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0. Introduction

The main focus in this thesis is on the coordinate rings of canonically embedded curves
C C P97 of genus ¢ especially on the minimal free resolutions of those. The shape of
a minimal free resolution can be expressed in a Betti tables and in the case of canonical
curves these tables look as follows

0 1 2 e g—4 g—3 g—2
01 - - e - - -
Ly - B2 P23 v Bgags By-szg-2 -
2| - Bygsg2 Bg-agz - P23 B2 -
3| — - - . - - 1

Green’s famous conjecture which was recently proved for general curves in [Voi05] states
that the non-vanishing of certain Betti numbers is equivalent to the existence of special
linear series on C.

A related problem is the question which Betti tables can occur for a canonical curve C. For
canonical curves of genus g < 8 Schreyer shows in [Sch86| that the graded Betti numbers
depend on and determine the existence of special linear series, by giving a complete list of
all possible Betti tables. The idea behind Schreyer’s result is the following:

A special pencil of degree k on a canonical curve sweps out a (k — 1)-dimensional ratio-
nal normal scroll X. One can obtain a minimal resolution of ¢ in terms of 'x-modules
and then resolve the 'x-modules occurring in this resolution by Ops—1-modules. An iter-
ated mapping cone construction then gives a possibly non-minimal resolution of 0¢ as an
Ops—1-module. In particular, the 2-linear strand of the resolution of X C P91 is a sum-
mand of the 2-linear strand of resolution of C' C P9~1,

The question arises which Betti numbers of C' coincide with those of the scroll X. Under
suitable hypothesis on C, which will be specified in Chapter , the results in [Sch86| lead to
conjecture that B, m41(C) = Brmm+1(X) holds for m > [£=]. Under the same hypothesis

2
on C, the purpose of this thesis is to prove the following theorem.

Theorem. Let C C P91 be a general 5-gonal canonical curve of odd genus g = 2n+1 > 13
then Bumm+1(C) > Brm+1(X) for m = f%}

After summarizing the relevant theory in Chapter [I, we explain in Chapter [2] how the
construction of rational g-nodal canonical curves that admit a g, can be implemented in
the computer algebra system Macaulay2. With the methods described in this chapter, we
can in particular verify the above theorem for general rational g-nodal canonical curves of
genus g < 17. In Chapter 3| we will finally prove the theorem and give a similar result for
5-gonal curves of even genus.



1. Background and Motivation

In this chapter we give an overview of the theory needed in the Chapters 2] and [3] Our
primary focus in this thesis is on the coordinate ring of projective varieties, especially on
the minimal free resolutions of the coordinate rings of canonically embedded curves.

1.1. Free Resolutions and Syzygies

For a field k let P" = P™(k) be the projective n-space and let S = k[zo, ..., z,] be the
coordinate ring of P". If X C P" is a projective variety, then we denote by Ix C S the
vanishing ideal and by Sy := S/Ix the coordinate ring of X. Recall that the ideal Iy is
finitely generated by the Noetherian property of S. The generators of Ix have relations,
and these relations also can have relations and so on. Hilbert’s Syzygy Theorem states
that this process terminates after finitely many steps.

Theorem 1.1 (Hilbert’s Syzygy Theorem). A finitely generated graded S-module M has
a finite graded free resolution

0—Fp 2 Fp,— - —F 25 F— M—0.
Moreover we may take m < n + 1, the number of variables of S.
Proof. See [Eis95, Corollary 15.11]. O
Definition 1.2. A complex of graded S-modules
o B S F

is called minimal if the image of y; is contained in mF;_y for each i, where m = (x, ..., T,,)
is the irrelevant ideal of S.

By choosing a minimal set of generators in each step in the theorem above we obtain
a minimal free resolution. On the other hand, by canceling trivial subcomplexes, a free
resolution can be be minimized to obtain a minimal free resolution.

Theorem 1.3. A minimal free resolution of a graded S-module M is unique up to an
isomorphism of complexes that induces the identity map on M.

Proof. See |Eis05, Theorem 1.6]. O



1.1. Free Resolutions and Syzygies

The theorem above states in particular that the number of generators of each degree j
required to generate F; is independent of the minimal free resolution. This leads to the
definition of one of the main objects of interest in this thesis.

Definition 1.4 (Betti Numbers). Let M be a finitely generated graded S-modul and
0—F,— - —F —F—M-—70

be a minimal free resolution of M. The free modules F; are of the form F; = €P; S(—7)P.
We call the numbers (3;; the graded Betti numbers of M. If X C P" is a projective variety,
then we call the Betti numbers of X those of the coordinate ring Sx.

The Betti numbers of a finitely generated graded module M are usually summarized in a
Betti table of the form

0 1 o m—1 m
60,0 61,1 ce Bm—l,m—l /Bm,m
1 60,1 51,2 ce 6m—l,m Bm,m—l-l
S BO,S ﬁl,s—l—l e Bm—l,m—&—s—l /Bm,m—‘rS

where the i*® column corresponds to the module F}, in the minimal free resolution of M,
and the Betti numbers in the i*" column specify the degrees of the generators of Fj.

If M = S/I for some ideal I C S, then fyo =1 and 511 = f11... = Bmm = 0. We define
the 2-linear strand of S/I to be the subcomplex

S/I+— S +— S(—2)2 ¢ §(—=3)23 ¢— ... & §(—m — 1)Pmm+1 < 0

of the minimal free resolution of S/I. The length of the 2-linear strand is the largest number
n such that g, ,+1 # 0.

Lemma 1.5. If I C J are ideals containing no linear forms, then the 2-linear strand of
the resolution of S/I is a summand of the minimal free resolution of S/J. In particular the
length of the 2-linear strand of S/J is greater or equal than that of the 2-linear strand of

S/1.
Proof. See |Eis92, Lemma 1]. O

Proposition 1.6. Let {3;;} be the graded Betti numbers of a finitely generated S-module.
If for a given number i there is a number d such that 5;; = 0 for all j < d, then Bit1,41 =0
for all j < d.

Proof. See [Eis05], Proposition 1.9]. O

So writing the Betti numbers in a table with (i, j)™ entry f3; ;4 displays the Betti numbers
in a more compact way because, if the i column of a Betti table has zeros above the ;%

row, then the (i + 1)™ column has also zeros above the j* row, by the theorem above.
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Proposition 1.7. The graded Betti numbers of a finitely generated graded S-module can

be expressed as follows
Bi; = dimy Tor? (M, k), .

Proof. See [Eis05], Proposition 1.7]. ]

Example 1.8. The twisted cubic curve C' C P? has a minimal free resolution of the form

S(=3)? — S(-2)* — S

and we read off the Betti table

1.2. Canonical Curves

If C C P is a curve embedded in some projective space by a complete linear series |.Z|,
then some properties of the coordinate ring S¢, such as the graded Betti numbers, depend
on the curve and on the line bundle .Z. In the case of non-hyperelliptic curves we can
consider the linear series |we| associated to the canonical bundle we on a curve C. This
linear series defines an embedding, and the properties of the coordinate ring S¢ depend on
C alone. We refer to such curves as canonical curves, and we refer to the embedding

j:C —=PH(C,we) =Pt
defined by |wc| as the canonical embedding. The following theorem is due to Noether.

Theorem 1.9. Let C' C P97 be a non-hyperelliptic canonical curve, then

Sc =Y H(C,wg.

n>0
In particular, H'(C, #c(m)) =0 for all m > 0.
Proof. See [ACGHSE, §2 Chapter 3]. O
The main objects of interest in this thesis are the Betti numbers of S¢ = 37, .o H*(C,wg").
Proposition 1.10. Let C' be a non-hyperelliptic canonical curve of genus g > 3 then

we = Ext9 2 (Oc, Ope—1) = Oc(1).
The minimal free resolution of S¢ is therefore, up to shift, self dual with

Bij = Byg—2—ig-1-j

and has a Betti table of the form as indicated below



1.2. Canonical Curves

0 1 2 e g—4 g—3 g—2
0] 1 - - . - - -
1 - 61,2 ﬁ2,3 s 69—4,9—3 69—3,9—2 -
2| - Bygsg-2 Bg-ag-sz - P23 P12 -
3| — - - . - - 1
where 12 = (952).
Proof. See [Eis05, Proposition 9.6]. O

Definition 1.11. A scheme X is called arithmetically Gorenstein if it has, up to shift, a
self dual resolution.

In particular, a canonically embedded curve is arithmetically Gorenstein.

Definition 1.12. If .Z be a line bundle on a curve C, then the Clifford index of £ is
defined by

ClLff(2) = deg & — 2(h°(ZL) — 1) = g+ 1 — I(Z) — h'(2).

The Clifford index of a curve C is defined by taking the minimum of all "relevant” line
bundles on C'

Cliff(C) = min{Cliff(Z) | h°(&L) > 2 and h' (L) > 2}.
Note that Cliff(.#) = Cliff(.Z ! ® w¢) by Serre Duality.

Theorem 1.13 (Clifford’s Theorem). If £ is a special line bundle (that is h'(Z£) # 0),
then CLff(Z) > 0 with equality if and only if £ = O¢, or £ = wc, or C' is hyperelliptic
and £ is a power of the degree 2 line bundle with 2 independent sections.

Proof. See [ACGHS5, §1 Chapter 3]. ]

For a canonical curve C' C P97! it is conjectured in [Gre84] that there is a relation between
the non-vanishing of certain Betti numbers and the existence of spacial linear series on C.

Notation 1.14. Throughout the rest of this thesis g, a denotes an r-dimensional linear
series of degree k on a curve C.

Conjecture 1.15 (Green’s Conjecture). Let C' C P91 be a canonical curve over a field k
with char(k) = 0. Then the following is conjectured to be equivalent

(1) Biiy1 #0

(2) there exists a linear series g, on C with r > 1, k < g — 1 and Clifford index
k—2r=g—2—u1.

Remark 1.16. The direction "(2) = (1)" is proved in [Gre84|] and the other direction was
recently proved for general curves in [Voi05].



1. Background and Motivation

1.3. Line Bundles, Scrolls and Pencils

In this section, based on [Sch86]|, we consider the varieties swept out by gi’s on a canonical
curve C. In [Sch86| Schreyer uses the approach presented in this section to classify all
possible Betti tables of canonical curves of genus g < 8. He proceeds as follows: the variety
swept out by a g} on a canonical curve is a rational normal scroll X of dimension d = k—1.
One can resolve the curve C' as an Op(s)-module, where P(&) is a P~ !-bundle associated to
the scroll X. In the next step one can resolve the Op(s)-module occurring in this resolution
by Ops-1-modules and receive a possibly non-minimal resolution of C' as an Ops—1-module
by an iterated mapping cone construction.

Definition 1.17. Let e; > ey > ... > ¢4 > 0 be integers and & = Opi(e1) B ... ® Opi(ey)
be a locally free sheaf of rank d on P*. We denote by 7 : P(&) — P! the corresponding
P2=t-bundle.

A rational normal scroll X of type S(ey, ..., eq) is the image of P(&) inP" = H'(P(&), O(1)),
where r = f+d—1 with f =e; + ... + eq > 2.

Proposition 1.18. The variety X = S(ey, ..., eq) defined above is a non-degenerate variety
of minimal degree
deg X = f=r—d+ 1= codimX.

X is smooth if and only if e; > 0 for alli = 1,...,d. In this case the map j : P(&) — X is an
isomorphism. If otherwise some of the e; = 0, then j : P(&) — X C H(P(&),0(1)) =P"
is a resolution of singularities.

Proof. See [Har81l, Section 3] or [EH8T, Section 1]. O
Remark 1.19. The singularities of X are rational , i.e.,

JxOpsy = Ox and R'j.0Opg) = 0 for i > 0,
and we can therefore consider P(&) instead of X for most cohomological considerations.

