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Relative canonical embedding
Throughout this talk | denote by

D
71':CL>IP)1

a smooth non-hyperelliptic curve of genus g together with a
base point free complete pencil of divisors of degree d < g — 1.
The canonical embedding of C factors

\/

Pl X =P(&

through a P9~2-bundle over P! associated to
Twe = wpt © E,

where £ is a vector bundle of rank d — 1 and degree
f=g—d+1onP, hence slope 9594,




Maroni invariant

The splitting type € = O(e1) & ... & O(eq4-1) is called the
Maroni invariant of (C, | D|).

Theorem (Ballico)
For (C,|D|) € W;’d general, £ is balanced, i.e. |e; — ej| < 1.
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The splitting type € = O(e1) & ... & O(eq4-1) is called the
Maroni invariant of (C, | D|).

Theorem (Ballico)
For (C,|D|) € W;’d general, £ is balanced, i.e. |e; — ej| < 1.

PicX = ZH & ZR of X = P(£) is generated by the hyperplane
class H and the ruling R with intersection products

d—1
H'=> "¢ =fH"? R=1and R?=0.

i=1

The canonical class of X is wx = Ox(—(d —1)H + (f — 2)R.



Relative canonical resolution

Theorem (Schreyer, 1986)

C — P! a degree d cover by a curve C of genus g as above.

Then as an O = Ox-module O¢ has a locally free resolution of
shape

0+ Oc+ O« O(-2H)@7m*N1 + O(-3H) @ m*No + ...

= O(—(d=2)H) @ m*Ng_3 + O(—dH + (f — 2)R) + 0,
where the N; are vector bundles on P! of

d(d—2—i) (d—2
rank V; = ((i+1)l)(i—1)
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Theorem (Schreyer, 1986)

C — P! a degree d cover by a curve C of genus g as above.
Then as an O = Ox-module O¢ has a locally free resolution of
shape

0 Oc+ O+ O(—2H) @ m*Ny + O(=3H) @ m*No «+ ...
= O(—(d=2)H) @ m*Ng_3 + O(—dH + (f — 2)R) + 0,
where the N; are vector bundles on P! of

d(d—2—i) (d—2
rank \j = ((i+1)l)(i—1)

and slope p; = H19=9=1) (Bopp-Hoff, 2015).

Question
Are the vector bundles N balanced for (C, |D|) € W;’ g general?

Yes, if d|g — 1 (Bujokas, Patel, 2015).



Relative quadrics and N,

Theorem (Bopp-Hoff, 2015)

(C,|D]) € W} 4 — Mg general with Brill-Noether number
p=p(g,d,1) =g—2(g—d+1) > 0. Then N is unbalanced iff
7 23

- )22
(d—p 2)>4 2d.
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Relative quadrics and N,

Theorem (Bopp-Hoff, 2015)

(C,|D]) € W} 4 — Mg general with Brill-Noether number
p=p(g,d,1) =g—2(g—d+1) > 0. Then N is unbalanced iff

7., 23

ldea: The image of C — P(H%(wc(—D)) = P/~ lies on a
quadric iff C ¢ X is contained in divisor of class 2H — 2R. The
maximal rank conjecture holds for these curves P'~1. The
numerical condition gives the existence of a quadric. Can
compute h°(X, Jc/x(2H — 2R). Remains a summand N of \;
with slope < 1. So also a summand Op+ occurs.

Conjecture (Bopp-Hoff, 2015)
For general (C,|D|) € W, 4 and p = p(g,d, 1) < 0 the bundle
N7 is balanced.



Cubic Resolvent

Let C ¢ X — P! be a tetragonal defined over K. Then C c X is
a complete intersection of two quadric bundles and
N1 = O(by) ® O(bo) with by + bo = g — 5.

The cubic resolvent of the field ,
extension of function fields of de- \
gree [K(C) : K(t)] = 4 can \
be identified with the rank 2 IZSANN

quadrics of the pencil in each
fiber P2 ~ R.

Proposition (Casnati, 1998)

The cubic resolvent corresponding to the normal subgroup
D4 C S4 of index 3 is a trigonal curve C' of genus g + 1 (if
smooth) and Maroni invariant (e, €2) = (b1 + 2, ba + 2).




