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Exercise 1 (Continuity). The three functions f, g, h : R→ R are defined as follows:

f(x) =

{
x, x ∈ Q,

1− x, x 6∈ Q,

g(x) =

{
1, x ∈ Q,

0, x 6∈ Q,

h(x) =

{
1
q
, x = p

q
∈ Q\{0} with p, q ∈ Z coprime, q > 0,

0, x ∈ R\Q ∪ {0}.

Show that f is only continuous in 1
2
, g is nowhere continuous and h is exactly continuous in

all irrational x and in zero.

Exercise 2 (Continuous functions).

(a) Does there exist a continuous function f : R→ R that takes each of its values exactly
twice?

(b) Does there exist a continuous function f : R→ R that takes each of its values exactly
three times?

Exercise 3 (Product rule). Let D ⊂ R and let f, g : D → R be two n-times differentiable
functions. Show that

(f · g)(n) =
n∑

k=0

(
n

k

)
f (n−k) · g(k).

Exercise 4 (Multiple zeros). For which values a, b ∈ R exists a double zero of f(x) =
x3 − ax + b (i.e., an x0 with f(x0) = f ′(x0) = 0)? For which values a, b exist exactly one,
two or three real zeros of f , respectively?

We wish you a Merry Christmas and a Happy New Year!!!