Proposition 1.20. The Picard group Pic(P(&)) is generated by the ruling R = [1*Op1(1)]
and the hyperplane class H = [j*Op:(1)]. The intersection products are given by

Hl=f H*' R=1and R>=0
Proof. See [Har81l Section 3] or [EH8T, Section 1]. O

Remark 1.21. Following [Sch86, (1.3)], the cohomology groups H(P(&'), Ops)(aH +bR))
can be computed explicitly. For a > 0 we have

HY(P(&), Op(s)(aH + bR)) = HY(P', (Sa(&£)) (b)),

where S, (&) denotes the a' symmetric power of the sheaf &. To be more precise let k|[s, ]
be the coordinate ring of P! and let

¢ € HY(P', Opis)(H — e;R)), i=1,...d



1.3. Line Bundles, Scrolls and Pencils

be the basic sections obtained from the inclusion of the it" summand
ﬁ]pl — éa(—&,) = ﬂ*ﬁ[p(g) (H — 67,R)

We can identify the sections ¢ € H(P(&), Op(s)(aH +bR)) with homogeneous polynomials

b= Puls, )0 ... 05

of degree a = ay + - -+ 4+ a4 in p;’s and with polynomial coefficients P, € k[s, t] of degree
deg P, = a1e1+- - -+ageq+b. We say that b is sufficiently large if ajeq+- - -+ageq+b > —1
for all partitions @ = a3 + - - - + a4. For b sufficiently large we get the dimension

WOP(E), Opgey(a + bR)) = f(“ * ;l - 1) +(b+1) (“ ;f; 1).

If we choose a basis
x5 =8t p; with j=0,..,¢;andi=1,...d (1.1)

for H'Op(ey(H) = H°Op-(1), we see that the defining equations of X are determinantal.
Consider the matrix

xl .. xl -1 ‘TZ o .. .« .. l"d -1
P — ( 0 €1 0 s€d 7 (1‘2)

xl,l ... xl,el x2’1 DR .« e xd,ed

then the 2 x 2 minors of ® generate the homogeneous ideal of X by [EH87, Section 1].
In more intrinsic terms ® can be obtained from the multiplication map

H(Ops)(R)) @ (HOp(s)(H — R)) — H(Op(sy(H)).

In the following we want to explain how to resolve the &p(s)-modules Op(s)(aH + DR) as
Opr-modules. To this end let
b F—G

be a map of locally free sheaves of rank f and g with f > g on a smooth variety V. Under
suitable hypothesis on ® we get a complex €° that resolves the b symmetric power of
the cokernel of @, for b sufficiently large (see [BE75]). The j* term of the complex €7 is
defined by

©b —

J

/\jF®Sb_jG®ﬁIP’T<_j)7 for 0 <7 <0
N FoD y 1G*ON G @ Opr(—j—1), forj>b+1

where S;G denotes the j™ symmetric power algebra and D;G* the j™ divided power algebra
(see [Eis95, Appendix 2| for a short survey on symmetric and divided power algebras). The
differentials 0; : 47 — €}_, are defined by the multiplication with ® € H°(V, F* ® G) for
j#b+1land by A’® € H VA’ F* @ N\!G) for j = b+ 1.
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Theorem 1.22. [f we regard the map ® : F(—=1) — G from as a map between
bundles F = HOpe)(H — R) ® Opr = O, and G = HOp(s)(R) @ Opr = 0%, then the
Eagon-Northcott type complexr €°(a) := €° ® Opr(a), defined above, gives a minimal free
resolution of Op(s)(aH 4 bR) as an Opr-module.

Proof. See [Sch86, section 1]. O

Remark 1.23. The complex €° is the well known Eagon-Northcott complex associated
to the matrix ®, i.e., € resolves the ideal sheaf I,(®) generated by the (g x g) minors of
the matrix ®.

Now let C' C PY~! be a canonically embedded curve of genus g. Let further
{Di}rer C |D|

be a pencil of divisors on the curve C satisfying h°(C,wec ® Oc(D)™') = f > 2 and let
G C H(C,0c(D)) be the 2-dimensional subspace defining the pencil. The variety

where Dy C P97 denotes the linear span of the divisor Dy, is a rational normal scroll
of degree f by |[EH87, Theorem 2|. In a more algebraic way, X can be defined by the
vanishing of the 2 x 2 minors of the 2 x f multiplication matrix

d:G®H(C,we ® Oc(D)™ ") — H°(C,we).

The type of the scroll is uniquely determined by the pencil { Dy} cp1 and can explicitly be
calculated by [Sch8&6, (2.4)].

Conversely, let X be a rational normal scroll of degree f containing a canonical curve C.
Then the ruling R on X cuts out a pencil of divisors { D)} epr C |D| on C' (possibly with
base points), such that h°(C,we ® Oc(D)™!) = f.

Remark 1.24. By the geometric version of the Riemann-Roch Theorem, the following
holds for any effective divisor D of degree k on C':

dim D = deg D — dim |D| — 1.

So if
gk = {Da}aepr
is a base point free complete pencil of divisors of degree k < g—1 on C, then the geometric
version of the Riemann-Roch Theorem implies that dim Dy = k — 2. It follows that
X=|JDrcp!

AePpt

is a (k — 1)-dimensional rational normal scroll of degree f =g — k + 1.
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Notation 1.25. During the rest of this section C C P9~ will denote a canonical curve
with a basepoint free gi. The variety X is the scroll of degree f and dimension d =k — 1
defined by this pencil and P(&) will denote the P*=t-bundle corresponding to X. If we regard
C as an Op(s)-module, we will write C C P(&).

Theorem 1.26. i) C C P(&) has a resolution F, of type

Br—3
0 — Opsy(—kH + (f —2)R) — Y Opsy(—(k — 2)H + " P R) —
j=1

B1
e — Zﬁp(g)(—2H+a§1)R) — ﬁp(éa) — O — 0

J=1

with f; = i(klffi) (zfl)

it) The complex Fy is self dual, i.e.,
%om(F., ﬁp((g’)(—kl‘[ + (f — Z)R)) = F,

ii1) If all by > —1, then an iterated mapping cone construction

Br—3
” . [‘5”‘2)(—19) — ) 7 (k- 2)] — ] — %0]

gies a, not necessarily minimal, resolution of C' as an Opg-1-module.
Proof. See [Sch86l Corollary (4.4)] and [Sch86, Lemma (4.2)]. O

Remark 1.27. The agk)’s in part i) of the theorem above satisfy certain linear equations
obtained from the Euler characteristic of the complex F, (see [Sch86l (3.3)] for details).
Schreyer shows in [Sch86l, Section 6], that for example in the case of 5-gonal curves C' we
have

o >a;=2g—12

e a;+b; = f—2 where f = g—4 is the degree of the scroll swept out by the g3 on C,

and a; 1= agl), b == az(?).

For a section ¥ : Ox(—H+bR) — Ox(aR) in H*(Ox(H—(b—a)R)) we obtain comparison
maps p, : 62(—1) — €2 which are determined by ¥ up to homotopy. By degree reasons
Hom(%y,1(—1), €yy2) = Hom(4,(~1), 65,1) = 0

and therefore the (a + 1)*—comparison map p,y1 is uniquely determined by ¥ (not only
up to homotopy). We have the following lemma.
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Lemma 1.28. For ¥ : Ox(—H + bR) — Ox(aR), i.e., ¥ € H°Ox(H — (b — a)R) and
a < b < f—1 sufficiently large, the (a + 1)*-comparison map coincides, up to a scalar
factor, with the map induced by the composition

a+1 a+1 a+1 a+2

p: NF®S0iG= \NF@HOx((b—a+1)R) 5 NFoF "5 \F.
Proof. See appendix in [MS86]. O

Remark 1.29. Similar results as the lemma above apply to the j''-comparism map if

Hom(%!(~1). %%,) = Hom(4., (-1). %)
The following example is due to Schreyer (see [Sch86l Section 7]).

Example 1.30. Let C' C PY be a canonical curve of genus 7 that admits a g3 and has
invariants (as, ...,as) = (0,0,0,1,1) (by [Sch86l, Section 7| this is in fact the generic case).
Let further X = J,. g D C PS5 be the 4-dimensional rational normal scroll of degree
f=g—5+1= 3 swept out by the gi and let P(&) be the corresponding P3-bundle
associated to X. By Theorem [1.26] and Remark [I.27] the minimal resolution of C' as an

Op(s)-module is of the form

Op(s)(—3H+R)®3

Op(gy(—2H)®3

D

ﬁn»(g)(—QH—f—R)@Q

v

— — Opsy — Oc — 0,

Op(sy(—3H)®?
and by the Structure Theorem for Gorenstein ideals in codimension 3 (see |[BET77|), the
5 x b matrix U is skew-symmetric and its 5 Pfaffians generate the ideal of C. As stated
in Theorem we can resolve the Op(s)-modules in the resolution above by the Eagon-
Northcott type complexes % and obtain:

Oc

0 (T) T 0
ﬁ]p(g)(f?)Hﬁ*R)@:i v (ﬁﬂ»(@)(*?f[)ﬂa:3
ﬁ]p(g)(—f)H + R) —_— - > ﬁ]}v(g)
Op(sy(—3H)®? Op(sy(—2H+R)®?
G(—3)93 O (—2)3
G(-5) ® ® Ops
Oy (—3)@2 G(~2)®2
F(-4)%3 A? F(—4)®3
F(=6) s <) N F(-2)
A? F(=5)82 F(-3)®2
AP F(—6)®3 A® F& D1 G*(—5)®3
A*F(-8) — —— N F @ D,G*(-3)

10

A2 FQD1G*(—6)©2

N’ F(-5)92
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By Theorem the iterated mapping cone
L (gl(_g)@S ch(_Q)GBS 0
H[‘é(—E))—> ® }—> ® ]—><€}
¢0(=3)%2 ¢1(—2)%2

gives a not necessarily minimal resolution of C' as an Ops-module. By degree reasons the
only non-minimal part that can occur in the iterated mapping cone arises from the 3 x 3
submatrix

B 0 Uiy Uy
U= |-V 0 WUy
—WUy3 =Wy 0

of W, where ¥;; can be identified with sections in H'Ops)(H — R) :

Ops)(—3H + R)® Y O (—2H)

G(—3)%3 Opey(—2)
F(—4) —— e \* F(~4)
N F(=6)% ——— N’ @Dy (-5)

To be more precise, the graded Betti numbers of the resolution of C' as an %- module
depend on, and determine, the rank of the map a : F(—4)® — A* F(—4)%3 that is given
by the wedge product with U. Thus « has full rank, i.e., rank(a) = 9 if the characteristic
of the ground field is not equal to 2. We can now sum up the ranks of the modules in the
iterated mapping cone construction and write down the Betti table of the curve C' if we
take the rank of o into account:

Jojt] 2 | 3 |4]5
0f1] - - - - |-
1|-110 16 9—rank(a) | - | -
2 -] - | 9—rank(«) 16 10 | -
3= - - - 1

In [Sch86] Schreyer uses the approach presented in the example above to give a complete
list of all possible Betti tables of canonical curves up to genus 8. In [Sagh8| Sagraloff
classifies all possible Betti tables of canonical curves of genus g = 9. If we exclude the
hyperelliptic case and assume that the invariants ey, ..., e4 of the scroll X = S(ey, .., eq),
on which the canonical curve C' lies, as well as the numbers ay) in the resolution of C as
a Op(s)-module (see Theorem satisfy the balancing condition below, then the Betti

tables of canonical curves carrying a g;, look as in Table .

11
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Definition 1.31. Let (aq, ..., aq) be a partition of a = >, a;. We call the partition (as, .., aq)
balanced or generic ifa; =...=a, =q+1 and a,41 = ... = ag = q where a = q-d+r and
0<r<d.

A rational normal scroll X = S(e, ..., eq) of dimension d and degree f = . e; is said to
be of generic type if (eq, ..., eq) satisfies the balancing condition above.

