ON THE CENTRAL CRITICAL VALUE OF THE TRIPLE
PRODUCT L-FUNCTION

S. BOCHERER AND R. SCHULZE-PILLOT

Introduction

Starting from the work of Garrett and of Piatetskii-Shapiro and Rallis on integral
representations of the triple product L-function associated to three elliptic cusp
forms the critical values of these L-functions have been studied in recent years
from different points of view. From the classical point of view there are the works
of Garrett [9], Satoh [22], Orloff [21], from an adelic point of view the problem
has been treated by Garrett and Harris [10], Harris and Kudla [12] and Gross and
Kudla [11]. Of course the central critical value is of particular interest. Harris
and Kudla used the Siegel-Weil theorem to show that the central critical value is
a square up to certain factors (Petersson norms and factors arising at the bad and
the archimedean primes); the delicate question of the computation of the factors for
the bad primes was left open. In the special situation that all three cusp forms are
newforms of weight 2 and for the group I'o(N) with square free level N > 1 Gross
and Kudla gave for the first time a completely explicit treatment of this L-function
including Euler factors for the bad places; they proved the functional equation and
showed that the central critical value is a square up to elementary factors (that are
explicitly given).

We reconsider the central critical value from a classical point of view, dealing with
the situation of three cusp forms f1, fo, f3 of weights k; (i = 1,...,3) that are new-
forms for groups I'g(IV;) with N = lem(N;) a squarefree integer # 1. The weights k;
are subject to the restriction ki < kg + k3 where k1 > max(ks, k3); the distinction
whether this inequality holds or not played an important role in [11] and [12] too.

We start from the simplest possible Eisenstein series E of weight 2 for Fé3) (N) on
the Siegel space Hj (“summation over C' = 0 mod N7). After applying a suitable
differential operator (depending on the weights k;) to E we proceed in a way similar
to Garrett’s original approach: We restrict the differentiated Eisenstein series in a
first step to Hy x Hy and integrate against f;, the resulting function on Hs is then
restricted to the diagonal and integrated against fo, f3. The necessary modifica-
tions to Garrett’s coset decompositions (that were for level 1) are not difficult (for
the first step they have already been carried out in [2]). The actual computation
of the integral is elementary and needs only standard results from the theory of
newforms. It yields a Dirichlet series (2.41) whose Euler product decomposition
is then computed in Section 3. The cases that p divides one, two or all three of
the levels N; or is coprime to N must all be treated separately, which makes the
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discussion somewhat lengthy. However, the actual computation in each of these
cases is again fairly straightforward. In Section 4 we show that the Euler factors
defined in Section 3 are the “right ones” by proving the functional equation. In
order to exhibit the central critical value as a square (up to elementary factors) we
follow a similar strategy as [12]: the Eisenstein series E at s = 0 is expressed as
a linear combination of genus theta series of quaternary positive definite integral
quadratic forms. At most one of these genera (depending on the levels N; and
the eigenvalues of the f; under the Atkin-Lehner involutions) contributes to the
integral. Eichler’s correspondence between cusp forms for I'o(N) and automorphic
forms on definite quaternion algebras allows then to express this contribution as an
(explicitly computable) square of an element of the coefficient field of the f;; this
element arises as value of a trilinear form on a space of automorphic forms on the
quaternion algebra and may be interpreted as value of a height pairing similar to
[11].

It may be of interest to compare the advantages of the different methods applied to
this problem. Although the adelic method makes it easier to obtain general results,
the explicit computations needed here appear to become somewhat simpler in the
classical context. In particular, by making use of the theory of newforms and of
orthogonality relations for the theta series involved from [2] we can use the same
FEisenstein series E independent of the f;. This is of advantage since the pullback
formalism is especially simple for this type of Eisenstein series and leads to the
remarkably simple computations in Sectiions 2 and 3.

Most of this article was written while both authors were guests of the MSRI in
Berkeley during its special year on automorphic forms. We wish to thank the MSRI
for its hospitality and financial support. R. Schulze-Pillot was also supported by
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Notations We use some standard notations from the theory of modular forms,
in particular, we denote by H,, Siegel’s upper half space of degree n (the sub-

script n = 1 will be omitted); for functions f on H and g = ( Z Z ) we

use (f |k 9)(2) = det(g)2(cz +d)"*f(g < z >) and similarly for the action of
double cosets (Hecke operators). The operators T'(p) and U(p) however will be
used in their standard normalisation. The space of cusp forms of weight k for

To(N) = {( Ccl Z > € Sls(Z) | ¢c=0 mod N} will be denoted by [['o(N), k]o.

1. Differential Operators

We have to deal with two types of embeddings of products of upper half spaces into
H3 namely

HXHQ — H3
=2 H( 2)

O n
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and
H3 — H3

b (21722523) [ — z2

Without any danger of confusion we may denote by the same symbols the corre-
sponding “diagonal” embeddings of groups:

t12 = Sla X Sp(2) — Sp(3) and t111 ¢ SI3 — Sp(3)

One might try to apply Ibukiyama-type differential operators [16] in the integral
representation of the triple L-functions (equivariant for Sl x Sily x Sla — Sp(3)).
However in the actual computation of the integral, it is more convenient to have
equivariance for Sly x Sp(2) — Sp(3). Therefore we use Maaf-type operators (see
[20]) and the holomorphic differential operators introduced in [6]; we describe these
operators here only for Sp(3), but of course they also make sense for Sp(n).