Resolvents

Conjecture (Castryck-Zhou, 2017)

C c X — P! be a 5-gonal of genus g defined over K.
No=0(by) @ ...®O(bs) = Hom(N7,O(f — 2)). The Cayley
resolvent corresponding to the subgroup Foy C Ss defines a
6-gonal curve of genus 3g + 7 (if smooth) with Maroni invariant
(by +4,...,bs +4).

Here,
Foo = AffineAut(Z/5Z).
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Resolvents

Conjecture (Castryck-Zhou, 2017)

C c X — P! be a 5-gonal of genus g defined over K.
No=0(by) @ ...®O(bs) = Hom(N7,O(f — 2)). The Cayley
resolvent corresponding to the subgroup Foy C Ss defines a
6-gonal curve of genus 3g + 7 (if smooth) with Maroni invariant
(by +4,...,bs +4).

Here,
Foo = AffineAut(Z/5Z).

A quintic equation f(x) = 0 for f € K[x] is solvable by radicals
iff its Cayley resolvent has a K-rational root.

Castryk and Zhou have further experimental findings for various
other resolvents associated to subgroups G C Sy.



A unbalanced case

Theorem (Bopp-Hoff, 2017)

Let(C,|D|) € ng, be a general curve of genus 9 together with
a general pencil of degree 6. Then

X = P(Op1 (1)%* @ Op1)

and the relative canonical resolution of O¢ as O = Ox-module
has shape

O(—2H + R)®®  O(—3H + 2R)®?
® ®
O« O(—2H)®3 O(=3H+R)®12 O(—4H+2R)®3 O(—6H+2R) « 0
®

®
O(—3H)®? O(—4H + R)®8

In particular, N = Op1(2)%2 & Op: (1)®12 & OFZ is unbalanced.
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A unbalanced case

Theorem (Bopp-Hoff, 2017)

Let(C,|D|) € ng, be a general curve of genus 9 together with
a general pencil of degree 6. Then

X =P(Opi(1)* @ Op)

and the relative canonical resolution of O¢ as O = Ox-module

has shape
O(—2H + R)®®  O(—3H + 2R)®?
® ®
O« O(—2H)®3 O(=3H+R)®12 O(—4H+2R)®3 O(—6H+2R) « 0
® ®
O(—3H)®? O(—4H + R)®*®

In particular, N = Op1(2)%2 & Op: (1)®12 & OFZ is unbalanced.
Unlike a balanced case, it is not possible to prove this by
exhibiting an example and a semi-continuity argument.

But we can study an example!



|dea of proof: Syzygy schemes
Consider a syzygy s:

O(—2H + R)®8
@ « O(=3H + 2R)
O(—2H)3®

h(Ox(H — R)) = 4 and h°(Ox(H — 2R)) = 0. So this syzygy is
really only a relation among 4 quadrics in HO((jC/X(ZH - R)),
and by [S. 1991] there exists a skew symmetric 5 x 5 matrix

Y = () with entries as indicate

H-R H—-R H—-R H-R

H—-R H H H
H—-R H H H
H—-R H H H
H—-R H H H

such that 4 of the 5 pfaffians are the given quadrics. All five of
them define a codimension 3 Gorenstein subscheme which
turns out to be a K3 surface Y C X.



The K3 surfaces
Indeed, by the Buchsbaum-Eisenbud complex,

wy = gXl'?((Oy,wX) =~ Oy and h1(0y) =0

|O(H)| embeds Y into P2 = PHO(Ox(1)). Hence |H| cuts out on
Y a family of curves of genus 8. The pencil |R| gives a pencil of
elliptic curves on Y of degree 5 and we also have C C Y. Thus
the intersection products of these curves on Y are

H C R

H/14 16 5
cl16 16 6 | =M.

R\5 6 O
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|O(H)| embeds Y into P2 = PHO(Ox(1)). Hence |H| cuts out on
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elliptic curves on Y of degree 5 and we also have C C Y. Thus
the intersection products of these curves on Y are

H C R
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cl16 16 6 | =m.
R(S 6 o)

Since we have pencil of syzygies
Nz = Op1(2)%2 @ Op1 (1)%12 @ 057

in our (randomly choosen) example, we expect that each each
pair (C, |D|) € WQ,,G give rise to a pencil of such K3 surfaces.



