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Exercise 1 (Continuity). Determine all points in R where the following function is conti-
nuous:

f(x) =


−x+ 1, x ≤ −1,

x2 + 5x+ 7, −1 < x ≤ 0,

x+ 7, x > 0.

Exercise 2. Let x0 ∈ R and let f : R→ R be a function.

(i) ∃δ > 0 ∀ε : ∀x with |x− x0| < δ ⇒ |f(x)− f(x0)| < ε,
(ii) ∀ε > 0 ∃δ : ∀x with |x− x0| < δ ⇒ |f(x)− f(x0)| < ε,

(iii) ∃ε ∀δ > 0 : ∀x with |x− x0| < δ ⇒ |f(x)− f(x0)| < ε,
(iv) ∀ε > 0 ∀δ : ∀x with |x− x0| < δ ⇒ |f(x)− f(x0)| < ε,
(iv) ∀ε > 0 ∀x ∃δ : |f(x)− f(x0)| < ε⇒ |x− x0| < δ.

(a) Reformulate the five statements colloquially.
(b) Provide all implications between the following five statements. Give examples of

functions which show that there are no further implications.

Exercise 3 (Addition theorem for sin and cos).

(a) Show that for all n ∈ N there exist polynomials pn(x, y) and qn(x, y) in two variables
x, y with real coefficients such that

sin(nt) = pn(sin(t), cos(t)) and cos(nt) = qn(sin(t), cos(t))

for all t ∈ R.
(b) Compute pn(x, y) and qn(x, y) for n = 2, 3, 4.

Exercise 4. A cord is stretched between two walls in a room. Now the cord is released on
both sides and somehow thrown into the middle of the room. Show that there is a point on
the cord with the same distance to the walls as before.


