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Exercise 1. Let f = adx
d+. . .+a0 and g = bdx

e+. . .+b0 ∈
K[x] and let

f = ad(x− α1) · · · (x− αd), g = be(x− β1) · · · (x− βe)
be factorizations over some extension field L ⊃ K. Prove:
The resultant satisfies the formulas

R(f, g) = aed g(α1) · . . . · g(αd)

= (−1)debde f(β1) · . . . · f(βe)

= aedb
d
e

∏
1≤i≤d
1≤j≤e

(αi − βj)

Hint: Multiply the Sylvester matrix with the Vandermonde
matrix 

βd+e−1
1 . . . β2

1 β1 1
... ...

βd+e−1
e . . . β2

e βe 1
αd+e−1
1 . . . α2

1 α1 1
... ...

αd+e−1
d . . . α2

d αd 1


Exercise 2. Prove:

R(f1f2, g) = R(f1, g)R(f2, g)

for f1, f2, g ∈ K[x].

Exercise 3. A monomial ideal J ∈ K[x0, . . . , xn] is called
Borel-fixed if for m ∈ J a monomial and xi a variable di-
viding m the monomial xj

xi
m ∈ J for every j < i. Prove:
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The syzygy algorithm computes the minimal free resolution
in case of a Borel fixed ideal J .

Exercise 4. An alternative way to present the Hilbert func-
tion is via its generating series. The Hilbert series of a finitely
generated graded S = K[x0, . . . , xn]-moduleM is defined by

HM(t) =
∑
d∈Z

hM(d)td ∈ Z[[t]][t−1].

Prove: HM is a rational function, more precisely

HM(t) =

∑
j

∑
i(−1)iβijtj

(1− t)n+1
.
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