ON EXPLICIT VERSIONS OF TARTAKOVSKI’S THEOREM

RAINER SCHULZE-PILLOT

Herrn Professor Erich Lamprecht zum 75. Geburtstag

Abstract. We give an explicit bound for representation of numbers by quaternary integral positive definite quadratic forms

Introduction

Let q(x_1, . . . , x_m) = ∑_m i,j=1 aij xixj be an integral positive definite qua-

dratic form in m ≥ 4 variables. A famous theorem of Tartakovski states that any sufficiently large positive integer a for which the congruence q(x_1, . . . , x_m) ≡ a mod c is solvable for all c ∈ Z with integral coprime x_1, . . . , x_m is represented (primitively) by the form q. This can be proved using the Hardy-Littlewood circle method or using modular forms; an arithmetic proof has been given in [7], [6].

It is well-known that the result is effective, i.e., that one can specify a constant C(q) depending on q such that all a ≥ C(q) are sufficiently large in this sense. Such explicit versions have (for m ≥ 5) been discussed by Watson [9] and by Hsia/Icaza ([6]) and for m = 4 in [2, 3].

It is therefore in principle possible to decide in finitely many steps which numbers outside the finitely many arithmetic progressions that are excluded by the congruence conditions above are represented (primitively) by the form. Nevertheless it is in general not feasible to do this using a computer since the size of the constant C(q) is either unknown or too large for practical purposes.

In this note we try therefore to get as good and as explicit as possible estimates on the size of the constant C(q) using the modular forms method in the case m = 4. The approach is essentially that of [2, 3], taking care to evaluate constants explicitly.

1991 Mathematics Subject Classification. 11E45, 11F27, 11E25. Part of this work was done during a stay at the IAS, Princeton, supported by Bankers Trust Fund. 1

1. Cusp form estimates

Let V be a vector space of dimension m over Q, equipped with the positive definite quadratic form q : V −→ Q with associated symmetric bilinear form B(x, y) = q(x + y) − q(x) − q(y), M ⊆ V a lattice of rank m with q(M) ⊆ Z. The p-adic completions M ⊗_Z Z_p are also denoted by M_p, with M_∞ = V ⊗_Q R = V_∞.

A positive integer n admits (primitive) solutions to the congruence q(x) ≡ n mod c (with x ∈ M) for all integers c if and only if n ∈ q(M_p) for all p (respectively n is represented primitively by all M_p); the set of these numbers is also the set of numbers represented (primitively) by some form in the genus of M (for short: by the genus of M) and is denoted by q (gen M) (resp. q^∗ (gen M) for primitive representations).

The theta series of (M, q) is given by ϑ(M, q, z) = ∑ x∈M exp(2πiq(x)z), the genus theta series by ϑ(gen M, q, z) = ∑ {K}∈gen M ϑ(K, q) |O(K, q)| ∑ {K}∈gen M 1 |O(K, q)| −1 , where the summation runs over a set of representatives of the (finitely many) isometry classes in the genus of M and where O(K, q) = {φ ∈ Aut(V ) | φ(K) = K, q(φ(x)) = q(x) for all x ∈ V } is the group of units (integral automorphs) of (K, q). It is known that ϑ(M, q, z) is a modular form of weight k =^m_2 and character χ(d) = (^{(−1)m/2 det M}_d ) for the group Γ_0(N). Here N is the level of M, i.e., N^{−1}Z = q(M^#)Z, where M^# = {y ∈ V | B(y, M) ⊆ Z} is the dual lattice of M, and D := det M is the determinant of the Gram matrix A = (B(e_i, e_j)) of M relative to some basis {e_1, . . . , e_m} of M. It is also known (although not trivial for N > 1) that ϑ(gen M, q, z) − ϑ(M, q, z) =: h(z) is a cusp form. By Siegel’s theorem g(z) := ϑ(gen M, q, z) is a linear combination of Eisenstein series, and its Fourier coefficients r(gen M, q, n) =: a_g(n) (the average numbers of representations of n by gen M) can be computed as products of local densities measuring the number of congruence representations of n modulo high powers of the primes p.