We start from a natural number r and three (even) weights k1, ko, ks with k1 =
max{k;} and satisfying the condition

(1.1) ko +ks—ki>r
Then we define nonnegative integers a, b, o, 3 by
r+a = ko+ks—Fk

02 = riaii

ks = r+a+uvs
Then we have
(1.3) b=vs+uv3
We use two types of differential operators on Hs. The first one is the Maaf} operator

My = det(Z — Z)?2~*det(0;;) det(Z — Z)*~1

(1.4) _ éo 2 (7 2)M . (9,)W)

= e3(a)+---+det(Z — Z) - det(9s;)
where (following [20])
1 nw=0
6“(Oé)_{oz-(oz—%)---(oz—"J) u>0
and for a matrix A of size n we denote by Al* the matrix of 1 x pg-minors.
We put
ng] = Ma—i—u—l ©--+0 Ma+1 oM,
We recall from [20] that

(1.5) MY (F Lo 9) = (MEF) Lo 9

for all g = ( ‘(’; Z ) € Sp(3, R) with

(f lap 9)(Z) = det(cZ +d)~¢ det(cZ + d)_ﬁf(g < Z>).

Here o and 8 are arbitrary complex numbers, but it would be sufficient for us to
take a =r+s, f = s with s € C.
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The second type of differential operators was introduced in [6]: It maps scalar-
valued functions on Hj to vector-valued functions , more precisely to C[Xa, X3
-valued functions on H x Hy < Hj3 where C[X3, X3], denotes the space of homo-
geneous polynomials of degree b; we realize the symmetric tensor representation
op of GI(2,C) on this space in the usual way. The operator L,(xb) as defined in [6]
satisfies

L6) (L&b)f> s 0t = L& (f lap (g1, 14)) (112(w, 2))
' (LOS) oy 2 = L (F lap 11.2(12,02)) (1,2(w, 2))

for all g; € Slo(R) and all g € Sp(2,R), where the upper indices Z and w indicate
which variable is relevant at the moment and

(LOF) 1 g, 92) (012w, 2)) =
det(cZ + d)=* det(¢Z + d)Pay(cZ +d) ! (Lg’)f) (t12(w, go < Z >))

This differential operator can be described explicitly as follows:

1 1
b)) _ - % . v _ _ b—2v
(1.7) Lo = —gpe O<;<b b o D) (D;D,)"-(D - D; — D))

with ¢* denoting the restriction to H x Hy — His,

Dy = 0n
Dy = 3 05XiX;
2<4,;<3
D — DT — Dl = 2 (812X2 + 813X3)
and
NN CE N .
T T lalet+.(atv-1)  v>0

We should remark here that Lgb) has coefficients, which are rational functions of a
with no poles for R(s) > 0.

We shall use the operators

DY =L, o M
with 2a’ = a and DZ(a’b) defined by
D f = (DS f) w1, 22, 20)

(a,v2.v3) *(a,b)

Denoting by D the operator which picks out of Dg its X352 X5%- com-
ponent, we get a decomposition
(1.8) Dot f= 3 (il ) xp Xy

vo+v3z=b

with
(360 gt
_ *(a,v2.v3) '
= (Da 2V f) |f)¢1+(1.’+b,5—a/ g1 ‘22-‘(‘(]./-"-1/275—(1/ g2 |fj+(l/+’/375_a/ 93

for all (g1, g2,93) € Sla(R)3.
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If f is a holomorphic function on Hs, then

(y1y2ys) ™ D@2 (f)
is a nearly holomorphic function (in the sense of Shimura) of all three variables z1,
Zo, 23 € H.
To apply Shimura’s results on nearly holomorphic functions, it is more convenient
to use his differential operators §#, which differ (in the one-dimensional case i.e. on
H) from the Maaf} operators only by a factor constant xy*:

5. 1 o 0
= (3 52)

55 = 5044»2#*2 000,
By elementary considerations about the degree of nearly holomorphic functions (as
polynomials in y~1) Shimura observed that nearly holomorphic functions on H are
linear combinations of functions obtained from holomorphic functions by applying
the operators §# (at least if « is not in a certain finite set, for details see [24, lemma

7]. By the same kind of reasoning we get an identity
(1.9)

(11y2y3) ¢
3

— M1 H2
- o< Z o 5a+a+b72u1 a+a+l/2—/l«2504+a+1/3—2,u3D(X(a'a Vo, V3, U1, U2, HS)
SH1, 2,430

4 *(a,vs.v;
'Da( ,V2.V3)

We understand that in (1.9) the operator §*i acts with respect to z;, i = 1,2,3;
moreover D,(...) is a holomorphic differential operator mapping functions on Hg
to functions on H x H x H. Following again the same line of reasoning as in lemma
7 [loc.cit], adapted to our situation, we easily get that the D,(...) satisfy
(1.10)

D.(a,v2,vs, i1, pa, 13) (f |, t111(91, 92, 93))

= Da(a" V2,V3, H1, U2, /1’3)(f) ‘Zﬂ»aerfQul,ﬁ g1 |Z¢2+a+1/272,u2,ﬁ 92 |(Z)zs+a+1/372,u3,ﬁ g3

for all (g1, g2,93) € SI(2,R)? and all holomorphic functions on H3 (and hence also
for all C*°-functions). The upper indices z; on the right hand side of (1.10) indicate,
on which variable g; operates.

We have to remark here that Shimura‘s condition “k > 2r” in Lemma 7 [loc.cit] is
satisfied in our situation as long as « is non-real or

at+a+b > a
a+a+vy > a
a+a+t+vrvy > a
However the coefficients of the 9;; on both sides of (1.9) are easily seen to be rational

functions of a, therefore (1.9) (and subsequent equations) are true for all & € C as
rational functions of «a.