A dimension count

Let 7™ denote the moduli space of with M lattice polarized K3
surfaces, so Y € FMis atuple Y = (Y,Oy(H), Oy(C), Oy(R))

,P ~7 S (Y, C) syz. scheme (C, |D|, S)
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M We——= My Y (.o = ¢

with o(Y, C) = (C,|0¢(R)|)
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surfaces, so Y € FMis atuple Y = (Y,Oy(H), Oy(C), Oy(R))

,P ~7 S (Y, C) syz. scheme (C, |D|, S)
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with o(Y, C) = (C,|O¢(R)|) and dimensions

IR

?

26 : 7

| )

17=20-3 25 1.3g-3=24
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Lemma (Bopp-Hoff)
(Y,C) € P general, (C,|D|) € W§ 4 its image under . Then
1. Y c X and its Ox-resolution is an Buchsbaum-Eisenbud
complex with skew matrix as in the example above. In
particular N>(C, |D|) is unbalanced:

N2(C,|D|) = Op1 (2)%2 @ Op: (1)%70722 0 OF2 with a > 1

2. dmy=1(C,|D|) <a-1.
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Lemma (Bopp-Hoff)
(Y,C) € P general, (C, |D|) € W§ 4 its image under . Then

1. Y c X and its Ox-resolution is an Buchsbaum-Eisenbud
complex with skew matrix as in the example above. In

particular N>(C, |D|) is unbalanced:

N2(C,|D|) = Op1 (2)%2 @ Op: (1)%70722 0 OF2 with a > 1

2. dme~Y(C,|D))<a-1. = a>2

Existence of an example defined over Q with a =2
—> p is dominant and a = 2 holds generically.



Unirationality

birational
P<——S§ Corollary

Pgl X l[[ﬂ P and FM are unirational.

FM Wi — Mo
Proof. WQ,G is unirational by [Segre, 1926]: A general curve of
genus g = 9 has a plane model of degree 9 with one triple and
16 double points. The projection from the triple points gives the
the pencil of degree 6. Indeed,

(9;1)—3—16:9and <922>—6—16-3:1.

Thus 17 = 1 + 16 general points in P? specifies a pair (C, |D|)

uniquely. O]



The plane curve

Take the triple point defined by the ideal (xq, x2), the sixteen
points by their Hilbert-Burch matrix which we choose randomly
with 1 digit coefficients. This leads to a plane curve C defined
by the form
3549180113610650769852828282x5 X3
+12437841122969862659855877617 x5 x{

+15128331754868925694025936322x7 X2

+2606113043968937878067116160x; x5
—10421620382871944537762454144 X3

and (logarithmic) height = 2534.47, i.e. binary Information
about 2534 bits.



The family of K3 containing C

It is no surprise that C is contained in a K3 surface. Actually the
linear system |wg(—D)| embeds

C—P

and C c P2 is contained in a net (a P? ) of quartics. The general
such quartic has Picard rank 2 generated by the hyperplane
class and the curve C. (Reality check: 25+2 — 9 = 18)



The family of K3 containing C

It is no surprise that C is contained in a K3 surface. Actually the
linear system |wg(—D)| embeds

C—P

and C c P2 is contained in a net (a P? ) of quartics. The general
such quartic has Picard rank 2 generated by the hyperplane
class and the curve C. (Reality check: 25+2 — 9 = 18)

Inside this P2 the rational curve of our Y’s form a
Noether-Lefschetz component, which turns out to be a nodal
cubic curve.



Equation of the NL-cubic:
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458717768834722142550750486198746484737221935439153087032777702641659359221485187343666369
6184094623414450274032867073421458325146641140709286782190692326797111495173673363611565721
810367189532988715576394646044235374238719356062799470668516755276368910430680585723975162
620494106797434175535690709818736873856281545510996998952477935952166416107911286979634332
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649924611902122571533024843911734940788274156628328450065403914338014068561977549982410244

9946478464985541X2

which has (logarithmic) height = 21241.81.
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which has (logarithmic) height = 21241.81.

16 pts | plane mod. | adj. syst. | rel. can. egs. 5x5 K83 surf.

227.2 2534.4 2225.0 61387.5 216991 | 71717.7




The nodal point

For (C,|D|) general, the node of the cubic corresponds to a K3
surface of Picard rank 4 and lattice

h C L L
h /4 10 1 1
cl10 16 0 0
L1 o —2 o
L\1 0 0 -2

where h~ H; — Rijand H;~ C— L;, hence R~ C— L; — h.

Theorem (Bopp-Hoff)
Wg,,e is birational to the universal family PN of genus 9 curves
over the lattice polarized moduli space of K3 surfaces FN.

=N
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Thank you!