We say that a k-gonal canonical curve satisfies the balancing conditions if

e the scroll X of dimension d swept out by the g;. on C is of generic type and

e the partitions (ag), e a(ﬁg_g) that occur in Theorem |1.26] are balanced for all
i1=1,...k—3.
genus case Betti table genus case Betti table
I - I - - - - -
=3 eneric B B =7 i - 10020015 4 B
g=9 18 - 9= 93 - 4 15 20 10 -
-1 |
T - - r - - - - - -
g =4 | generic - b g =8 | generic - B3 2l y ) )
= -1 - = - - - 21 35 15 -
- -1 e
T - - - I - - - - - -
) - 3 - N - 15 35 25 4 - -
9 =5 | generic - 3 - 94 - - 4 25 35 15 -
.- - T
T - - - r - - - - - -
L -3 2 - N - 15 40 45 24 5 -
93 -2 3 - 93 - 5 24 45 40 15 -
.- -1 T
T - - - - r - - - - - - -
g =6 | generic - 65 - - g =9 | generic - 2L 6470 B} N y B
= - - 5 6 - = - - - - 70 64 21 -
- - - o e |
T - - - - r - - - - - - =
L - 6 8 3 - L - 21 64 0 4 - - -
93 - 3 8 6 - 95 - - - 4 70 64 21 -
.- - o e |
T - - - - - r - - - - - -
o | oneric - 10 16 - - - L - 21 64 75 24 5 - -
g="71#8 - - - 16 10 - 9a - - 5 24 75 64 21 -
| e |
T - - - - - I - - - . - - -
L - 10 16 3 - - L - 21 70 105 8 35 6 -
94 - - 3 16 10 - 93 - 6 35 8 105 70 21 -
- | - - . - |

Table 1.1.: Betti tables of k-gonal curves of genus g < 9 satisfying the balancing conditions.

Lemma 1.32. Let C C P97! be a general k-gonal canonical curve and let X be the scroll
swept out by the special pencil. Then X s of generic type.
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1.3. Line Bundles, Scrolls and Pencils

Proof. The proof of this lemma uses Ballico’s Theorem (see [Bal89]) and can be found in
detail in |Geil3l Section 4]. O

Remark 1.33. Having generic Betti numbers is an open condition. We can therefore prove
that the generic k-gonal curve of genus g satisfies the balancing conditions by computing
one example for each g. In Appendix [B] this is done exemplary for case of a 5-gonal curve
of genus 13.

By Lemma [1.5 we know that the 2-linear strand of a k-gonal canonical curve is a summand
of the 2-linear strand of the scroll X swept out by the special pencil. If we set m = f%}
and compare the Betti numbers 5, 41, ..., Bg—3,4—2 in the 2-linear strand of the curves in
the table above with those of the 2-linear strand of the scrolls X, then we see that these
numbers coincide.

It is natural to ask whether this is the case for larger genus.

Conjecture 1.34 (Schreyer). Let C' be a general non-hyperelliptic k-gonal canonical curve
of genus g and let X be the scroll swept out by the g;. on C. Suppose further that C' satisfies

the balancing conditions. If we set m = [%1, then the following is conjectured to be true

6m,m+1(0) = ﬁm,m-i-l (X)’ SERS) 59—379—2(0) = ﬁg—S,g—Z(X)'

Remark 1.35. With the notation as in the conjecture above, Lemma [1.5[states in partic-
ular that if B,,m+1(C) = Brmm+1(X), then

/6m+1,m+2(0) = /6m+1,m+2a ceey 69—3,9—2(0) = 59—379—2()()'

We therefore refer to Beit(C) = Bmm+1(C) as the critical Betti number of the canoni-
cal curve C. Furthermore we refer to Bexp(C) = Bimm+1(X) as the expected critical Betti
number. By Theorem [1.22} we can compute [ex,(C) as

m+41
* f
Bexp(C') = rank( /\ F® D, 1G*) = (m—i— )™
where F = 0

21, G =02, and f = g — k+ 1 is the degree of the scroll X swept out by
the g on C.

Remark 1.36. Any curve of genus g has a g; for k > 39+ 1 (see [Har77, §6 Chapter
4]). On the other hand the generic curve of genus g has no g, for k < 3¢ + 1. By Voisin’s
proof of Green’s Conjecture for generic curves, see [Voi0j|, it follows in particular that
Bait(C) = Bexp(C) = 0 in the generic case.

In the following chapter we will describe how to construct k-gonal g-nodal canonical curves
using the computer algebra system Macaulay2 (c.f. [GS]), and see that the conjecture
above has several exceptional cases. In Chapter [3| we will take a closer look at one of the
exceptional cases and show that the conjecture in the form as above fails for 5-gonal curves
with odd genus g > 13 and even genus g > 28.
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2. Construction of Nodal Curves
with Special Pencils

In this chapter we summarize the theory needed for the construction of k-gonal canonical
nodal curves and the effective computation of single Betti numbers. In the last section of
this chapter we give an example of how this can be implemented in Macaulay2.

2.1. Construction of Nodal Curves

We start by summarizing a construction method of g-nodal curves described in [CEFS61],
Section 4]. Following [CEFS61], we begin by recalling some basic facts.

Suppose that C' is a rational g-nodal curve with a normalisation v : P! — C and let
further {P;, Q;}i—1,.. 4 be the preimages of the g nodes. By [ACGI1I, Chapter 10 §2]|, a line
bundle .Z € Pic?(C) is given by an isomorphism v*(.£) = Op: (d) and gluing data between
the residue class fields

b.
j . ﬁpl (d) X H(Pj) = ﬁpl (d) X K(Qj).

J
If we denote by S = K[s, #] the homogeneous coordinate ring of P!, then the cohomology
group H°(C,.%) is given by

H(C, L) ={f € Sa|bif(Pj) =a;f(Q;) for j=1,..,9}.

In other words, the space H(C,.Z) C H°(P!, Opi(d)) is the solution space of a system of
homogeneous equations.

If we assume that all points P;, (); lie in an affine chart 4y, then a basis of sections of the
dualizing sheaf w¢ is given by

{Wj - (Z_pj(;?Z_QJ)}jzl g |

.....

where z = 2, P; = (1 : p;) and Q; = (1 : g;). In this case the canonical map j,,. is induced
by
Jue PP s ([ - —a) o (2= )z — @)
i#1 itg
We are now able to write down a construction method for nodal curves which can be imple-

mented in a computer algebra system, as it is done in the Macaulay2-package NodalCurves,
available at [Sch12b].
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2.2. Nodal Curves with Special Pencils

Construction 1.
Step 1. We choose 2g distinct points {P;, Q;}i=1, 4 in P
Step 2. We define g quadrics gy, ..., q4 by

PO

7

q; == Pz'(l) "

o 0) . p1) o 0) . ~HD _
where P; = (P;7 : P;7), Q; = (Q; : @) and S = Kk[s,t] denotes homogeneous the
coordinate ring of P
A basis of H°(C,w¢) is now given by

‘ QY s

1=1,....9

9
8i 1= H qi € Sag—2
i
j=1
The matrix s = (s1, ..., s,) defines the canonical embedding j,. : P* = C C P!, and the
ideal of the g-nodal curve C' is given by the kernel of the map s : T = klto, ..., t;—1] — S.
Step 3. We can read off the canonical multipliers

;= si(P»(O),Pi(l)) and (; := si(Q(O) Q(I))) for 1=1,...,9.

It follows by construction, that §;s;(FP;) = a;s;(Q;) for all 4,5 € {1,...,g}.

Remark 2.1. The basis {s;};=1,.., computed in Step 2 is not sufficiently general so that
the variables t,_1,t,_o € T = kto, ...,t,—1] do not form a regular sequence for 7'/Ic. This
might cause computational problems since we want to make the computation feasible by
Artinian reduction (see Section [2.3)). In this case we can construct a matrix § defining the
canonical embedding by taking general linear combination of the {s;} for each entry of s.
The curve C obtained from the matrix § has the same geometric invariants as the curve
C, but one has a better chance that t;,_1,%,_o € T form a regular sequence for 7'/15.

2.2. Nodal Curves with Special Pencils

Our purpose in this section is the following: Given two integers g,k < [£], we want to
construct a rational g-nodal canonical curve that carries a g;. Therefore, we have to find

two polynomials f,g € S, = k[s, t] such that

61f<1:)z> = aif(Qi)
Big(F;) = c;g(Q;)
for some multipliers {«;, 8; }i=1..., and 2g distinct points {P;, Q;}i=1,. 4. If we do the con-

struction described in the last section with these points we obtain g-nodal k-gonal canonical
curve.

for 1=1,...,9,
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2. Construction of Nodal Curves with Special Pencils

Suppose that

k+1
f=fis"+ fis" Y+ 4 fut*, with m:dimkSk:( ;: >

with relations
Bif(P) —aif(Q;) =0for i=1,..,g.

This yields a system of linear equations in the coefficients of f.
If we fix a basis B = {s*, s*71t, ..., t*} of S}, and denote by B; the i" basis element viewed
as a function

Bi:P' =k, P=(py:p)+— Bi(P)=pipt,

then this system of equations can be written as follows:

fi
A- : = 0 with a g x m matrix A with (A),; ; = B:B;(F;) — a; B;(Q)- (2.1)

fm
Finding f,g € S that build a basis for a g; is now equivalent to dimy ker A > 2. The matrix
A depends on k, the multipliers and the 2¢g points {P;, Q;}i=1.. 4, and we have very little

chances to find the desired f, g if we pick the 2¢ points randomly and do the construction
described in the previous section.

Construction 2. We construct the 2¢g points {P;, @;} in a good way, such that the con-
struction from the previous section works out. We proceed as follows:
Step 1. We construct a morphism

¢: P! =P (po : p1) = (f(po,p1) : 9(po,p1))
with f, g € Sy and points {R; = (Rgo), REI))}Z-:l ,,,,, s € P! such that

f RY
g RV

has at least two linear factors for all i € {1, ..., g}. Such morphism ¢ and points R; can be
found in a few seconds using a computer algebra system as it is done in [Bop13].

-----

f R
W | = (as —bt) (es — dt) r;, with r; € Sy
:lez ::l;

and compute the desired 2¢g points P; = V(lﬁ")), Qi = V(léi)) as the vanishing loci of the
linear forms l§’) and léz).
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2.2. Nodal Curves with Special Pencils

If we do the construction from Section [2.1| with this set of points, we get a canonical curve
C, with the property that the following diagram commutes

]Pl o=(f,9) ]P)l
C
Step 3. In this step we compute multipliers {a;, §; }i=1,., such that

Bif (P) = ai f(Qs)

Big(P) = cig(Qs) for 1=1,...,9.

We have

and we can therefore define the multipliers {c, §;}i=1,. 4 to be
F(P) _ g(P)
f(Q:)  9(Qi)

Remark 2.2. For the computation of the sections that define the canonical embedding,
as in Section [2.1], it is not necessary to compute the multipliers. It is sufficient that

BG; :=1and o; :=

Vi=1,..,g.

0)

1)

(
/ Ré has two linear or one quadratic factor Vi =1, ..., g.

g R

Indeed, let ¢ € S, be the quadratic factor and let l§1), ZSQ) be the linear factors of ¢ in some
extension field K. Let further P;, (); be the points corresponding to the two linear factors
in P}(K). Constructing the quadric g; as in Section we get

PO s (0) (1) 0) (1)
PZ(1) ; = (P77t =P s)(Q;t — Q;s) = —q.

7 3

q; =

It follows that it is not even necessary to compute the points {F;, Q;}i=1,.. , that will glue
together to a node in order to construct a canonically embedded g-nodal curve with a g;.
This can be useful if we want to construct nodal curves with special pencils over a field k
which has very small characteristic, because in this case it might happen that we actually

f R(O)

Rél) has two linear factors.
g 1y

do not find enough points R;, so that
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2. Construction of Nodal Curves with Special Pencils

2.3. Speeding Up the Computation

In this section we develop techniques, namely Artinian reduction and Koszul cohomology,
that will speed up the computation of the critical Betti numbers Suit(C) = Bmms1(C) of
canonical curves C, where m = (%1

Artinian Reduction Since it is our intent to compute Betti tables or single Betti numbers
of canonically embedded curves, we have to make this computation feasible. The effort of
the computation of a minimal free resolution depends crucially on the numbers of variables
of the homogeneous coordinate ring T' = K[ty, ..., t,_1] of the canonical space P(H°(C,w¢)).
In the case of canonically embedded curves Artinian reduction allows us to reduce the
number of variables by two.