It is crucial for us to see that in the identity (1.9) the “holomorphic part”, i.e.
Da(aa V2,13, O, 0> 0)

is different from zero. For this purpose we consider (ylygyg)_“/ . Dz(a’b) as a poly-
nomial in 015, 013, Ooz. It is easy to see that this is a polynomial of total degree
3a’ + b, the component of degree 3a’ + b being given by

2b2a' (22‘)3a'

m (312513823)a/ (012 X2 + 313X3)b

(1.11)
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In particular, this component is free of y; ! and 0y, so it can only come from the
D.(a,v2,v3,0,0,0) with v +v3 =0

Now we define a polynomial @, of the matrix variable S = S* = (s; ;) by

1<i,5<3

(1.12) D.(a,b,vs,v3,0,0, O)etrace(sz) = Q. (5)6511Z11+522222+833233

By the same kind of reasoning as in [1, Satz 15] we see that by

xix; xixs xix3
(113) (Xl7 X2, X3) [ — P,-(Xl, X9, X3) = QT- Xt2X1 Xt2X2 Xt2X3

xhx;  xhxs xix3

we get a polynomial function of (x1,x2,%3) € (C2T)3 which in each variable is a
harmonic form of degree a+0b, a+v5 , a+ v respectively; more precisely, P, defines
a non-zero element of

(1.14) (Hasb(27) © Hagy (27) @ Harpry (2)) 47

For our investigation of the functional equation of triple L-functions we have to
modify D, (a, b, v2,13,0,0,0) still further (we switch notation now from « to r+ s)
We consider the operator A = A, ;(a, v, v3) given by

(1.15) F — (y1y2y3)°Dyys(a, v2,13,0,0,0) (F x det(Y) %)

This operator (acting on functions on Hs) is easily seen to satisfy

(116) A (F |7’ L111(91a92a93)) = A(F) iii-a-&-b g1 |ii—a+u2 g2 |7Z“:ji-a+1/3 gs

for all g1, g2, g3 € Sl2(R). By the same kind of argument about nearly holomorphic
functions as above we get

(1.17)
Ay s(a,ve,v3) = Z 01} b 20 Ortatwn 2710 Ot actvg — 205 Dy (@5 V2, V3, 1, 12, 13)
0 < <[4
0< po <252
0 < ps < [*54]

with holomorphic differential operators A, 5(a, v2, v, pi1, 2, t3) mapping functions
on Hjs to functions on H x H x H. We should mention here that the differential
operators coming up in (1.17) do not have poles as long as r is positive and s is
non-real or Re(s) > 0. Again the “holomorphic part” A, s(a,vs,v3,0,0,0) defines
(as in (1.12),(1.13) an element of

(Hasb(27) © Hagy (27) @ Haspry (27)) 47

This space is known to be one-dimensional: By a result of Littelmann ([19], p.
145) the decomposition of Hyyy, (21) ® Hatu, (27) is multiplicity free and contains
Ha+b(27)), hence there is a unique invariant line in the threefold tensor product.
There exists therefore a function ¢ = ¢, (s) such that

(1.18) Ay s(a,v2,v3,0,0,0) = ¢r(s)Dy(a,v2,v3,0,0,0).

By comparing coefficients of (812813823)‘1/ 073074 on both sides of (1.17) we get
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(1 19) C(S) _ (T+a/)[b] _ F(’r_|_a/_|_b) . F(T—Fa/—Fs)
| N ) B N O B KO

2.Unfolding the integral

For a squarefree number N > 0 and three cuspforms

f =X ap(n)e*™* € [[o(N), ki

¢ =3 ag(n)e*™* € [[o(N), koo

¥ =3 ay(n)e?™"* € [Lo(N), k3o
with kq, ko, k3 as in section 1 we want to compute the threefold integral A(f, ¢, %, s),
defined by

(2.1) / / f(z1)(22)1(23) (D*(“"’Q"“) (Gi’,s)) (t111(21, 22, 23))

(To(N)\H)?
3
s—a’ s—a' kz+s—a’ d‘rzdyz
% yiﬁ—h a y§2+‘ a y§3+s a H >
=1 Y
where G, is the Eisenstein series on Hs defined by
G%,s = Z 1 |r+s,s M
MEeTEN\TE(N)
(2.2) = > det(CZ + D)~"=*det(CZ + D)~
( oo )—Merac\rgm

In the applications we shall need modified versions of the integral (2.1); it is appro-
priate to describe these here: We use the well-known fact (see e.g. [25, equation
(2.28)]) that holomorphic cusp forms are orthogonal to (C°°-)automorphic forms
in the image of the differential operators 4, therefore we may replace

(D*(a"’z’”3) (Gis)) (t111(21, 22, 23)) yf1+87a/y§2+57a/y§3+87a/
in the integrand of (2.1) by

(Dyts(a, v2,13,0,0,0) (G2 ,)) (1111 (21, 22, 23)) yyrtoybateybats

or by
(2.3) ¢r(s)Dy(a,v2,v3,0,0,0) (Efﬁs) (¢111 (21, 22, Z3)y]f1y§2y§3
where
El (Z)=det(Y)" -G} ,= > det(Y)'|, M
MeT3 \T§(N)

The actual computation of A(f, @, 1, s) is however most conveniently done using
the integral in the version of (2.1)
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2.1.The first integration
To understand the integration with respect to z1, it is better to consider first the
integral

rdxid /
e 16)= [ T (PAV6L,) (nala, )l T xdet(v)
To(N)\H '
with Z = X +4Y € Hy. We recall from [2, Thm.1.1] that the double cosets
Lo \TG(N)/t1,2 (To(N) x T3(N))

can be parametrized by the following set of representatives

(2.5) {gm |m e NU{0},m=0mod N}
where
14 03
_ 0 m O
8m = m 0 0 13
0 0 0
We split the integral (2.4) into the contributions of the double cosets (2.5):
(2.6) I(s) =Y In(s)