We specialize now to m = 4 and let {f_1, . . . , f_r} be an orthonormal basis of S_2(Γ_0(N), χ), where each f_i is of the form f_i = f^′_i |_2( (_{N ′′} 0 0 1 ) ), where f^′_i is a newform for Γ_0(N^′) for some N^′|N and N^{′′} is a divisor of^N_{N ′} . Orthonormality is understood with respect to the normalized Petersson inner product ⟨f, f⟩ = 1 (Γ(1) : Γ_0(N)) ∫ F_0(N) f(z)g(z)dxdy, where F_0(N) is a fundamental domain for Γ_0(N). The following Lemma is essentially due to Fomenko [2].

Lemma 1.1. With the notations from above one has ⟨h, h⟩ ≤ 0.008777N^5 Proof. (See [2]). We notice that the Fourier coefficient α_F (n; x_0) at exp(^{2πinz}_N ) of the series ϑ(M, x_0, q; z) = ∑ x∈x_0+M exp(2πiq(x)z) for

x_0 ∈ M^# is not larger than 2^4 · (^n_N )^2 ·^{1√}_D ; this is most easily seen by comparison with the algorithm given in 3.11 of [8]; the same estimate does of course hold for the average of this quantity over a genus and hence for the Fourier coefficients of h. The Fourier coefficient at exp(2πi^{nz}_N ) in the series denoted by S(τ|L^{(j)}) (j = 1, 2) in [2] is therefore estimated by 2^4(^n_N )^{2 1√}_D . We split the sum ∞∑ n=1 ∫_∞ √ 3 2 ( n N )^4e^{−4πny/N} dy = N 4π ∞∑ n=1 1 N ( n N )^3 exp(−2π √ 3 n N ) up as N 4π 2N∑ n=1 1 N ( n N )^3 exp(−2π √ 3 n N ) + N 4π ∞∑ n=2N+1 1 N ( n N )^3 exp(−2π √ 3 n N ) and interpret the term 1 4π ∞∑ n=2N+1 1 N ( n N )^3 exp(−2π √ 3 n N ) as a Riemann sum which we estimate by 1 4π ∫_∞ 2 x^3 exp(−2π √ 3x)dx < 0.2375 · 10^{−10}.

The remaining term 1 4π 2N∑ n=1 1 N ( n N )^3 exp(−2π √ 3 n N ) is ≤ 3.42848 · 10^{−5} (and tends to 3.404 . . . · 10^{−5} for N tending to infinity), and we obtain for the integral (3) on p. 1374 of [2] the estimate

2^8

D · 3.4285 · 10^{−5} · N^2 ≤ 0.008777 ·^{N 2}_D . As in [2] this leads to ⟨h, h⟩ ≤ N^8 · 0.008777 · ∏ p|N (1 −^1_{p2} )/N^3 ∏ p|N (1 −^1_{p2} ) ≤ N^5 · 0.008777

(here N^3 ∏ p|N (1 −^1_{p2} ) is the index (Γ(1) : Γ(N)).

We can do quite a bit better if the level N happens to be square free:

Lemma 1.2. Let the level N of (M, q) be square free. Then with the notations from above one has ⟨h, h⟩ ≤ 0.00877N (1) Proof. It is well known (see e.g. [1]) that a set of representatives of Γ_0(N)\Γ_0(^N_p ) for p | N can be chosen to consist of 1_2 and the matrices w_p ( 1 j 0 1 )

where w_p is a matrix that is congruent to (^{0 −1}_{1 0} ) modulo p and congruent to 1_2 modulo the other primes ℓ dividing N, and where j runs through 0, . . . , p − 1. Iterating this we obtain a set of representatives of Γ_0(N)\SL_2(Z) consisting of the matrices w_N ′ ( 1 jN/N^′ 0 1 )