Lemma 2.3. Let S be a ring, M be an S-module and x = (x4, ...,xq4) be an M-sequence.
Let further

be an exact sequence of S-modules. Then the induced sequence
No /2Ny == Ny /2Ny 2> No/zNo —= M /zM — 0
18 exact.

Proof. The proof is based on [Ver05l, Section 1]. It is sufficient to prove the result for one
M-regular element x, since we have the following diagram

N2 P2 Nl ®1 NO o J\r 0
N2 P2 Nl ®1 NO %o M 0

| | o

Ny /Ny —22= Ny Ja Ny —22= No/wNg —2= M JaM —= 0

and can repeat this step for every M-regular element in the sequence x = (z1, ..., z4) if we
consider M/zM as an S/(xy, ..., z4_1)S-module.

The induced sequence is obtained from the original sequence by tensoring with S/xS. It
follows that it is enough to show that kerp, C im®p,, since tensoring is right exact.

We denote by 7 the image of y modulo z. If %, (y) = 0, for some y € Ny, then ¢;(y) = x2
for some z € Np. Therefore we have po(¢1)(y) = wo(2z) = zpo(z) = 0 and it follows
that ¢o(z) = 0 since x is M-regular. By the exactness of the original sequence z = ¢1(y')
for some 3’ € N;. Hence we have ¢;(y — zy’) = 0 and therefore (y — xy/) € ¢2(Ny) and
Y € Py(N2). O

18



2.3. Speeding Up the Computation

Corollary 2.4. Let S be a ring and let

N,: .. N, 2N, n No —2-N_, 0

be an exact sequence of S-modules. If x = (x4, ...,xq) is N;-reqular for all i then Ng® S/xS
15 exact.

Proof. The proof is based on [Ver05, Section 1|. By the same argument as in the last lemma
it is sufficient to prove the statement for one element z, which is N;-regular for all i. The
image of ;1 is a submodule of NV; and it follows in particular that z is (imy;;)-regular.
We can now split the sequence above in sequences of the form

Nitg—= Nijo —= Ny ——imp; 1 —=0
and conclude that N, ® S/zS is exact by the previous lemma. ]

Remark 2.5. Let M be a graded Cohen-Macaulay module of dimension d over the stan-
dard graded polynomial ring S and let further x = (xq,...,x4) be an M-sequence. We
denote by T'= S/zS and by A = M /xM, the Artinian quotient of S and M, respectively.
By the last corollary we deduce that a minimal free resolution of A as a T-module is ob-
tained from a minimal free resolution of M as an S-module by tensoring with 7= S/xS.
In particular, it follows for the graded Betti numbers of M that

By [Eis95, 21.15], we get the following if we denote by ws = S(—dim S) the dualizing
module of S and by wy, := Exty (M,wg) the dualizing module of M. Starting with a mini-
mal free resolution of M, we get a minimal free resolution of wy, by applying Hom( ,wg).
Therefore we have

Bij (M) = dlm]k TOI";S(M, k)j = dlmk TorcSodimM—i ((,UM, k)dim S—j -

If the last dim M variables of S form an M-regular sequence, then the Macaulay2-package
extrasForTheKernel.m2, available at [Schi12a), provides a function that computes the Ar-
tinian reduction of a module M.

Koszul Cohomology Koszul cohomology allows us to compute single Betti numbers of
canonical curves by computing the rank of two matrices.

Let V be a k-vector space of dimension n, S := €,,~,.5,V be the symmetric algebra and
B be a graded S-module B = @, -, B,. We define a complex

p
L%Aavy:AV®Bq

with coboundary maps
0 Hpq(B,V) — Hp1411(B,V)
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2. Construction of Nodal Curves with Special Pencils

defined as the composition

NV ® B, VA AU, ®b

| |

/\p—IV®V®Bq Zi<—1)i1}1/\"'/\1}i,1/\’UiJrl/\"'/\Up@'Ui@b

| |

A7V @ By (DA AV AV A AU @b

Proposition 2.6. We have § 0§ = 0 for the coboundary maps defined above.
Proof. See [Gre84] Section 1]. O
Definition 2.7. The group

KP#}(B? V) = HO(‘%—*J’-&-*(B? V)v 5)
15 called the Koszul cohomology group.

Proposition 2.8. Let V be a k-vector space of dimension n, S = @nzo S,V be the sym-
metric algebra and B = ®n20 B, be a graded S-module. The dimension of the Koszul
cohomology group can be expressed as follows

dimy K, 4(B, V) = dimy Tor) (B,K)p1q = Bppiq(B)-
Proof. See [Gre84,, Section 1. O
Notation 2.9. Let X be a projective variety and let £ be a line bundle on X. We write

Kp,q<X> V) = Kp,q(Xwg) = Kp,q(Ba V),

where V. = H*(X, %) and B, = H°(X, Z™).

With the notation as above we are now able to formulate Green’s Conjecture in terms of
Koszul cohomology:

Conjecture 2.10 (Green’s Conjecture in terms of Koszul cohomology). Let C' C P9~ be
a canonical curve of genus g over a field k with char(k) = 0. The following is conjectured
to be true

K 2(Ciwe) = 0,1 <a < Cliff(C) > a.

For our intents in this thesis we want to compute Seit(C) 1= Bpmm+1(C) where C'is a k-gonal
canonical curve of genus g and m = (%w . Koszul cohomology reduces this computation

to the computation of the ranks of two matrices, namely the two coboundary maps

m+1 m

d1 ::5m+1,0: /\ V®BO—>/\V®B1
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2.4. Exemplary Implementation

and . _—
dy=6m1: N\V& B — \ VB,

where B = T'/I¢, V = span(ty, ...,t,—1) and T' = €D, 5»V = klto, ..., t4—1]. In this case
the critical Betti number is given by Sei(C') = dimy (ker(dy)/im(d;)). We can compute the
sizes of the matrices d; and dy with the following consideration:

Recall from Proposition [I.10] that the ideal of a non-hyperelliptic canonical curve has no
linear and (9;2) quadratic generators. By Theorem the sequence

0 — H(Ic(k)) — HY(Ops-1(k)) — H°(Oc(k)) — 0
is exact and we therefore compute

o dim(A\"'V ® By) = (,%,)

o dimy(A"V ®@By) = (?)-dimg By = (?) - g

m

o AV @ B) = (1) i B = (,2,) (7)) -

m—1

(2] = (2y) - B9 = 3).

The matrix d; only depends on the genus g, since I has no linear generators. The rank
of dy is given by rank(d;) = (mil) and for the computation of the critical Betti number
Berit(C) it is now sufficient to determine the rank of the matrix ds.

The effort of the computation of rank(ds) drops remarkably if we consider the Artinian

reduced case. To this end let Tieq = klto, ..., t5—3] = D,,5¢ Snv be the symmetric algebra
with V = span(to, ..., t,—3), and B = Trea/Ieqa, where I .q denotes the Artinian reduction
of Ic. By Remark [2.5] we have f3; j(Ic) = 5;;(Irea) and it follows in particular that I,eq has
no linear and (g 52 quadratic generators as well. Consequently we have

o dimx (A" V @ By) = (972)

m—+1

° dimk(/\m ‘7 & §1) = (g_2> : (g - 2)

o dim(A"TV @ By) = (77) 1) = () = (15 (9 2),

and rank(d;) = ( 5;21) in the Artinian reduced case.

2.4. Exemplary Implementation

In this section we show how the construction of rational g-nodal k-gonal canonical curves,
as described in Section[2.2] can be implemented in the computer algebra system Macaulay?2,
available at |GS].

We begin by defining the two functions getFactors and getCoordinates, which we use in the
code below. The function getFactors computes two lists L; and L, containing the linear
and quadratic factors of a polynomial f € S = ks, ],
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2. Construction of Nodal Curves with Special Pencils

i1 : getFactors:=(f)->(
S:=ring f;
(L1,L2) :=({},{});
facs:=apply(toList(factor f), fac->fac#0) ;
if (£==0_S) then (L1,L2)=({},{}) else
Li=select(facs,fac->degree fac=={1});
L2=select (facs, fac->degree fac=={2});
L1,L2);

and the function getCoordinates computes the vanishing loci V(1) of a linear polynomial
in two variables.

i2 : getCoordinates:=(1)->(
S:=ring 1;
if rank source (coefficients(1l))#0==2 then
matrix{{-(coefficients 1)_1_(1,0), (coefficients 1)_1_(0,0)}}
else if
sub((coefficients(1))#0,3) - map(S~1,S~1,(entries vars S)_0#0)==0
then matrix{{0,1}}
else if
sub((coefficients(1))#0,3) - map(S~1,5~1,(entries vars S)_O0#1)==0
then matrix {{1,0}} );

Taking Remark into account, we begin with the construction from Section [2.2]
We define the field k, the polynomial ring S = k[zy, 1], and the desired gonality and genus.

i3 : kk=ZZ/(p=1009)

i4 : S=kk[s,t]

i5 1 (k,g)=(5,11)

We begin with Step 1 and search a generic morphism f = (}c?) : S(—k) — S?, so that

fo R

h; :‘ £ RO

has at least two linear or one quadratic factor for g distinct points (RZ(O) : Rgl)) e P(k),
and save these factors in a list L.

i6 : L={};

i7 : pts:=random(apply(p,i-> matrix{{i,1}}) [{matrix{{1,0}}});
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2.4. Exemplary Implementation

i8 : while (#L<g or #(unique flatten L)< #(flatten L))
do ( (L,L1,L2)=({},{},{});
f:=random(S~1, S~{2:-k});
j:=0;
while (#L<g and j<p)
do ( if #(L1=(getFactors(sub(det(f||sub(pts_j,S)),S)))#0)>=2
then L= L|{L1} --adding at least two linear factors to L
else if #(L2=(getFactors(sub(det(f||sub(pts_j,S)),S)))#1)>=1
then L=L|{L2}; --adding at least one quadratic factor to L
3=i+1 )35

Note that if we want to compute the 2¢g points that glue together to the g-nodes, then we
have to exclude that quadratic factors are saved in the list L.

Now we construct the quadrics q; which are needed to compute the sections {s, ..., s,}
that define the canonical embedding as in Step 2 of Construction [I} If h; already has a
quadratic factor we can define q; to be this factor by Remark 2.2 Otherwise we use the
following function that computes two points P;, ); from two of the linear factors of h;,
using the function getCoordinates, and construct the quadric q; from these points.

i9 : linFactorsToQuadric:=(1)->(
lh:=random(1) ;
(P,Q) :=(sub(getCoordinates(1lh_0),S),sub(getCoordinates(lh_1),S));
quad:=(det (P| | (vars S)))*(det(Ql|(vars S)));
quad );

i10 : quadrics:={};

i11 : for i from O to (#L-1)
do ( a:=(degree((L_1)_0))_0;
if a==1
then quadrics=quadrics|{linFactorsToQuadric(L_i)}
else quadrics=quadrics|{(L_1i) _(random(#L_i))} );

We construct the matrix s = (s1,...,5,) and compute the ideal I- of the canonically
embedded curve as the kernel of the map s : T = klto, ...,t,—1] — S. But at first we
multiply the matrix s with a general matrix M € GL(g,k) to obtain more general sections,
and have a better chance that {t,_»,t,_1} forms a regular sequence for 7'/Ic. If this is
the case, then the Macaulay2-package extrasForTheKernel.m2 (see [Schi2al) provides a
function that computes the Artinian reduction of the ideal I .

i12 : sections :=matrix {(apply(g, i -> product(g, j->
if i == j then 1_S else sub(quadrics_j,S))))};

1 11
ol2 : Matrix S <--- S
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2. Construction of Nodal Curves with Special Pencils

i13 : while (M=random(S~{g:0},S~{g:0}); det M==0) do ();

i14 : sections2:=sections*M;

115 : ideal sections==ideal sections2

015 = true

i16 : Tcan=kk[T_0..T_(g-1)]

i17 : IC=ideal mingens ker map(S,Tcan,sections?2);

Finally, we compute the Betti table of the 2-linear strand of I5 in the Artinian reduced
and non-reduced case and compare the times needed for the computations. After that we

compute fexp(C) and check whether the critical and expected Betti number coincide.

i18 : time betti res (IC,DegreeLimit=>1)
-- used 157.961 seconds

01 2 3 4 56
018 = total: 1 36 160 315 294 35 6
0: 1 . .
1: . 36 160 315 294 35 6
018 : BettiTally

i19 : loadPackage("extrasForTheKernel")

i20 : time (Tred,Ired)=artinianReduction(IC);
-- used 0.162335 seconds

i21 : time betti res (Ired,DegreelLimit=>1)
-- used 27.4634 seconds

01 2 3 4 5686
021 = total: 1 36 160 315 294 35 6
0: 1 . e
1: . 36 160 315 294 35 6
i22 : f=g-k+1;
i23 : m=ceiling((g-1)/2);

i24 : betaExp=binomial (f,m+1)*m

024 = 35
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2.4. Exemplary Implementation

The package extrasForTheKernel.m2 also provides a function that computes Koszul coho-
mology maps. We can use this function to compute the critical Betti number via Koszul
cohomology as pointed out in Section [2.3]

i25 : time Mred=koszulMap(Ired,m,1);
-- used 0.971997 seconds

1134 1134
025 : Matrix kk <--- kk

i26 : time binomial(g-2,m)*(g-2)-rank(Mred)-binomial (g-2,m+1)
-- used 29.246 seconds

026 = 35

The Macaulay2-package kGonalNodalCurves.m2, see [Bopl3|, provides several functions
concerning the construction of k-gonal nodal curves and the computation of the critical
Betti number. In particular, all the functions needed for the construction above are imple-
mented in this package.