It is easy to see that the double coset with m = 0 decomposes into left cosets as
follows

{11.2(7,0) | 7 € Doc\Lo(IV), 8 € T \LG(N) }

Therefore its contribution to D*(@®) G3

r4s,s 1S just

a,b
Dr+s s) (Z 1 |7’+S sl 2(77 6))
=Z 1 "W ; | 5
r+s 7"+9+a +b,s—a’ Y r+s+a’,s—a’,op

It is obvious that

,D*(a,b)<1) _ 0 b>0
s es(r+s)es(r+s+1)...es(r+s+a —1) b=0

Unfolding the integral defining Iy(s) we easily get (by the cuspidality of f) that
Io(s) =0
(we omit the standard calculation)

For fixed m > 0, m = 0 mod N the left cosets are given by (see [2, Thm1.2])
27 {gmt1201.U(h)g |7y €To(N),h € T[m\T'o(N),g € Co1 (N)\TH(N)}

o il =ra0n (9, "y Y r (0 ).

- m
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I =111 and Cy is the standard maximal parabolic subgroup of Sp(2) given by

Cop =
0 00
with
Co,1(N) == C21(Z) NTE(N).
The summation over v unfolds the integral for I,,(s) to
(2.8)
In(s) =
b s—a’ s—a’
[T XD (Ulrsss 8m) rssarma o, )G - 917" S5 X det(Y)
H 'g

By lemma 4.2 of [6] and (1.4) we have

,D*(a’b) (1 |T+S,s gm)
(2.9) =2792r+2s—2)ld(r + s)[a'lLfﬁS/w (Llrtstars—a Bm)
=A(r+5,b)- (1 =m?2 2*)7"757¢ =0 . (1 —m?z, Z*) =5+ . (mXy)°
where for Z € Hy we denote by Z* the entry in the upper left corner of Z and
b 2725 —2)l)(s)l)(25 + 0 — 2)0"
bl(s+a —1)0]

A(s,b) = (-1)
This implies
(2.10)
In(s) = A(r + 5,b) Z( Flen) (1=m2s 27) 7 (1 = m25 27)
oh Y

s—a’ d‘rldyl s—a’
X y]f1+ T(mXQ)b) ‘g—%s—&-a’,s—a/,ab l(h)g X det(Y)

The integral in (2.10) is exactly of the same type as in [2, (1.4),(1.5)]. Using the

same notation
T

= (-1 % .23—]6—25—
(k. 5) = (<1) R

as in [2] we get by the same reasoning as there

Im(S) = A(T+S7b) 'M(T"‘G—Fb,s-a’) .m—T’—QsX

0 —-m™! .
(2.11) 2 (fp |rtba To(IV) ( m 0 ) FO(N)> (9<Z>%)
9
—1 S_a/
(oot G0, 2)) X (552E)

with j (( Z Z > ,2) = cz +d. This is (essentially) a vector-valued Klingen-type

Eisenstein series attached to the modular form

1
Y

) o)

where

fP(z) = f(=2).
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(From now on we assume that f is a normalized newform (eigenform) of level
Ny | N; we write N = Ny - N/ whenever it is convenient. The Fourier coefficients
of f are then totally real and we have an Euler product expansion of type

(212) Y ap(mn~ = H% 10 !

1_ —S 1_ —S8 1_ ! h—S8
oI ar(p)p el app™*)(1 — ap~*)

Moreover for any prime ¢ dividing Ny we have

af(q)® =q¢"?

and .
Ny _ k1

f|k1Vz]1V = f|k1Vq f= _a’f(Q)ql 2 f

where Vév denotes the “Atkin-Lehner-involution” given by

=

with g — Ny = ¢ and ¢|z (for details we refer to [18]).

f
Actually we have to work not with the newform f itself, but with f|x, ( DO (1) )

where D7 is a fixed divisor of N
oo DI 0
To simplify (2.11) further (for f|x, 01

(2.13)

)), we have to study

> [l ( l?)f (1) ) ™ I‘O(N)< 0 _7871 )FO(N)'m_S

m=0(N) m

s X Df 0 1 0 0 -1 s
=N mlz_l-ﬂkl( 0 1)|k1F0(N)(0 m/QN)FO(N)|k1(N 0 )m

Now we are essentially in a “local” situation, because we may decompose the “Fricke
involution” into Atkin-Lehner involutions:

0 -1 v
(N 0 )ZVOHVQ
q|N
with 5 € To(N).

We use the following formal identities:
(2.14)

PIN:
1 0 (1-X)(1-p2X?)

lgt)f'FO(N) < 0 p2 )FO(N)XI

Proof: Standard

(1—pX)(1 — aZp~+2X)(1 — a)2p—k1+2X)

(2.15) p|N; -
i 1 0 N vl __ 1-k af(p) Ny -1
§f|F0(N)(O P+ >F0(N)0Vp X =p 2'1_X'f|k1Vp =1-x/

Proof: Standard, using as(p") = ay(p)"™ and ay(p?) = pF1—2
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(2.16) p|N:

Zf|F0(N) ( 0 p+l )FO(N)OVéVXXl
1=0
0
e -t sha (59 )-x0
:pl_T : |k VN
(1 - aZp~81+2X)(1 — ap2p~ht2X) ™ 1

Proof: Standard.
Using

) = 10 +5% gl

— O
N~

and

p 0 N
f|k1<0 1)|k1Vq =f
we get for (2.16)
k1 0
P Fagl (5] ) - @

(1~ aZp i 72X)(1 - app ki 2X)

(2.17)

In quite the same way we get (still for the case p|N/):

