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Exercise 1. Show that Q[
√

2] := {a+b
√

2 | a, b ∈ Q} ⊂ R together with the two operations

+ :Q[
√

2]×Q[
√

2] −→ Q[
√

2], (a + b
√

2, c + d
√

2) 7→ (a + c) + (b + d)
√

2,

· :Q[
√

2]×Q[
√

2] −→ Q[
√

2], (a + b
√

2, c + d
√

2) 7→ (ac + 2bd) + (ad + bc)
√

2,

is a field. (Hint: in order to compute the inverse, use the third binomial formula and expan-
sion of fractions.)

Exercise 2 (Infimum und supremum). Let

M1 = {x ∈ Q | x2 < 2} ⊂ R and let M2 = {x ∈ Q | x2 > 2} ⊂ R.
Which of these sets has a supremum, which an infimum? What is the supremum/infimum
if existent?

Exercise 3 (Countability). Show that

(a) the set of all finite subsets of N is countable.
(b) the set of all subsets of N is uncountable.

Exercise 4 (Limits of series). Determine which of the following series are convergent and
compute their limits, if existent.

(a)
∞∑
n=0

3n

4n+1

(b)
∞∑
n=2

2

n2 − 1

(c)
∞∑
n=1

n + 4

n2 − 3n + 1