Remark 2.11. The Koszul cohomology maps can be represented as sparse matrices, but
in the computation above we saw that the computation of the 2-linear strand of the res-
olution of C' and the calculation of the single critical Betti number almost took the same
time. This is mainly because Macaulay?2 does not support fast linear algebra for sparse
matrices yet.

The package kGonalNodalCurves.m2 provides a function sparseKoszulMatrix that com-
putes a list £ containing the size of the desired Koszul map d,, 1, the characteristic of the
ground field and a list containing the non-zero entries and the position of those. Using the
computer algebra system Sage, see [ST12|, we can reconstruct the Koszul map in the class
for sparse matrices from the list L.

The computation of the critical Betti number with this method is much faster than the
direct computation in Macaulay2. In the case of a 5-gonal curve of genus 11, as in the
construction above, Sage needs about 2 seconds to reconstruct the matrix d,,; and 0.35
seconds to compute its rank.

For k-gonal curves of genus g < 17 and k < [§] we find lists of the critical Betti numbers
computed with the methods of this chapter in Appendix [A] In particular, among the
computed examples, we have (et (C) > Bexp(C) for k =5 and g = 13, 15, 17.
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3. A Theoretical Approach

In this chapter we give a theoretical explanation of the extra syzygies occurring in the
minimal free resolution of 5-gonal canonical curves.

Throughout this chapter we denote by C' C P9~! a 5-gonal canonical curve of genus g.
Furthermore, we denote by X the 4-dimensional scroll of degree f = g — 4, swept out
by the g} on C, and by P(&) the corresponding P3-bundle. We assume that all curves
C satisfy the balancing conditions and denote by feit(C) = Bmm+1(C) the critical Betti
number and by Bexy(C) = Binmi1(X) the expected Betti number, where m = [£1].
Recall from Theorem and Remark[1.27 that a 5-gonal curve C' C P(&) has a resolution

of the form
5

5
@p(g)(—5H+ (f — Q)R) — Z ﬁp(g)(—3H+biR) E) Z ﬁ]p(g)(—QH—l—aiR) — ﬁ[@(éa) — O¢
i=1 =1

where Z?Zl a; =29 — 12, a; + b; = f — 2. By the Structure Theorem for Gorenstein ideals
in codimension 3 (see [BETT]), it follows that the 5 x 5 matrix ¥ is skew-symmetric and
its 5 Pfaffians generate the ideal /.

With the notation as in section (1.3 we denote by F' = H°(Ops)(H — R)) ® Ops—1 and by
G = H°(Ops)(R)) ® Ops—1. For the computation of the rank of the comparison maps
¢? — € we will consider the k-vector spaces H(Op(s)(H — R)) and H°(Op(s)(R)) most
of the time instead of the free sheaves. By abuse of notation we will also denote by F' and
G the corresponding k-vector spaces.

3.1. 5-Gonal Curves of Genus 13

By Appendix[A] we have St (C) = Bexp(C) +6 in the case of a 5-gonal 13-nodal canonical
curve of genus 13 and by Computation 1 in Appendix [BJit follows, that the 5-gonal canonical
curves of genus 13 constructed as described in Chapter [2| satisfy the balancing conditions.
We give an explanation of the 6 extra syzygies by a direct computation.

In this section C' C P2 denotes a 5-gonal canonical of genus 13 satisfying the balancing
conditions. The scroll X swept out by the g} on C' is therefore a 4-dimensional scroll of
type 5(3,2,2,2) and degree f =9, and the numbers a; and b; are given by

(al,a2,a3,a4,a5) - (27373a 373) and (blab27b37b4ab5> = (5a4747474)'

By Theorem C C P(&) has a resolution of the form

Op(s)(—3H+5R) [ Ops)(—2H+2R)
ﬁP(g)(73H+4R)€B4 ﬁ]p(g)(*?H%’?)R)@‘L
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3.1. 5-Gonal Curves of Genus 13

where U is a skew-symmetric matrix with entries as indicated below

0 (H—2R) (H—2R) (H-2R) (H—2R)

(H—2R) 0 (H-R) (H-R) (H-R)
(0)~ | (H —ya(H—R) 0 (H-R) (H-R) (3.1)
(H—-2R) (H—-R) (H-R) 0 (H - R)
(H-2R) (H-R) (H-R) (H-R) 0

According to Remark we can write down bases of the relevant cohomology groups.
Let {s,t} be a basis H(Op(s)(R)) and {@o} be a basis of H°(Ops)(H — 3R)) then a basis
of HY(Op(s)(H — 2R)) is given by {so, two, 1, fe2, 3} and basis of HY(Ops)(H — R))
by {5700, sto, t%po, 501, 502, 503, L1, tps, Lps}.

As in Example , we resolve the Op(s)-modules in the resolution of C' by Opi2-modules
and determine the ranks of those maps induced by ¥ which give non-minimal parts in the
iterated mapping cone construction:

Op(sy(—3H+5R) Op(sy(—2H+2R)
o fany fany - ...

Op(s)(—3H+AR)4 Op(&)(—2H+3R)®1

| i

A® F@52G(—6) A F( 6)

Y 6 (-3) = 2 —— YL G (-2) =

(N? FoS1G(—6))4

! N

/\ F®S1G(-T7) /\ F®D1G*(=T)
—> b 5 7 J—
o ZZ 1(5 ( ) EB ézizl(g4a(_2)— 5@ _ ...
(N FT)! (A° F(=7))*
A° F(—8) NS F®D2G*(—8)
YL G (3= @ S gmi(—2) = 3 .
(A° F(-9))* (A° FoD;G*(~8))"

| |

The maps indicated in the diagram above are the only ones which give non-minimal parts
in the iterated mapping cone construction.

At first we take a look at those maps determining the Betti number f,,,11m+2(C). By the
skew-symmetry of W, the induced maps

4

N\F @ 5:G(—6) — N\ F(=6) and [\ F(-8) — A\ F ® D,G*(-8)
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3. A Theoretical Approach

are both zero. The maps

/\F®s1 —>/\F —6) and 15 : \ F(=8) — (\ F @ D:G*(-8))*

are dual to each other by the Gorenstein property of canonical curves, and the rank of one
of those maps determines the Betti number 5,41 m+2(C) in the minimal free resolution of
C Cc P2

Proposition 3.1. The maps 15 and 15 above have full rank if U is sufficiently general.

Proof. The maps 13 and v, are dual to each other and thus have the same rank. We show
the surjectivity of 5. Recall that S;G = H°(Op)(jR)) by Remark .

The map 15 is induced by the 1 x 4 submatrix W4 = (¥y9, W13, Wiy, Uy5) of ¥ where
Uy ; € H(Ops)(H — 2R)), and as in Lemma the map is given as the composition

(N F @ $1G)' = \*F @ H(Ops)(R))*
jid@\ll(m)
N F @ H(Opey(H-R) 2N FOF 2> N\'F

We assume that Uy, is sufficiently general, such that the 4 entries are independent. After
a suitable base change, we can furthermore assume that the entries of ¥4y are among the
basis elements of H°(Op(s)(H —2R)). With this considerations we can immediately choose

preimages for every basis element in /\4 F. Therefore W (14 is surjective and thus 3 and
15 have full rank. ]

In particular, it follows that 5,41.m+2(C) = Bmt1.m+2(X) and it remains to compute the
rank of the map

A F®S51G(=T) A® F®D1G*(=T7)
(A* F(=7)4 (N’ F(=7))

which determines the critical Betti number £, ;m11(C).

Proposition 3.2. If U is sufficiently general, then the induced map ¥4 above has a 6-
dimensional kernel.

Proof. We first consider the part of the map 4, that defines the map

Py /\F®51 /\F

As in Lemma [I.28] this map is given as the composition
AN'F®8G = N\'F @ H(Ops)(R))
lid@\b(“)

N'F® H(Opoy(H — R)* = N'F @ F* (N’ F)*
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3.1. 5-Gonal Curves of Genus 13

where W4y = —(W1g, Uy3, Upy, Uy5)". We assume again, that the entries of W (41) are given
by independent basis elements of H°(Op(s)(H — 2R)), say V(1) = (50, @1, P2, ¢3). We see
that elements of the form

(As + pt)spo A (As + pt)p1 A (As + pt)pa A (As + pt)pz @ (As + pt), with A, € k
lie in the kernel of the composition. Expanding one of those elements we get
Ns2pg A spr A spa A sps @ 5+ -+ plstg Aty Aty Atps @t

and conclude that a rational normal curve of degree 5 lies in P(Syz) where
Syz = Tor® (T'/Ic, k) mi

is the linear space spanned by the m! linear syzygies and I C T denotes the ideal of the
canonical curve. In particular, it follows that dimy(Syz) = 6. Therefore, 14 has at least a
6-dimensional kernel.

It is now sufficient to give one example, so that the map 1, has a 6-dimensional kernel.
This example is given by the computation that led to Appendix [A] and we conclude that
the 6-dimensional kernel can always be described as above, if W is sufficiently general. [J

In Computation 2 in Appendix @ we also verify computationally that the map () in the
proposition above has a 6-dimensional kernel.

By the proposition above, it follows in particular, that Bui(C) = Bep(C) + 6 and we
conclude that the general 5-gonal canonical curve of genus 13 has a Betti table of the
following form

‘ 0 1 2 3 4 5 6 7 8 9 10 11
1 - _ _ _ _ _ _
55 320 891 1416 1218 222 63 8 - - -
- - - 8 63 222 1218 1416 891 320 55 -

W N = O
1

Remark 3.3. By Computation 3 in Appendix [B] it follows that for a general skew-
symmetric matrix ¥ of the type as in none of the entries can be made zero by
suitable row and column operations. Schreyer shows in [Sch86, Section 5| that the van-
ishing of one of the entries of ¥ by suitable row and column operations is equivalent to
the existence of an additional linear series on C. In the case of a 5-gonal curve of genus
13, this would imply the existence of an additional gt on C' which would give a geometric
interpretation of the extra syzygies.
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3. A Theoretical Approach

3.2. 5-Gonal Curves of Odd Genus

The main aim of this section is the proof of the following theorem.

Theorem 3.4. Let C' be a general 5-gonal canonical curve of odd genus g =2n+1 > 13
satisfying the balancing conditions, then Beit(C) > Bewp(C).

Throughout this section we assume that all curves are of odd genus ¢ = 2n +1 > 13
and satisfy the balancing conditions. We can therefore distinguish the following 5 cases to
which we will refer in the rest of this section.

Case 1. (ay,...,a5) = (a,a,a,a,a), (b, ...,b5) = (b,b,b,b,b) & a=4r+2and n=5r+5
for some r > 1.