= 0 10
S (53 ) 1T (5t ) TV X =
=0

k 0
p(L+pX) - f—ar(p)p™ 22X £ Iy, ( ]5 1 )
V)=
(1-— a%pfklﬂX)(l _ a;2p*k1+2X) [k P
0 _k1
p(1+pX) [k, ( 01 ) —ar(pp* T X
(1- agp—kl"'QX)(l — a%gp—kl‘*‘QX)
The usual procedure ( X — p~* )yields for (2.13)
(2.19)
DI 0 0 —m™! 0 -1 L
m:zo:(N)fhm( 0 1)|k1F()(N)<m 0 )PO(N)O(N 0 )m
L AP - 1 -1 P
=Nl 11 11 < s
1— —s+1 1— 2m—s—k1+2 1— 2mn—s—k1+2 1— —k—s ¢
N p o, (L agps B (L —agpmemhut?) S0 (1—p=h=s)
with
= d 0
(2.20) fo= > aosr ()
AN/
where
(2.21) a(d,D,s) = H a(dy, Dy, s)
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is a multiplicative function given by (2.14)-(2.18). Here we denote by t, the p-
part of a positive rational number ¢. In the sequel we write ay,(d, D, s) instead of
a(dp7 Dp7 S) .

2.2 Second Unfolding

To continue the computation of the integral (2.1) we first need to find a good
parametrization of Cy1(N)\I['3(INV); we shall follow [22] (with the modifications
necessary for level N > 1). We first remark that two elements of Sps(Z) are
equivalent modulo Cs 1(Z) iff their last rows are equal up to sign (the same is true
for To(N) and Co 1 (N)).

For Cs1(Z)\Sp2(Z) the parametrization given in [22] is as follows:

(222) {lel(lg, h) | h e SZQ(Z)OO\SZQ(Z)}
(2:23) {d(I)u11(h,12) | b € Slo(Z)5\S1e(Z) }
(2.24)
U {d(M) o u11(h,h') | b € Slo(Z)sc\Sl2(Z), ' € Slo(Z)L\Sl2(Z)}
u,v € N
u,v coprime
where
Glg(R) — SPQ(R)
d: (AH~1 0

A — ( ) )

J = (1) _01 and M is an element of Siy(Z) with M = ( Z Z > Among

(2.22), (2.23),(2.24) precisely the following elements have their last row congruent
to (0,0, *,*) modulo N:

(2.22) {t1,1(X2,h) [ h € Too\To(N)}

(223/) {d(J)LLl(h, 12) | h S F;\FO(N)}

h € Sla(Z)oo\Sl2(Z), 1 € Slo(Z)1\Sl2(Z)
(2.24) d(M)ow(hb)| M= " ; ) € Sly(Z)+\Sl2(Z)

u,v € Nyuc =0(N),vc’ = 0(N)
Here ¢ (and ¢’) denote the lower left entry of h (and h').

At this point we should emphasize that (2.22°)-(2.24°) do not give representatives
of Cy1(N)\I'3(N), since these elements are in general not in I'Z(N), but they are
equivalent modulo C5 1(Z) to such representatives (by using a suitable transforma-
tion we shall finally transport them into I'3(V)).

To describe (2.24°) more appropriately we fix two decompositions

N=N,-N, and N=N| N}
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d
ged(e, N) = Ny and ged(¢/, N) = Ni. Then the data

* * * *
u,v, c d | ¢ d

describe an element of (2.24’) iff Na|u and Nj|v. These data exist only if N|Ny - N7,
because we require u,v to be coprime. It is a standard procedure to translate
these considerations into more group theoretic terms: We denote by 7y, = 7'1]\\/[1 an

and consider for the moment only those h = ) and B = *, *, with
c d d

element of Sly(Z) with 7, = ( ]31 162 ) and Ng|a. This implies in particular
that (7n,)° € To(N).
Then (2.24") can also be described by

h e (rn,To(N)7y!) _ \7wv, To(N)
(2.24") U d(M)ey 1 (h,h') |

! -1 +
W e (rvLo(V)7y} ) \rvTo(V)

NiNy =N . . ,
N/Nj = N u, v positive, coprime , Na|u, Nj|v
N|NyNj

By a routine matrix calculation, we see that (with h, h’', M, N1, N{ as in (2.247))
(2.24") 111 (T vy 12) o d(M) 01y 1 (h, )

is indeed in T'3(N), if we require (as we are allowed to do !) that M is of type
M = ( Z f} ) with vlr.

Now we denote by I, ., .1, (22,23,s) the X352 X5*—component of the C[Xz, X3]5-
valued function I, (s), restricted to (z2,23) € Hx H — Hy. With f, ¢, 4 as before
(f now again an arbitrary element in [['g(N), k1]o) we consider the double integral

S, o deadyn dasd
(2.25) / / B (22) 1 (23) K" (22, 23, 5)y5> yh? ;ng ;§y3

(To(N)\H)?

where

Ks(Z,s) =
> flg<2>7) (Ub ® det**(j(g, Z)))_lXé’- (

detS(g < Z >))S
g€C2, 1 (N)\I'5(N)

S(g < Z >*)

is the same Klingen-type Eisenstein series as in (2.11), but with the Hecke operator
removed; again IC;Q’”3 denotes theXJ? X33-component of Ky, restricted to H x H.
We split IC;Z’”3 into three parts according to the three types (2.22),(2.23),(2.24) of
left cosets:

3
(2.26) K =3 K
i=1
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It is again easy to see that K" and K'%™ do not contribute to the integral (2.25).
Using (2.24”) we further spht K57

(2.27) K = Z KPR

N1,N|

We can express IC;QJ’\ZS v more explicitly as follows
Ny ,N|

12N % b )2
(228) KPRy, = (V2) th f e Tve vy (0P R(< 22 >) +0h (< 25 >))v"2u”

S(h < 25 >) - (W < 25 >) )
)

% i h —k—a—vs ; h/ —k—a—vs
J(h, z2) 30, 23) (Uz.g(h<22 >)+u? - S(W < 23 >

where the summation over h, b/, u, v is given by (2.24”) with N; and N fixed.

