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Exercise 1
Given polynomials f1, . . . , fr ∈ Z[x1, . . . , xn], consider the
ideal I0 ⊂ Q[x1, . . . , xn] generated the fi’s and for a finite
prime field Fp = Z/(p) the ideal Ip ⊂ Fp[x1, . . . , xn] gener-
ated by the polynomials fj obtained by coefficient reduction
mod p. Prove that for all but finitely many primes p the
initial ideals in(I0) and in(Ip) are minimally generated by
the same set of monomials.

Exercise 2
Let P = K[x1, . . . , xn] denote the polynomial ring over a
field K.

(1) Prove the division algorithm for a system of polyno-
mial vectors f1, . . . , fr ⊂ P s with respect to a global
monomial order > on P s.

(2) Define Gröbner basis and formulate Buchberger’s cri-
terion for submodues I ⊂ P s!

Exercise 3
Consider the ideal I ⊂ K[x1, . . . z5] generated by the 3 × 3
minors of the matrixx1 x2 x3 x4 x5

y1 y2 y3 y4 y5
z1 z2 z3 z4 z5


Compute a free resolution of P/I as a P -module and the
dimension dimV (I).
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Exercise 4
Let R = K[x1, . . . , xn]/I be a finitely generated (commuta-
tive) K-algebra and consider an R-module homomorphism
ϕ : Rr → Rs defined by an s × r matrix A = (aij) with en-
tries in R. Design an algorithm which computes generators
of kerϕ.
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