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Exercise 1 (3.1.5). Consider the ideal

I = 〈xy(x+ y) + 1〉 ⊂ F2[x, y].

Determine coordinates in which I satisfies the extra hypothesis of the projection theorem.
Show that the extra hypothesis cannot be achieved by means of a linear change of coordi-
nates.

Exercise 2 (3.1.8). Check that the polynomials

f1 = x3 − xz, f2 = yx2 − yz ∈ k[x, y, z]

form a lexicographic Gröbner basis. Conclude that V(f1, f2) ⊂ A3 projects onto the yz-plane.
Determine the points of the yz-plane with 1,2, and 3 preimage points, respectively.

Exercise 3 ((3.2.6) - Integrality Criterion for Affine Rings).
Let I be an ideal of k[x1, . . . , xn], and let f 1 = f1 + I, . . . , fm = fm + I ∈ k[x1, . . . , xn]/I.
Consider a polynomial ring k[y1, . . . , ym], the homomorphism

φ : k[y1, . . . , ym]→ S = k[x1, . . . , xn]/I, yi 7→ f i,

and the ideal
J = I k[x,y] + 〈f1 − y1, . . . , fm − ym〉 ⊂ k[x,y].

Let > be an elimination order on k[x,y] with respect to x1, . . . , xn, and let G be a Gröbner
basis for J with respect to >. By Proposition 2.5.12 the elements of G ∩k[y] generate kerφ.
View R := k[y1, . . . , ym]/ kerφ as a subring of S by means of φ. Show that R ⊂ S is integral
iff for each i, 1 ≤ i ≤ n, there is an element of G whose leading monomial is of type xαi

i for
some αi ≥ 1.

Exercise 4 (3.2.11). If R is a ring, show that its nilradical is the intersection of all the
prime ideals of R:

rad〈0〉 =
⋂

p⊂R prime

p.