It is well known how to unfold integrals like
(2.29) Z(f,b,v, N1, Ny, s) =

drodys dxsd
k 20Y2 AT30Y3
/ / )K;N N’(ZQ’Z37 )yQZykS D)

Y2 1/3

(To(N)\H)?

by applying TN and TN, : The result is

(2.30) Z(f,¢,%, N1, Ny, 5) =

2(12) / / (@ les 7, ) (22) - (w ks Tﬁf) (23)

(7 Po M7t NP0 (7 mo(wyrt) Ao

Y23 >S 2 ks dradys drsdys
vy +ultys) P yi 3

x Zf Ik T(Nl,N;)(U222 + u?zg) v U <

u,v

We do not want to work with Fourier expansions at several cusps, therefore we
assume from now on that f, ¢, ¥ are normalized newforms (eigenforms of all Hecke
operators) of levels Ny, Ny and Ny (all dividing V).

We decompose Ny and N, as

(2.31) Ny =Nij-N{,Ny=Ny;-Nf
(and the same for Nj, N} and also for ¢ and )
We mention here the following facts, which we shall use in the sequel:
L)
R|N:>7—1[\>[1 :’yOT(Il%%le) with ’YEFO(R)
e For any divisor d of N we have
d 0 o N _ o d 0 o dNy o o Ny o (valf) 0
O 1 TNI =7 O 1 T(de’Nl) =7 TNl:f 0 ﬁ
sAVY

with y € To(Ny)
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Tjj\,vlzvo HV(IZV o

q| N2

15

0
1

1
N2
0

(% 7)

with v € To(V) and (using the same notation as in [18]

vy =

with g — Ny = ¢q and q|z.

x
N

q

(

Y
q

)

e For any newform g of level N and weight k we have (see [18, Theorem 3))

N _
gl Vy =

—agy(q)q

1—k
2.

At this point we introduce - as we already did for N7 in the previous subsection-
divisors D? and DY of N¢ and N¥; as usual we further factorize them (for given

N, and N{) as D¢ = D¢ - D$ and DV =

v
D;

P
DY

Using these facts we get the following Fourier expansions

(2.32)

o

D¢
0

D) larid) o

(2.33)

(¢|k3 ( %w > kﬁ'ﬁ{l) (23)

and for a divisor d of N7:

(2.34)
f|k1 ( ) OT(JXH,N{

0
1

d 0
0 1

)(Z)

D? 0
= ¢|kz( 0 )|szN1( 2)
= ¢|k2 ]]\\i]fd, |7€2 ( ) (22

DY 0

= ¢|k2 H V |k2 Na.g (22)

q\N2¢ 0 D¢

_ k2 _T 2 Df

= (I ~ala)a 2“) Ny fotng N ognzs )

k3 _ks
:Dllw2D/2'¢’ 2

N
f|k17—(1\/f17N{

N
f|k1TNf1 o N/ )O (
d= - (d,N{, N )&

ko _ k2
D?? DS 2(

[T —ags(g)g ™"

q| N2 ¢

)Z%() g2

. ( (d, (N1, N{)T) 2 )
s 0 @)
(d, N{,N{7) 0
0 d
(d,N{ ,N{T)

1

qllem(Ns ,N3 )

(_a’f (q)q7k1+1) Z ay (n)e27riB-nz

We use here the simple fact that ﬁj\,,f) = lem(Ng,f, Ny ;) and
NERSH ,
2
' B lem(Na, ¢, Ny ;) d
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Now we are ready to plug these Fourier expansions into the expression (2.30) for

@ P
I(f'kn(g (1)>7¢|/€2(D0 (1))7'(/}|k3(l)0 ?)avaN{aS)

By integration over z2 mod No and x3 mod Nj we see that only those terms ay(n)ag(n')ay(n’)
give non-zero contributions, for which

n D¢
2.36 Bnuv? = =L
(2.36) Ny Df
and

" D/w
(2.37) Bru? = L L

Noy D'

Using
2.38 747TBnU2y2747TBnu2y3 Y2Y3 ko—2 !§3—2d d
(2.38) O/O/e a2y ) Y2 Y dvadys

_ F(S + ko + k3 — Z)F(S + ko — 1)F(8 + kg — 1) .(47an)78*]627](33“1’2',0*2872’(?2“”2.u*2872k3+2

['(2s + kg + k3 — 2)

we obtain
(2.39)

d 0 D? 0 DY 0
I(f|k1(0 1))¢|k2( 0 1>;w|k3< 0 1>aN17N{7S):
ko _ k2 k3
2(") - Too(s)No Ny B—s~k2=ks+2. DO Dg~ = Di¥ > py

I1 (—ap(@)g ™) TT (—ag(@)g ™ %) T (—ap(q)g*st).

qllem(N, ;.Ny ) alN2,y alNg
¢ 1
2 D 2 / D —25—2ka+2 —25—2ks+2 —s—ko—ks+2
. Z af(n)a¢(nv BN27¢ . D%)aw(nu BN2,1Z) . D/?w )U S 2+ +V2u s 3+ +l/3n S 2 3+
u,v,m

with

—s—ko—k3+2 F(S + kz + kg — Q)F(S + ]fg — ].)F(S + kg — ]_)

(2.40)  Too(s) = (4m) T(2s + ko + k3 — 2)

To finish this section, we collect all the information obtained so far; we must take
care of the fact that we worked in section (2.2) with the Eisenstein series Kf(Z, s)
rather than with K;(Z,s — a’) as is required by (2.11). The value of the threefold
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integral A as defined by (2.1) is
(2.41)

f o} P
A(fk1<D0 (1)>7¢|k2(1?) ?>7wk3<% (1)),5)2

2(b) CA(r+5,b) - u(r+a+bs—a') Ie(s—a') N-27"

V2

1_p72577‘ 1_p2745727‘ 1 _1
H T—p—25—7+1 H (1_a12)p—25—7‘—k1+2)(1_a;2p—25—7‘—k1+2) ll_[ W :
N PptN ¢ p|N
pf 1N P

e k k2 _ka k3
> a(d,Df 25 —r)-d=" - (d, N/ ND(DY) T (D2 T (DY) - (Dy?