Case 2. (ay,...,a5) = (a — 1l,a,a,a,a), (by,....b5) = (b+ 1,b,b,b,b) < a = 4r — 1 and
n = 5r + 1 for some r > 1.

Case 3. (ay,...,a5) = (a —1,a —1,a,a,a), (by,...,05) = (b+1,b+ 1,b,b,b) < a = 4r and
n = 5r + 2 for some r > 1.

Case 4. (ay,...,a5) = (a+1,a+ 1,a,a,a),(by,....b5) = (b—1,b—1,b,b,b) < a = 4r and
n = 5r + 3 for some r > 1.

Case 5. (ay,...,a5) = (a + 1,a,a,a,a),(by,....bs) = (b —1,b,b,b,b) < a = 4r + 1 and
n = 5r + 4 for some r > 1.

Note that the degree of the scroll X is given by f = g — k + 1 = 2n — 3, the number b
aboveis given by b= f—-2—-a=2n—a—5and n=m = (97_1}

Remark 3.5. The rank of the map

5 5
V= tna: Y Gry(=3) — Y Eriy(—2)
=1 =1

in the iterated mapping cone construction determines the critical Betti number. A simple
computation shows that rank(3")_, €% ,) = rank(3>.>_ €% ,) for all cases listed above.
Furthermore we compute that among the cases above we always have

min{b;} > n — 2 > max{a;}

and therefore

n—2 n—1

G, = /\ F® Sy, nt2G and €y = /\ F® Dy_q,—3G*

which means in particular, that the map ¢ has no submatrices which give rise to minimal
parts in the free resolution of C' C P9~! obtained by an iterated mapping cone construction.
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3.2. 5-Gonal Curves of Odd Genus

Proof of Theorem|[3.4).
Case 1: We have n = 5r+5, a = 4r+2, (ay,...,as) = (a,...,a) and therefore (by, ..., b5) =
(b,...,b) withb=f —2—a=2n—a—>5. As in Lemma [1.28] the map

5 n—2 5 n—1

VY 6= NF @S-G’ — > 6=\ F®(DyasG)

i=1 i=1
is given as the composition

n—2 n—2
N\ F @ (Sene2G)° 2 N\ F @ (Sn-a-3G)° ® Su—a—3G ® Dy_q_3G"

n—2

n—2
— /\ F ® (82n72a76G>5 ® anafSG* M /\ F5 ® anafSG*

n—1
N@id | (/\ F)° ® Dy_q_3G*

where W is the skew-symmetric 5 X 5 matrix with entries in H°(Ops)(H — (b — a)R)).
We show that the composition 1 has a non-trivial decomposable element in the kernel.
Since the multiplication map (S,,_q_3G)° ® Sp_q 3G — (S2_24_6G)° is not injective, we
have to show that there exists an f € A" > F and an element g € (S,_q_3G)® such that
VU(f®o(g-g)) =0V¢ € S,_a_3G. We argue by calculating the relevant dimensions.

Let g € (S,_4_3G)® be a basis element, say g = (g1,0,...,0)" and let {g}, ..., ¢/, , o} be a
basis of S,,_,_3G. By the skew-symmetry of ¥, we have ¥(gg}) = (0, fl(i), c f))t for all
1=1,...,n—a— 2. We compute that

n—2=>5r+32>dimg(V(g- S, 3G)) =4 -dimg S,,_,3G =4(n —a—2)
=405r+5—(4r+2)—2)=4r+4

holds for every » > 1 and we can choose an element of the form
FON NN A AP A f@ g € kery)

for some f e N\ F.

The fj(i) above are independent if ¥ is sufficiently general which means that the first row of
U has no syzygies in Sy, _2,_¢G. This is a closed condition and it is now sufficient to give one
example where this is the case. The entries of ¥ are elements of H°(Ops)(H — (b—a)R))
and with notation as in Remark the basis elements of H'(H — (b — a)R) can be
represented by elements of the form py; for i =1, ...,4 and some p € ks, t] = P,~, SkG. If
the first row of U is of the form (0, p1¢1, ..., pas) for p; € K[s,t] then we immediately see
that the elements fj(l) = g-g;-p;p; are independent. It follows that the fj(l) are independent
in the general case which finishes the proof for Case 1.

Next we take a look at Case 3 since the approach for Case 3 can be applied to all the other
cases.
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3. A Theoretical Approach

Case 3: We have n =5r+2, a =4r, (aq,...,a5) = (a — 1,a — 1,a,a,a) and (by,...,b5) =
(b+1,0+1,b,b,b) with b =2n — a — 5. We show that the map

induced by skew-symmetric matrix

Op(s)(—3H+(b+1)R)? Op(s)(—2H+(a—1)R)?
: ) —
ﬁ]p(g)(—3H+bR)3 ﬁp(g)(—2H+aR)3

has a non-trivial decomposable element in the kernel. We refer by
Wiss)  Orio(=3H + (b + )R} —> Oy (~2H + (a — DR)’
to the (2 x 2)-block of ¥, by
U39 : Opsy(—3H + (b+ 1)R)* — Op(s)(—2H + (a)R)?

to the (3 x 2)-block and so on. We first consider the maps

2 b+1 2 a—1 2 b+1 3 a
Y(22) * i (575—2 f— > in1 Cgr(b—z " and Y(32) * i (575—2 ) — dic1 Cra s
induced by the blocks W5y and W(3). As in Lemma [I.28, the map (29 is given as the
composition

2 n—2 n—2
Z (57517_-;1) - /\ F & (Sn—a—ZG)2 = /\ F ® (Sn—a—QG)2 & Sn—a—QG ® Dn—a—QG*

=1

n—2 n—2

id@V (9o ®@id
5 N\ F® (San-20-4G)* ® DygsG* 2% N\ F© F?© D,y oG
n—1

2
id, (/\ F)?>® Dy 2G* = 2%5:217
=1

and the map 1)(3z) is given as the composition

2 n—2 n—2
Z %éb_—;l) = /\ F & (Sn—a—ZG)2 = /\ F ® (Sn—a—QG)2 & Sn—a—3G ® Dn—a—SG*

=1

n—2 n—2

id@V 30y ®id
5 N\ F® (San-20-5G)* ® Doy @ 2% N\ F© F*© D,y oG

n—1

3
LIS (N FP @ DyeasGr =Y 60,
i=1
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3.2. 5-Gonal Curves of Odd Genus

Finding a decomposable element in the kernel of the map

2 2 pla—1)
2im1Cn 2
b+1 i=1 ’n
§ o) — @
3 wa

=1 i=1 %n—2
means that we have to find an f € A" > F and an element g € (S,_o_>G)? such that
Vi) (f @ (9-9))) =0, Vg € SnaaG and Yizz)(f @ (9 9")) =0, V9" € Spa3G.

Again we choose a basis clement of the form g = (§) € (S,—p42G)? and compute the rele-
vant dimensions. We denote by {g1, ..., 9,,_._1} a basis of S,,_,_»G and by {g7,...., 9" _._»
a basis of S,,_,_3G. By the skew-symmetry of W (s9), we have

7 (i)
0 f1 .
Pa2)(g - g7) = <f<“) and Uy (g-g!) = | 1,9 | vi
' - (0)
E

and compute that

n—2=5r 2 dlmk(\l/(gg) (g . Sn_a_gG)) + dlmk(\lf(gg) (g . Sn_a_gG))
=1- dimk(Sn,a,zG) +3- dimk(Sn,a,gG)
=1ln—a—-1)+3n—a—-2)=4r+1

holds for » > 1. Thus we can choose an element of the form

n—a— ~ (1 ~ (n—a—2 ~
N e D AN A )/\f®(g>eker¢

for some f € /\r_1 F. By the same argument as in Case 1 we conclude that the elements

(Y, F ) are independent if W is sufficiently general. This finishes the proof of
the third case. Note that if we would consider the map

3 2 3
(ZED S, Y e ey
i=1

i=1 i=1

instead of the map (igz;), then doing the above would give the following inequality

n—2=>5r>2-dimg(S,_q 2G)+2-dimg(S,_43G) =2(n—a—1)+2(n—a—2) =4r+2

and we could at first read off an element in the kernel for » > 2. We do the same for the
other cases.
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3. A Theoretical Approach

Case 2: We have n = 5r+1, a = 4r — 1, (a1,...,a5) = (a — 1,a,a,a,a), (by,...,b5) =
(b+1,b,b,b,b) with b= f —2 —a =2n—a— 5. We do the computation as above for the
map

4
e ed ¢, —eaed ¢,
=1 =1

induced by the skew-symmetric matrix

Op(gy(—3H+(b+1)R) Op(gy(—2H+(a—1)R)
: 5% —
ﬁﬂ’((‘i) (_3H+bR)4 ﬁp(éﬂ) (—2H+CLR)4

Note that the map W1y : Ope)(—=3H + (b+ 1)R) — Opey(—3H + (a — 1)R) is zero by
the skew-symmetry of W. We find an element in the kernel of ¢ by considering the map
Yary ‘Kffgl) = N"PF®8, 029G — (N F)*@D, 4 2G* =31, %ESI). We compute
that

n—2=5—1>4-dimg(S,—q-2G) =4(n—a—1) =4r

holds for » > 1. By the same argument as in Case 1 and Case 3 we find a non-trivial
element in the kernel of 9.

Case 4: We have n = 5r + 3, a =4r, (ai,...,a5) = (a+ 1,a+ 1,a,a,a) and (by,...,b5) =
(b—1,b—1,b,b,b). We consider the map

3 n—2 2 (at1) ~
Zi:l an—Z (/\'n 1 F)2®Dn7a74G*

(1/’(2‘”) G = NF @ (SeasG) — & =
V(a3 i=1 5.6, (N"'F)3®Dp_q_3G*

induced by the (2 x 3)- and the (3 x 3)-block of W. With the same considerations as in the
other cases we compute that

n—2=>5r+12>2-dimg(S,—q-4G)+2-dimg(S,—a—3G) = 2(n—a—3)+2(n—a—2) = 4r+2

holds for » > 1 and we therefore find a non-trivial element in the kernel of the map

3 2 3
vy e e ¢, — Y e ed e,
=1 =1 =1

2

=1

Case 5: We have n =5r+4, a =4r+1,(ay,...,a5) = (a + 1,a,a,a,a) and (by,...,bs) =
(b—1,a,a,a,a) with b = 2n — a — 5. We consider the map

4 n—2 (c‘/)(a+1) n—1
. A F®Sn—q_4G
<¢(14)) : § :%)_2 - /\ F & (SnasG)* — @2 _ 4
(CCTY S0, (AT E) @D g Gt

induced by the (1 x 4)- and the 3 x 3-block of the skew-symmetric matrix ¥. With the
same arguments as before we compute that

n—2=>5r+2>1-dimg(S,—q-4G)+3-dimg(S,,—a—3G) = (n—a—3)+3(n—a—2) =4r+3
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3.2. 5-Gonal Curves of Odd Genus

holds for » > 1 and we can read off an element in the kernel of the map

4 4
v ey e, — e ey e,

i=1 i=1
This finishes the proof of Theorem [3.4] O
We can immediately generalize Theorem [3.4] and get the following.

Theorem 3.6. Let C' be a general 5-gonal canonical curve of odd genus g = 2n+1 satisfying
the balancing conditions. Then

ﬁm+0,m+c+1(c> > ﬁm+0,m+c+1 (X) Jor g > 30c+13.

Remark 3.7. The idea of the proof is the same as in the proof of Theorem [3.4 We
distinguish again the cases 1-5. The rank of the map

5 5
R . bi a;
w = ¢n—2+c . E an—Q—&—c — E an—Q-‘rc
i=1 =1

determines the Betti number S,,4cm+c1(C), and for ¢ > 0 we have

rank(Z?zl Cgﬁi—ﬂc) < rank(Zle %si%c) .

We note that for g > 30c+ 13 we always have min{b;} > n—2+ ¢ > max{a;} which means
that

n—24c n—14c

Crgre= N\ F®Sy—moroGand 6y, = N\ F&Dpicq_3G" Vi.

In particular 1 gives no minimal parts in the resolution of C' C P9~! by an iterated mapping
cone construction.