for the N^′ | N, where w_N ′ is congruent to 1_2 modulo N/N^′ and congruent to (^{0 −1}_{1 0} ) modulo N^′ and where j runs through a set of residues modulo N^′. For L in the genus of M it is known that ϑ(L, q, ·)|_2w_N ′ = c(N^′) 1 D^{1/2}_N ′ ϑ(L^{#,N ′} , q, ·) with a constant c(N^′) of absolute value 1, with L^{#,N ′} = L^# ∩ Z[^1_{N ′} ]L , and with D_N ′ denoting the N^′-part of the discriminant D of (L, q) (i.e., D_N ′ is divisible only by the primes dividing N^′ and D = D_N ′ D_{N/N} ′ ). The Fourier coefficient at exp(2πinz/N^′) of h|_2w_N ′ is estimated as above to be ≤ 2^4(n/N^′)^2 √ D_N ′ , and the integral over a fundamental domain for Γ_0(N) of |h|^2 becomes (in the same way as above) ≤ 0.008777σ_2(N) (where σ_2(N) = ∑ d|N d^2 as usual). Dividing by the index σ_1(N) of Γ_0(N) in SL_2(Z) we obtain the asserted estimate.

Lemma 1.3. With the notations from above let h = r∑ j=1 α_jf_j with α_j ∈ C .

Then r∑ j=1 |α_j |^2 ≤ 0.008777 · N^5.

If N is square free we have r∑ j=1 |α_j|^2 ≤ 0.008777 · N.

Proof. Immediate from ⟨h, h⟩ = ∑_r j=1 |α_j|^2 and the above Lemmas.

Lemma 1.4. For the basis vectors f_j ∈ S_2(Γ_0(N), χ) let

f_j(z) = ∞∑ n=1 a_{fj} (n) exp(2πinz). Then

|a_{fj} (n)| ≤ n^{1/2}σ_0(n) · 1898.27 · N^{1/2} √∏ p|N (1 + 1 p ) where σ_0(n) = ∑ 1≤d|n 1 is the number of positive divisors of n.

Proof. If f_j is a newform one has |a_{fj} (n)| ≤ n^{1/2}σ_0(n)|a_{fj} (1)| by Deligne’s estimate, if f_j = f^′_j| (_{N ′′} 0 0 1 ) with a newform f^′_j of level N^′|N and N^′N^{′′} | N we have |a_{fj} (n)| = |a_f ′_j ( n N^{′′} )| ≤ ( n N^{′′} )^{1/2}σ_0( n N^{′′} )|a_f ′_j (1)|. To prove our estimate it suffices hence to show

|a_{fj} (1)| ≤ 1898.27N^{1/2} · √∏ p|N (1 + 1 p ) for a newform f_j with ⟨f_j , f_j⟩ = 1 of level N. By the Main Theorem of [4] there is an effective constant c_2 with |a_{fj} (1)|^2 ≤ c_2 max(N^{1/2}, log(2N + 1)).

Since it seems to be rather difficult to make this constant explicit and since it appears to be quite large, we prefer (with applications to moderate N in mind) to follow [2] (an ineffective estimate |a_{fj} (1)| ≤ c_3(ϵ)N^ϵ for any ϵ > 0 has been given in [3] and in [5, 4]).

As in Lemma 2 of [2] we see (keeping in mind that we use the normalized Petersson product)

|a_{fj} (1)|^2 ≤ 4πe^{4π} · N ∏ p|N (1 + 1 p ), hence

|a_{fj} (1)| ≤ 1898.2685·N^{1/2} √∏ p|N (1 + 1 p ).

Lemma 1.5. For the Fourier coefficients a_h(n) of h the estimate

|a_h(n)| ≤ 51.3382 N^{7/2} · n^{1/2}σ_0(n) √∏ p|N (1 + 1 p ) holds.