N7

o

Ny - Né . B75+a'7k27k3+2
NyN»=N,N|Nj=N,N|N,N}

T (H (—a¢<p>p-k2+l>><ln (—w(p)p-kw))
pllem(Nz ¢, N; ) pIN2,s pIN;

D? DYy 9k _ 9k sta —kg—
E af (n)a¢, (’I’L’UQBNQ,(p . D_%)a)d) (TL’U,QBNé#} . D/? )u 2s+a 2k3+2+l/3,u 2s+a 2k2+2+v2n s+a' —ko—ksz+2
n,U,v

We remind the reader that the summation over u and v is subject to the condition
No|u and Ni|v.

3. The Euler factors

Using the multiplicativity properties of the Fourier coefficients of f, ¢, ¥ and that
the conditions of summation are of multiplicative type we may now write (2.41) as

(3.1) 2<:2> A+ 5,0) - p(r+a+bs—a) To(s—a) N7 x H’Tp(s)

To save notation we write

(3.2) T,=T0 T}

p

ORR

where 7.! denotes the last four lines of (2.41). In all cases to be considered, the
pair [(N1)p, N{p] can take the values [p, pl, [p, 1] and [1, p]; therefore we split '2;1 as

(3.3) T, = Cpp+ Cp1 + Cyp
If d,, can take both values 1 and p, we further decompose C., as
(3.4) Cw =CL, +CP,
according to the cases d, = 1 and d,, = p.
Part I: Dg:Dg:Dg’:l
IA : The case p|Ny, p|Ng, p|Ny
(This is the case also considered by Gross/Kudla[11])
The conditions imply d, = Ng = Nz‘f = N;)/’ =1, a,(d,D’,s) =1 and

-

for the case [p,p]
otherwise

S
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(3.5)
X > —s+a’ —ky—ks+2 —2s+a—2k; V2
cpp<s>:(ZZaf<pl>a¢<pl+2t>aw<pl>(pl>> A )
=0 t=0
[e’elNe'e] —s+a’' —ko—kz+2 —2s+a—2ks V3
+ 373 apas (a2 (0)) T B )
=0 t=1

This equals (we use the fact that a,(p?) and a,(p®) are powers of p)

1 { 1 ay (pQ)p—23+a—2k3+2+1/3 }
1 —ag(pag(p)ay(p)p=ste'=F=kst2 | 1 — ay(p?)p=2sta=2hottre = 1 — qy(p)p=2sta=hst2tvs

1 1 p72s+a7k3+y3
T 1= as(p)ag(p)ay(p)psTe Fa—kst2 {p—23+a—k2+u2 Tz p—2sta—ks+vs }
B 1 1+p72sfr
- 1— af(p)a¢(p)aw(p)p—s—?)a’—2r—b+2 1— p—2s—r

(3.6) Crp=p-p" =52 (—ay(p)p™H1) - (—agp T x
- 1 1 —2sta—2ksz+24v —sta’ —ko—ks+2
<3S ap(phag®' -~ - play (P 2) (o) L) e
1=0 t=1 p p
_ 1 Cag(p)ag(p)ay (p)p~s 3 b2
T a()as(plag(pp= R Rod2 T = g ()BT
_ 1 Cag(p)ag(p)ay(p)p*—* 3 b2
1— af(p)a¢(p)aw (p)p7573a’727"7b+2 1— p72sfr

Quite the same computation shows that
(37) Cp,l = Cl,p
Hence
(3.8)

1 _ 1 . 1 + 2af(p)a¢(p)a¢ (p)pfsf&z —b—2r+3 +p72577’

D 1— af(p)a¢(p)aw(p)p—s—3a’—2r—b+2 1— p—2s—r
Now we write the numerator as
(3.9)

’ , 2
1+ 2af(p)a¢(p)aw (p)p—s—?)a —b—2r+3 _|_p—2s—T — (]_ + af(p)a(b(p)aw(p)p—s-&%—?)a —b—2r>
B (1 _ p72sfr)2
- ’ 2
(1 —ag(p)ag(p)ay (p)p=s+3=3a’=b=2r)
Therefore we obtain
(3.10)
-1 1

Tp(s)

~ 1= as(pag(p)ap(p)p— =322 (1= as(p)ag(p)ay(p)p=*5-3 0212
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IB :The case p|N/, p|Ny, p|Ny These conditions imply
(Ng), =Ny =N/ =Dg=Dy=1 and d,€c{l,p}

—(1+4p)  if dy=1
ap(d,Df,s):{ l(ggp : Lo
p 2 ap(p) if dy=p
and
-l if d,=(Ni),=Nj,=p
p o otherwise

What we get is this:

(3.11)
C;p(s): _(1+p ® r)(1+p ° r)

(1 — apag(p)ay(p)p=s73¢" =2r=0+2)(1 — apae(p)ay (p)p=s =3¢ —2r=b+2)(1 — p=2s—7)

(similar calculation as in (3.5)