Proof of Theorem[3.6. We repeat the argument in detail for Case 1. Throughout the proof
U denotes again the 5 x 5 skew-symmetric matrix in the resolution of C' as an Op(s)-
module.

Case 1: We have n = 5r+ 5, a = 4r + 2 and (a,...,a5) = (a,a,a,a,a). The map
S0 E = N @ (Synei2G) 5 36 e = (NP @ Do 3G
is given as the composition

n—2+c n—2+c
/\ F ® (Sb—n—c+2G>5 = /\ F & (Sn—a—c—3G)5 ® Sn+c—a—3G ® Dn+c—a—3G*
n—2+c n—2+c

— /\ F X S2n—2a—6G X l)n—l—c—a—iiG'>|< M) /\ F X F5 X -D'n—i-c—zz—Bc;M<

n—14-c

SES (N F)’® Dyye-a 3G
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3. A Theoretical Approach

We choose a basis element of the form g = (g1,0,...,0)" € (Sp_,_cs2G)° and show that
there exists an f € A" T F such that f A U(g-¢) =0 Vg € Spic_q_sG. By the skew-
symmetry of ¥ it follows that W(g - ¢’) is of the form (0, f1,..., f4)" for some element
g € Snie_a_3G. We compute that

n—2+c=5r+c—1>4-dimg(Syi1c0-3G) =4(n+c—a—2)=4r+4c+14

holds for » > 3¢+ 1. This means that if » > 3¢+ 1, then we can directly read of a non-trivial
element in the kernel of ¢ as in the proof of Theorem [3.4]

For the other cases we only compute the relevant dimensions, since the argument is exactly
the same as above or in the proof of Theorem [3.4] The blocks of ¥ that induce the maps
considered below are the same as in the proof of Theorem [3.4) and doing the computation
for the other blocks would give larger bounds on 7.

Case 2: n=5r+1, a=4r — 1 and (ay,...,a5) = (a — 1,a,a,a,a). We can directly read
off an element in the kernel if the following inequality is satisfied

n—2+c=5+c—1>4-dimg(S,1cq3G) =4(n+c—a—2)=4r+4c.

This is the case for r > 3¢ + 1.
Case 3: n =5r+2, a =4r and (ay,..,a5) = (a — 1,a — 1,a,a,a). We can directly read
off an element in the kernel if

n—2+c=5r+c>1-dimg(Spic_a2oG)+3-dimg(Syicq3G) =4r+4c+1

which holds for » > 3¢ + 1.
Case 4: n=5r+3, a =4r and (ay,...,a5) = (a+ 1,a+ 1,a,a,a). We can directly read
off an element in the kernel if

n—24+c=5r+c>2 -dimg(SpicqaG)+ 2 dimg(Syicoq 3G) =4r +4c+ 2

which holds for r > 3¢ + 1.
Case 5: n =5r+4, a =4r +1 and (ay,...,a5) = (a + 1,a,a,a,a) We can directly read
off an element in the kernel if

n—2+c=5+c+2>1 -dimg(Spica4aG)+3-dimg(Spica3G) =4r+4c+3

which holds for r > 3¢ + 1.
Altogether we see that the smallest ¢ = 2n+1, so that we can directly read off a non-trivial
kernel of the map

5 5
— . E b ; E a;
77/} T wn72+c : (gn—2+c an—2+c )
i=1 =1

is given by g =2 (5r + 1) +1=2-(5- 3¢+ 1) + 1) + 1 = 30c + 13. 0
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3.3. 5-Gonal Curves of Even Genus

3.3. 5-Gonal Curves of Even Genus

We use the approach of the previous section and prove a similar result for 5-gonal canonical
curves of even genus. Throughout this section we assume that all curves are of even genus
g = 2n > 8 and satisfy the balancing conditions. We distinguish the following 5 cases:

Case 1. (ay,...,a5) = (a — 1,a,a,a,a), (b1,...,b5) = (b+ 1,b,0,b,b) < a = 4r — 3 and
n = 5r — 1 for some r > 1.

Case 2. (ay,...,a5) = (a —1,a — 1,a,a,a), (by,....05) = (b+ 1,04+ 1,0,0,b) < a = 4r — 2
and n = 5r for some r > 1.

Case 3. (ay,...,a5) = (a+1,a+ 1,a,a,a), (by,....,b5) = (b—1,0—1,b,b,b) < a = 4r — 2
and n = 5r + 1 for some r > 1.

Case 4. (ay,...,a5) = (a + 1,a,a,a,a), (by,....,b5) = (b—1,b,b,b,b) <& a = 4r — 1 and
n = 5r + 2 for some r > 1.

Case 5. (ay,...,a5) = (a,a,a,a,a), (b,....;b5) = (b—1,b,b,b,b) < a = 4r and n = 5r + 3
for some r > 1.

The aim of this section is to prove the following theorem.

Theorem 3.8. Let C C P91 be a general 5-gonal canonical curve of even genus g = 2n
satisfying the balancing conditions. Then

Brntemter1(C) > Bmtemer1(X) for g > 30c + 28.

The degree of the scroll X is given by f = 2n — 4 and the number b above is given by
b=f—-2—a=2n—a—6.
Note that the statements of Remark [3.7 also apply in the situation of Theorem [3.8]

Proof of Theorem[3.8. The idea of the proof is similar to the proof of Theorem [3.4 We
repeat the argument in detail for Case 1.
Case 1: n=5—1,a=4r — 3 and (ay,...,a5) = (a — 1,a,a,a,a). We show that the map

b+1 n— c a—1 n— c *
%75—2-36 /\ 2F F®Sb—n—c+3G (gTE—Q-Q—)c /\ 1+ F®Dn+cfa74G
: = s — B =
%7?,24,0 /\n72+c F®(Sb—n—c+2G)4 %)7?—2-0’0 /\n71+c F®(Dn+cfa73G*)4

induced by the skew-symmetric matrix
Op(g)(—3H+(b+1)R) Op(s)(—2H+(a—1)R)
: —
Op(sy(—3H+bR)4 Op(sy(—2H+aR)*

has a non-trivial kernel for » > 3c + 3. By the skew-symmetry of VU it is sufficient to show
that the map 141y induced by the (4 x 1)-block

\11(41) : ﬁp((g’)(—?)H + (b+ 1)R) — ﬁp(§)<_3H + aR)4
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3. A Theoretical Approach

has a non-trivial decomposable element in the kernel. As in Lemma [1.28| the map )41y is
given as the composition

n—2+c n—2+c

/\ F ® Sbfnfc+3G = /\ F & Snfafcf?)G X Sn+cfa73G ® l)nJrcfaf?)C:#<

n—2+c n—2+c
id®W (47)®id
— \ F®Sm-20-6G @ DpyoasG ——— N FOF'® Dyre o 3G

n—14c

( /\ F)4 ® Dn+c—a—3G*a

A®id
—

and we thus have to find an [ € /\"72+CF and an element g € S,_,_._3G such that
fAYun(gg') =0 for all ¢’ € Syic—a—3G. As in the proof of Theorem , we compute

n—2+c=5r+c—32>dimg(¥u(g- Snte—a-3G)) =4(n+c—a—2)
=4r +4c

holds for » > 3¢ + 3, which means that we can directly read off a non-trivial element in
the kernel if r > 3¢ + 3.
Note that doing the above for the map

n—24c n—1+c n—14-c

?/1(54)i /\ F®(Sb7nfc+2G>4 — /\ F®<Sn+cfa74G)@ /\ F®(Sn+cfa73G)4

would give a larger bound on 7.
For the cases 2-5 we proceed as above or in the proof of Theorem [3.4] In all cases we
compute that we can at first directly read off a non-trivial element in the kernel of the map

5 5
. b; . a;
¢ . Z (gnf2+c Z anfQJrc

=1 =1

if » > 3¢+ 3. Altogether, we see that

Bmtemtct1(C) > Bmtemter1(X) for g > 2(5(3¢+3) — 1) = 30c + 28.
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3.4. Final Remarks

3.4. Final Remarks

Remark 3.9. It arises the question whether the bounds given by Theorem [3.6| and [3.8| are
sharp. For ¢ = 1, it follows by Theorem that Botemtet1(C) > Bmtemer1(X) holds
for g = 43. This is the smallest bound on g given by Theorem and by Computation 4
in Appendix [B]it follows that 1,5, has at least no decomposable elements in the kernel
for g = 41.

Note that the sharpness of Theorem and [3.8 would imply the following equivalence:

913 for g=2n+1
c> for some n > 2 <= Biicnter1(C) = Butenter1(X).
= for g =2n

Remark 3.10. By Appendix [A] we also have fai(C) > Bexp(C) in the case of a 7-gonal
curve of genus 17. It would be interesting to obtain similar results as Theorem and
for 7-gonal curves, or more generally for curves of arbitrary gonality.

Remark 3.11. Throughout this chapter we assumed that all curves satisfy the balancing
conditions. It is an open problem whether this is the case for general k-gonal curves of
genus ¢g. In the case of 5-gonal canonical curves one can use the Structure Theorem for
Gorenstein ideals in codimension 3 (see [BETT]) to produce 5-gonal curves of arbitrary
genus satisfying the balancing conditions. Indeed, if we take a general skew-symmetric
matrix

U3 Ops)(—3H + b,R) — 30 Opisy(—2H + a;R),

where (ay, ..., as) satisfies the balancing condition, then we can obtain the ideal of a 5-gonal
canonical curve as the ideal generated by the Pfaffians of W. In this case it remains to show
that the curves produced this way are absolutely irreducible.
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A. Critical Betti Numbers

We summarize the expected critical Betti numbers and those computed with the Macaulay2-
package kGonalNodalCurves.m2 (see [Bopl3]). Recall that

and

6 = 5crit(c) == ﬁm,m+1 (C) with m = ’V

Bexp(0> - Bm,m—l-l(X) 5

g—1
2

where X denotes the scroll swept out by the special pencil on C.

40

=95: g==6:
’ gonality H expected (8 ‘ computed [ ‘ ’ gonality H expected [ ‘ computed [ ‘
3 2 2 3 3 3
4 0 0 4 0 0
g="T: g=2_8:
gonality H expected [ \ computed [ ‘ ’ gonality H expected [ \ computed [ ‘
3 15 15 3 24 24
4 3 3 4 4 4
5 0 0 5 0 0
g=9: g=10
gonality H expected (8 ‘ computed [ ‘ ’ gonality H expected [ ‘ computed [ ‘
3 84 84 3 140 140
4 24 24 4 35 35
5 4 4 5 5 5
6 0 0 6 0 0
g=11: g=12:
gonality H expected (8 ‘ computed [ ‘ ’ gonality H expected [ ‘ computed [ ‘
3 420 420 3 720 720
4 140 140 4 216 216
5 35 35 5 48 48
6 ) 5 6 6 6
7 0 0 7 0 0




g=13:

g=14

gonahty’H expected (8 \(Innputed.ﬁ ‘ ’ gonality H expected [ \Cornputed,B

3 1980 1980 3 3465 3465
4 720 720 4 1155 1155
5 216 222 5 315 315
6 48 48 6 63 63
7 6 6 7 7 7
8 0 0 8 0 0
g=15: g=16

gonality H expected (8 ‘(xnnputed.ﬁ ‘ ’ gonality H expected S ‘(Knnputed,ﬁ
3 9009 9009 3 16016 16016
4 3465 3465 4 5720 5720
5 1155 1190 5 1760 1760
6 315 315 6 440 440
7 63 63 7 80 80
8 7 7 8 8 8
9 0 0 9 0 0

g=17:

gonahty“expeded,ﬁ‘ computed [
3 40040 40040
4 16016 16016
5 5720 5904
6 1760 1760
7 440 456
8 80 80
9 8 16
10 0 0
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B. Computations

Computation 1 We verify that a general 5-gonal 13-nodal canonical curve satisfies the
balancing conditions. In the computation we will use the functions getFactors and get-
Coordinates from Section [2.4] and the function canonicalMultipliers from the Macaulay2-
package NodalCurves.m2 (see |[Schi2b|), that computes the canonical multipliers as de-
scribed in Section 2.1l