If N is square free, one has

|a_h(n)| ≤ 51.3382 N^{3/2} · n^{1/2}σ_0(n) √∏ p|N (1 + 1 p ) Proof. We have

|a_h(n)|^2 = | ∑_r j=1 α_j a_{fj} (n)|^2 ≤ ∑_r j=1 |α_j|^2 ∑_r j=1 |a_{fj} (n)|^2 ≤ 0.008777 · N^5 · n · σ_0(n)^2 ·^{N 2}_{12} · ∏ p|N (1 +^1_p ) · 4πe^{4π}, hence

|a_h(n)| ≤ 51.3382 · N^{7/2} · n^{1/2}σ_0(n) √∏ p|N (1 + 1 p ). The estimate in the case of square free N follows in the same way.

2. Bounds for representation of numbers By Siegel’s mass formula (see [7]) we can write the Fourier coefficients of the Eisenstein series g as

a_g(n) =

4π^2 6 ∏ p α_p(n) where

α_p(n) = (2n)_p · (1 − ( D p )p^{−2}) ∑ p^j |n ( D p^j )p^{−j} (with (2n)_p = p^μ if p^μ‖2n)

holds for p ̸|N. In general we have (with p^{r−1}‖N) the primitive density α^∗_p(n) = (2n)_pp^{−3r}(D_p)^{1/2} | {x ∈ M_p/p^r·M^#_p | p^{−1}x ∉ M_p, q(x) ≡ a mod p^r} and α_p(n) = ∑ p^{2j} |n α^∗_p( n p^{2j} ). Lemma 2.1. We put

c_4(n, q) := ∏ p|N α_p(n) (2n)_p(1 − p^{−2}) . Then one has a_g(n) ≥ 8nc_4(n, q) ∏_{p|̸N} p|n (1 + (^D_p )p^{−1}) ≥ 8φ(n)c_4(n, q). Moreover, one has c_4(n, q) ≥ N^{−1/2} ∏ p|N (1 −^1_p ) ∏_{p|N} p2|D 2·(N)^{−1}_p (p^2−1)(1−^1_p )

≥ max(N^{−3/2} ∏ p|N 2 (p^2−1) , D −7/4). If N is square free, one has c_4(n, q) ≥ N^{−2} ∏ p|N 2 1 + p

with c_4(n, q) ≥ N^{−1/2} ∏ p|N 1 1 +^1_p if D is square free.

Remark 1. a) The bound on c_4(n, q) in Lemma 2.1 is extremely coarse. If one wants to compute the numbers represented by q explicitly using a computer it is much better to compute the^{αp(n)}_{(2n)p(1−p−2)} for the p|n explicitly for all distributions of p-adic orders ord_p(n) and p-adic square classes of n for the p|N; note that it will suffice to do this up to ord_p(n) ≥ ord_p(N) + 1.

b) In the special case that the level N of (M, q) is square free we have more precisely the following bounds for the p-factor of c_{4,p}(n, q) of c_4(n, q) : • c_{4,p}(n, q) ≥ p^{−1/2}(1 + 1 p )^{−1}

if D_p = p • c_{4,p}(n, q) ≥ 2p^{−3}(1 + 1 p )^{−1}

if D_p = p^2

• c_{4,p}(n, q) ≥ p^{−3/2}(1 + 1 p )^{−1}

if D_p = p^3 In most cases the actual value of c_{4,p}(n, q) is larger.

Proof of Lemma 2.1. One has to calculate the local primitive densities α^∗_p(n) in the possible cases and find a common estimate. For p ̸|N we estimate α_p(n) from below by

(2n)_p(1 − ( D p )p^{−2} · { 1 if p ̸|n 1 + (^D_p )p^{−1} if p|n

Bounding ∏ p|̸N (1−( D p )p^{−2}) ∏ p|N (1−p^{−2}) from below by ∏ p(1−p^{−2}) = (ζ(2))^{−1} =^6_{π2} we obtain the estimate for a_g(n) in terms of c_4(n, q) as asserted.

For estimating the p-factor of c_4(n, q) for p|N the worst case turns out to be the case in which the unimodular component of M is 1- dimensional. In this case we get a lower bound of

2 · p^{− 32 r−2} · 1 (1 − p^{−2}) , which gives rise to the general bound asserted in the Lemma. The bounds given in the square free case are proved in the same way.

