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Exercise 1 + 2. Consider the ring extension

R = R[e2, e3] ↪→ T = R[t1, t2]

defined by e2 7→ t1t2 − (t1 + t2)
2, e3 7→ t1t2(−t1 − t2).

(1) Prove that S = R[t1] ∼= R[x]/(x3 + e2x + e3) and conclude that

R ⊂ S ⊂ T

is a tower of finite extensions.
(2) Compute the degrees of the field extensions

Q(R) ⊂ Q(S) ⊂ Q(T ).

(3) Let (b2, b3) ∈ A2(R) be a point. How many maximal ideals P in S can lie over the
maximal ideal of p = (e2 − b2, e3 − b3). How many maximal ideals P′ in T can lie
over p.

(4) What residue fields S/P and T/P′ occur?

Exercise 3. Consider the ideal I ⊂ K[x0, . . . , xn] generated by the 2 × 2 minors of the
matrix (

x0 x1 . . . xn−1
x1 x2 . . . xn

)
Compute dimV (I).

Exercise 4. Let p1 ⊂ p2 be prime ideals of K[x1, . . . , xn] and let Aj = V (pj) ⊂ An be the
corresponding varieties. Prove that dimA1 = dimA2 implies p1 = p2.


