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Exercise 1 (1.2.2). Let k be an infinite field, and let f ∈ k[x1, . . . , xn] be a polynomial. If
f is nonzero, show that the complement An(k) \ V(f) is an infinite set. Conclude that f is
the zero polynomial iff the polynomial function f : An(k)→ k is zero.
Hint. Proceed by induction on the number n of variables. To begin with, recall that a nonzero
polynomial in one variable has at most finitely many roots.

Exercise 2 (1.3.3). Let I, Ik, J, Jk, K be ideals of R, for 1 ≤ k ≤ s, and let g ∈ R. Show:

(1) I : J = R ⇐⇒ J ⊂ I.

(2)

(
s⋂

k=1

Ik

)
: J =

s⋂
k=1

(Ik : J).

(3) I :

(
s∑

k=1

Jk

)
=

s⋂
k=1

(I : Jk).

(4) (I : J) : K = I : JK.

(5) I : gm = I : gm+1 =⇒ I = (I : gm) ∩ 〈I, gm〉.

Exercise 3 (1.5.4).

(1) Show that every polynomial f ∈ k[x, y, z] has a representation of type

f = g1(y − x2) + g2(z − x3) + h,

where g1, g2 ∈ k[x, y, z] and h ∈ k[x].
(2) Let k be infinite, and let C = V(y−x2, z−x3) ⊂ A3(k) be the twisted cubic curve

in A3(k). Show that
I(C) = 〈y − x2, z − x3〉.

Hint. To obtain the representation in part 1, first suppose that f is a monomial. For part
2, use that C can be parametrized:

C = {(a, a2, a3) | a ∈ k}.

Exercise 4 (1.5.5). Let k = R, and let

C = {(a2 + 1, a3 + a) | a ∈ R} ⊂ A2(R).

Show that I(C) = 〈y2 − x3 + x2〉, and conclude that C = C ∪ {(0, 0)}.