In the first step we compute g pairs of points (P;, Q;), the multipliers and the canonical
multipliers in a normalized form, i.e., 5; = 1 for all pairs of multipliers (o, ;).

i1 : p=10007, k=5,g=13;
kk=2Z/p;
S=kk[x_0,x_1];
f=random(S~1,S"{2:-k});

i2 : L={};
while #unique L < g do (
if #(q:=(getFactors(det (f||matrix{{random p-1,1}})))_0)>=2
then L= L|{q});
P:=transpose matrix apply(L,l->flatten entries getCoordinates 1_0);
Q:=transpose matrix apply(L,l->flatten entries getCoordinates 1_1);

i3 : multL=apply(g,i->sub(sub(£f_(0,0),transpose(P_{i})) ,kk)/
sub(sub(£_(0,0) ,transpose(Q_{i})) ,kk));
multKO=sub(canonicalMultipliers(P,Q) ,kk);
multK=apply(g,i->multKO_(0,i)/multKO_(1,i)); --normalized multipliers

For the computation of the type of the scroll X as described in [Sch86, (2.4)] it is necessary
to compute h°(we ® Oc(i- D)), where | D| is the special pencil on the curve C. To this end
we define the function getGlobalSections that returns a basis of sections of a line bundle
of given degree from the ¢ pairs of points (P;, Q);) and the corresponding multipliers as
described in (22.1)).

i4 : getGlobalSections=(mults,P,Q,k)->(
B:=flatten entries basis(k,S);
M:=matrix apply(#mults,i->apply(k+1,j->sub(B_j,transpose(P_{i}))-
mults_i*sub(B_j,transpose(Q_{i}))));
basis(k,S)*syz M)

We define a function HOKiD that computes H’(we ® Oc(i- D)), and calculate the type
of the scroll.
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ib : HOKiD=n->(
multKiD=apply(g,i->multK_i/(multL_i~n));
getGlobalSections (multKiD,P,Q,2*xg-2-n*k)) ;

i6 : eDual={}; -- the dual partition
for i from 0 to 3 do (
DualO:=rank source HOKiD(i) - rank source HOKiD(i+1);
if DualO<=0 then break else (eDual=eDual|{DualO}));

i7 : e=apply(4,i->#select(eDual,e0->e0>=i+1)-1)--the type of the scroll

o7 = {3, 2, 2, 2}

The rest of this computation is based on the Macaulay2 code in [Geil3] Section 4].

It remains to determine a minimal free resolution of C' C P(&). To this end we compute
sections defining the canonical embedding in such a way that we can easily find defining
equations for the scroll X.

i8 : PHIO=apply(e,n->(
HOKnD1:=HOKnD(n) ;
phi:=HOKnD1*random(kk~ (rank source HOKnD1) ,kk~1);
s=apply(n+1,i->(
(phi*f_(0,0)~(n-i)*£_(0,1)~1))_(0,0))));
PHI=matrix{flatten PHIO};

i9 : T=kk[t_0..t_(g-1)1;
phi=map(S,T,PHI);
Ican = saturate ker phi; --computation of the ideal of C in PP~12

110 : (dim Ican, degree Ican, genus Ican)

0l0 = (2, 24, 13)

In the next step we compute the scroll X. By Remark [1.21] the Cox-Ring
Reoe = @y H(O (aH + bR))

is a subring of R = k|1, ...¢04, S, t], where deg(s) = deg(t) = (0,1) and deg(p;) = (1, e1—¢;).
We compute the image J C R of the ideal I under the map 7'/Ix — R.

i11 : degs={apply(0..#e-1, i-> {l,max e -e_i}), 2:{0,1}};
R=kk [pp_0..pp_3,s,t,Degrees=>degs] ;
PSI=matrix{flatten apply(#e,i->flatten entries (basis({0,e_i},R)*pp_i))};
psi=map(R,T,PSI);
Scroll = ideal mingens ker psi;

112 : betti res Scroll

43



B. Computations

01 2 3 4 5 6 78

012 = total: 1 36 168 378 504 420 216 63 8
0: 1 . . . .

1: . 36 168 378 504 420 216 63 8

i13 : T’=T/Scroll;
psi’=map(R,T’,PSI);
J=psi’(ideal mingens sub(Ican,T’));
Jil=saturate(J,ideal basis({0,1},R)); --ideal of Ican in X

Recall that .Z- has a resolution of the form

ﬁp(g)(—5H+7R) — Z?:l ﬁp(g)(—3H+biR) — Z?:l ﬁp(é@)<—2H+aiR> — fc — 0,
and as in |Geil3, Section 4] we can now obtain the Betti numbers of the minimal free
resolution of I C X by picking the right degrees.

i14 : J2=ideal select(flatten entries gens J1,f->(degree f)_0==2);

resX={gens J2};

degsH={3,5%};

scan (#degsH,i->(
MO=syz(resX_i);
cols:=toList(0..rank source MO-1);
M=MO_(select(cols,j->((degrees source MO)_j)_O==degsH_i));
resX=resX|{M}));

i15 : betti chainComplex resX--the resolution of the curve as a PP(E)-module

0123

015 = total: 1 551

0: 1

1:

2:

3: .

4: . 4 . .

5: .11 .

6: 4 .

T:

8:

9:

10: 1

In particular we see that (ay,...,a5) and (by,...,bs5) satisfy the balancing condition since
a1+ ...+a5=2g9g—12and a; + b; = f — 2.
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Computation 2 We verify that v(41) induced by the 4 x 1 submatrix ¥4 of ¥ has a
6-dimensional kernel. The map 41 is given as the composition

/\F G%>/\F®F4 /\F

In the following we denote by sv:i= W 4)(s) and by tv:= Wy)(t), where {s,t} is a basis of
G = H(Ops)(R)).

i1 : R=QQ[sp_1,sp_2,sp_3,tp_1,tp_2,tp_3,s2p,stp,t2p,SkewCommutative=>true];
sv=transpose matrix{{sp_1,sp_2,sp_3,stp}t};
tv= transpose matrix{{tp_1,tp_2,tp_3,t2p}};
stv=sv|tv;

i2 : rels= syz(basis(4,R)**stv);
tally degrees source rels

02 = Tally{{4} => 6 }
{5} => 1988

We conclude that 141y has a 6-dimensional kernel.

Computation 3 We consider the case of a 5-gonal canonical curve of genus 13. For a
general choice of U, we show that none of the entries of the skew-symmetric matrix ¥ can
be made zero, by suitable row and column operations that respect the skew-symmetric
structure of W. Without loss of generality we try to make the entry W,; zero, i.e., we have
to find a matrix A of full rank, with entries as indicated below

GL(LK) | H(Gps)(R))
A”( 0 CL(LY) )

such that (A'WA)us = 0.
The entry (A'WA),s is given by pW\, where = (198 + puit + pio + ... + p5) is the 4" row
of A® and A = (Ags + M\t + A2 + ... + A5)! is the 5 column of A.

il : kk=ZZ/12347,
e={3,2,2,2};--the type of the scroll
degs={2:{0,1},apply(0. .#e-1, i->{1,max e-e_i})};
T=kk[s,t,p_0..p_3,Degrees=>degs] ;--the cox ring
Z=kk[1_0..1_5,m_0..m_5]; --coefficientring
ZT=Z[s,t,p_0..p_3,Degrees=>degs] ;

i2 : psi’=random(T~{1:{1,1},4:{1,2}},T"5);
Psi=sub(psi’-transpose psi’,ZT);
lambda=matrix{{1_O*xs+1_1%t,1_2..1_5}};
mu=matrix{{m_O*s+m_1*t,m_2..m_5}};
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B. Computations

i3 : --this entry has to be made zero:
Psi41l= (mu*Psix(transpose lambda))_(0,0);

In the next step we compute the ideal I, generated by relations on the p; and A;. Since
the matrix A must have full rank we have to ensure that

((fo = oot p15), (Ao 2o 2 A5)) & Apsyps .

On the other hand we exclude solutions induced by the skew-symmetry of ¥ by claiming

2 R 1 A
thatrank()\2 )\5>—2.

i4 : HOHR=basis({1,2},T);--basis of H~0(H-R)
use Z
Irels=sub(ideal flatten {apply(9,i->coefficient(HOHR_(0,i),Psi41))},Z);
-- ideal generated by the relations in lambda and mu
Idiag=minors(2, matrix apply(6, i->{1_i,m_i}));--projective diagonal

i5 : Isols=saturate(Irels, Idiag)

ob=ideal (m , m , m , m, 1,1 ,1,1)
5 4 3 2 5 4 3
It follows that rank ( /;2 ’l)f5 > < 2 and therefore none of the entries of ¥ can be
g e 5

made zero.

Computation 4 We consider the case of a general 5-gonal curve of genus g = 41 satisfying
the balancing conditions. With notation as in Chapter |3| we have (aq, ...,a5) = (14, ..., 14)
and (by,...,b5) = (21, ...,21).

The map ¢ : (€)% = NP F&(SG)°> — (6.4)° = A* F®(D4G*)?, induced by the skew-
symmetric matrix U, determines the Betti number 3,1 m1ct1(C). We show that there are
no decomposable elements in the kernel of ¢. The map 1 is given as the composition

19

19 19
NF @ (SG) = \F®(56)° @ SiG @ DG — \F @ (8:G)° @ DiG”

19 20
< NF @ FP @ DiG* 2% (\ F)* @ D,G*

Recall that having a decomposable element in the kernel of this composition means that
there exists an f € A" F and an element g € (S,G) such that f A W(gg') = 0 for all
elements ¢’ € S,G.

Let {g}, ..., g5} be a basis of S,G. For the computation we use a brute force approach over
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the field k = Z/3 to show that the linear space F; C F' spanned by the entries of the 5 x 5
matrix (U(gg})|---|¥(ggs)) has at least rank 20 for all g € SoG. This means in particular,
that the composition has no decomposable elements in the kernel.

We first build a list L; containing all elements of S,G.

il

i2

i3

i4 :

. kk=ZZ/3;

e=(el,e2,e3,e4)=(10,9,9,9);--the type of the scroll X
degs={apply(0..#e-1, i->{1,max e-e_i}),2:{0,1}};
T=kk[p_0..p_3,s,t,Degrees=>degs];

: comb2Lists:=(L1,L2)->(--builds all combinations from lists L1 and L2

L:=unique flatten apply (#L1, j->apply(#L2, k->L1_j+L2_k));
>:=L|L1|L2;
unique L’ );

: Ni=apply(char(kk),i->ix(flatten entries basis({0,2},T))_0);

N2=apply(char(kk),i->i*(flatten entries basis({0,2},T))_1);
N3=apply(char (kk) ,i->ix(flatten entries basis({0,2},T))_2);

Li=unique comb2Lists(comb2Lists(N1,N2),N3);

In the next step we compute dimy F, for all g € (S2G)® and save the dimensions to a list.

i5 :

i6

i7

i9 :

09 :

S4G=flatten entries basis({0,4},T);--basis H~0(4R)
Psi’=random(T~{5:{1,3}},T~{5:{0,0}});
Psi=Psi’-transpose Psi’;--the generic skew-symmetric matrix Psi

: vecl=apply (#L1,i->transpose matrix{{L1_1,0,0,0,0}});

vec2=apply (#L1,i->transpose matrix{{0,L1_1,0,0,0}});
vec3=apply (#L1,i->transpose matrix{{0,0,L1_i,0,0}});
vec4=apply (#L1,i->transpose matrix{{0,0,0,L1_i,0}});
vecb=apply (#L1,i->transpose matrix{{0,0,0,0,L1_i}});

: L={};

time for indexl from O to 5 do ( -- used 43546.8 seconds
for index2 from 0 to 5 do (
for index3 from 0 to 5 do (
for index4 from 0 to 5 do (
for index5 from 0 to 5 do (
vec=vecl_indexl+vec2_index2+vec3_index3+
vec4_index4+vech_index5;

A=matrix {apply(5,j-> Psi*S4G_j*vec)};
L=L|{rank source mingens minors(1,A)} ;
L=unique L ); ); ); ); )

{0, 20, 21, 22}
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