:---:by): AeC}IN (U(f(l))

is simply connected, then Ué(l) is pathconnected.
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The Jackpot question for 73’2
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The Jackpot question for 73’2

o Let b, b € Ué\(l) C C4 in complex lines g, g’.

g::{()\:bz:~~~:bd):/\€(c}/ {(A:by:- b)) X eCH

\
b::(b1:b2:~~~:bd)/ \ =(by : by b))

Im(b1) p, by
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The Jackpot question for F’A

o gn (U(’;‘(l))c, g'n <U£(1)>C simply connected.

0 (Vd)* o (V)

o
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The Jackpot question for F’A

@ Investigate line segment o (b, b’) := b — A - (b’ — b),
A€ [0,1].
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The Jackpot question for F’A

e Vp € o(b,b') C C4 compute minimal value of |by]|, such
that 3w € R” with f,{w} being lopsided with dominating

term by - z¢(1).
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The Jackpot question for F’A

e Vp € o(b,b') C C4 compute minimal value of |by]|, such
that 3w € R” with f,{w} being lopsided with dominating

term by - z¢(1).
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The Jackpot question for F’A

@ Take the maximum |b;| of all these values.
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The Jackpot question for F’A

@ Take the maximum |b;| of all these values.
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The Jackpot question for F’A

@ Investigate the points b, b';

b= (|b1] - arg(b1) +1: by :4»»:bd)/

BN

b = (|by| - arg(b]) +1: b} :---: bl))
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The Jackpot question for F’A

@ Investigate the points b, b; construct pathes v; from b to
b and v, from b to b'.

o

Y2
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The Jackpot question for F’A

@ =1 can be constructed in Ué‘(l) since b, b € U«;‘(l) and
(UA(I))C N g is simply connected (analogue for 72).

«

contained in U(,A;(l)

Tm(br) by, ..., by contained in U(,A;(l)
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The Jackpot question for F’A

@ Investigate b’

B = (1] - arg(b]) + 1 : [ba| - arg(b}) : - - : |yl - arg(}))
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The Jackpot question for F’A

o Investigate b”; construct path ~3 from bto B in
Ty = {(e"% - |by| - arg(b1) : €92 - by : -+ : €% by):
$1,-..,¢4 € [0,2m)}.

73
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The Jackpot question for F’A

® Y3 € Ué(l) since: if fo,{w} is lopsided for some w € R”,
then fiy{w} is lopsided for every b’ € Tj,.

contained in TB and thus in Ué(l)

T. de Wolff The Configuration Space of Amoebas with barycentric Simplex



The Jackpot question for F’A

o Construct 4 as line segment b” + X - (b — b"), A € [0, 1].

Y4
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The Jackpot question for F’A

@ 74 lies on affine line b” + 1 - (O, |bo| = |b2', ..., |ba| — [bdl’)-
Every point of this line between b” and b’ is lopsided due

to construction of |b;|. Hence, 74 € Ué(l)-

contained in Ué(l) by construction of | by |
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The Jackpot question for F’A

@ Thus, v := 2074 03071 is contained in UA

(1) and

therefore b and b’ are pathconnected.

contained in Ué(l) by construction of | by |
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The Jackpot question for F’A

Thank you for your attention!
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