Lemma 2.2. One has a_g(n) ≥ 8φ(n)N^{−3/2} ∏ p|N 2 (p^2−1)

≥ 8^n_{log n} N^{−3/2} ∏ p|N 2 (p^2−1) ,

the latter inequality being true for n > 30.

Proof. The first inequality is obvious from Lemma 2.1, the second follows from φ(n) ≥^n_{log n} for n > 30, which is easily proved. A bound that is sharper for large n can be obtained by deriving an explicit constant in the well known estimate φ(n)/n ≥ C · (log log n)^{−1}.

Theorem 2.3. Let n be primitively represented by all M_p. Then n is represented by M if φ(n) n^{1/2}σ_0(n)

≥ 6.418 · N^5 ∏ p|N p^2 − 1 2 · √∏ p|N (1 + 1 p ) holds, and where we have φ(n) ≥^n_{log n} for n > 30. If the level N is square free, one has the bound φ(n) n^{1/2}σ_0(n)

≥ 6.418 · N^{9/2} ∏ p|N (1 +^1_p )^{3/2} 2 If D = det M is square free one has the even better bound φ(n) n^{1/2}σ_0(n)

≥ 6.418 · N^2 · ∏ p|N (1 + 1 p )^{3/2}.

Proof. This follows from the lemmas given.

Remark 2. a) The result obtained in the case of square free level is quite reasonable in the N-aspect for moderate N, if one takes into account the fact that the estimate for the local densities that has been used here is far from optimal (if the determinant D is not square free) and can be replaced by a precise calculation for each individual case studied. The key point for further improvement in the case of not square free level appears to be Lemma 1.1., whereas an explicit version of the result of [4] promises only little improvement, in particular since it is likely to lead to a worse constant in the estimate. b) The real bottleneck for practical applications is the number of divisors σ_0(n) appearing in the theorem, even though it is asymptotically O(n^δ) for all δ > 0. For n around 10^{10} (e.g., n = 8031343320 = 2^3 · 3^3 · 5 · 7 · 11 · 13 · 17 · 19 · 23) it can at least be as large as 2048, which gives a quotient √ n/σ_0(n) of about 50 (or 43.76 in the case mentioned).

Even for numbers around 10^{12} this quotient can still be as small as 173.

References

[1] S. Böcherer, J. Funke, R. Schulze-Pillot: Trace Operator for Modular Forms.

J. Number Theory 78 (1999), no. 1, 119–139.

[2] O.M. Fomenko, Estimates of the Petersson inner product with application to the theory of quaternary quadratic forms. Sov. Math. Dokl. 4 (1964), 1372– 1375.

[3] O.M. Fomenko, Estimates of Petersson’s inner squares of cusp forms and arithmetic application. J. Sov. Math. 53 (1991), 323–338.

[4] D. Goldfeld, J. Hoffstein and P. Lieman, Appendix: An effective zero free region. Ann. of Math., II. ser. 140 (1994), 177–181.

[5] J. Hoffstein and Lockhart, Coefficients of Maaß forms and the Siegel zero. Ann.

Math. II. Ser. 140 (1994), 161–176.

[6] J.S. Hsia and M.I. Jcaza, Effective version of Tartakowsky’s theorem. Acta Arith. 89 (1999), 235–253.

[7] M. Kneser, Quadratische Formen, Vorlesungsausarbeitung. Göttingen 1974. [8] J. Pohst and H. Zassenhaus, Algorithmic Algebraic Number Theory. Cambridge University Press, Cambridge 1989.

[9] G.L. Watson, Quadratic diophantine equations, Phil. Trans. Roy. Soc. London Ser. A 253 (1960), 227–254.

Eingegangen am 1. 2. 01 Author’s address: Rainer Schulze-Pillot FR 6.1 - Mathematik Universität des Saarlandes Postfach 15 11 50 D-66041 Saarbrücken schulzep@math.uni-sb.de Eine revidierte Fassung ging am 25. 5. 01 ein