(3.12)
Cl(s) = ~(L+p277) - p- (—ay(p)p™*)x
She —2s+a—2k3+2+v. Csda —ko—
= Z: £ as(pl - p)ay (pi+2t)(pt) 25T et ivs 1y —sta’—ka—kat2
_ (1 +p172sfr) . p—257r
(1 — apag(p)ay(p)p=s73¢" =2r=0+2)(1 — apay(p)ay (p)p=s =3¢ —2r—b+2)(1 — p=2s—7)
(3.14)
Ch(s) = p'~Fay p)p* Fpfip et —hamhat 2y
- —2s+a—2ko+2+1 —s4a’'—ko—ks+2
{ z:o f ( HQtp)aw(plp)(pt) + 2+2+ 2(pl) 2—ket2 |
I=0t=
2 > ar(P)as(p'p)ay (p**'p) 0 A (7 B ’“"““3“}
I=0t=
- ag(p)ag(p)ay(p)p=> =3¢ ~2r=b+3(1 4 p=25-7)
(1 = apag(p)ay(p)p=s—3¢—2r=0+2)(1 — anags(p)ay (p)p—s—3¢'—2r=b+2)(1 — p—25—7)
(3.15)
k k ,
CY, = p " Zap(pp 7 -p-p ¥ TRR 2 (g (p)p Rt x
P e (U0 B CO “haket
I=0t=
- —ag(p)ag(p)ay(p)p 220 —0+3
(1 = apag(p)ay(p)p=s =3¢ 2r=b2)(1 — afag(p)ay (p)p= =3¢ ~2r=0+2)(1 — p=2s-r)
(3.16) ch =0,

All the C7, have the same denominator, the numerator of > C, being equal to

1— p72577‘ + p172sfr — ajagay {p735737‘7a7b+3 o pfsfa72'r7b+3}
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This can be factorized as
—(L=p )L+ apag(pay (p)p~* 7> ) (1t afag(p)ay(p)p~ 00
Now we also write the denominator of 7;0 as product of linear factors in p~° using

(1 o aip—kﬁ-Q—Qs—r) _ (1 _ apa¢awp_

(and the same with aj, instead of a,); therefore we get some cancellations and
arrive at

s—3a'—b—27'+3)( s—3a'—b—27’+3)

1+ apagayp™

~1
T = ’ ’
g (1 = apag(p)ay(p)p=s=3¢=b=2r+2)(1 — agas(p)ay (p)p=s—3 ~b=2r+2)
1
(3.17) x ; -
A o T e R Y P T P )
IC The case p|Ny, p|N?, p|NV¥
We have
1 if N1 = N{ =Dp
(Bp = { % otherwise
and we get
(3.18)
Cyp = p-p@ththks=2. (—ap(p)p~Frth)x
Sa —2sta—2ks+2+v —sta’ —ka—kz+2
PP ay(phag(p'L)ay(pt2 L) (ph) TR ) o
X X ’ ’ ’ —2s5+a—2kz+2+v. / —s+a —ko—kz+2
= = 2 5 a0 yaslrl Y )T T
(3.19)
Cpr = =3 ap(@))ag(p 2 )ay (o) (pf) TRy T TR
=0 t=1
(3.20)
X & —s+a’ —ky—ks+2 —2s5+a—2ko+241
Cpp(s) = (Zzaf(pl)%(pl”t)aw(pl) ")) M) arETe
=0 t=0
g +a’—ko—ks+2 2s+a—2kz+2+
+ 3> ap(ageay () (1) M) ’ 3)
=0 t=1

Summing up the C,, we see that the summands in (3.20) with ¢ # 0 cancel against
(3.18) and (3.19) and we get

95—\ — > —s—3a’—b—2r+2
To(s) = —(1—p 27" ap(ph)as(p")ay () (p)
=0

—1

3.21 = . - X

(3:21) (1= ap(p)Bpypp~ 73 =072 42)(1 — ay (p) Bpypp~* 3% ~b=2r+2)
1

X

(1 — af(p) Z/)'ypp—s—3a’_b—2’r‘+2)(1 _ af(p) 110’71’,;0_5_3“/_[7_%"‘2)
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I D: The case pt N

This case (which is in some sense the most difficult one) was previously considered
in [9] for the case of equal weights. It was already noticed in [21] and [22] that the

result from [9] carries over to the case of arbitrary weights. We just state the result
here:

(322)  T,=(1-p > )A-pT)L(f@ @Y, s +3a +2r +D—2)
Part II: DIJ: = NI{ , DY = N¢, DY = NV

Only the cases B and C are to be investigated, the case B being the most compli-
cated:

II B : The case p|N7, p|Ny, p|Ny

These conditions imply

k .
ap(d, D7, s) = { —ays(p)p*~ 7 if dy=1
P p(1+pt=9) if dp=p
s [p A dy=(N), = (), =p
P é otherwise
(3.23)
Cp, = op(1,D7 25+ 1)x
X —2sta—2ke+24v —sta’ —ko—ks+2
{5 5 ar st o () 2022y e
3 % ag(pag(pay(pt2) ()T gy TR
—0t=

= O‘P(lanv‘g)(l""p_Qs_T)
(1 — apag(p)ay(p)p=s =3¢ —2r=0+2)(1 — Oé;a(lg(p)aw(p)p*573a/727”7b+2)(1 —p2sT)

(computation similar to (3.5))

(3.24)
Cl, = ap(1,D7,s) p-(—ag(p)p*2+!)x
ZZ tzl af (Pl)aqs(plp)aw (pl+2t)(pt)72s+a72k3+2+1/3 (pl)*s*ﬂl —ko—ks+2
—0t=
. _p—25—7-ap(17Df’28_~_7~)
(1 — apag(p)ay(p)p=s—32'—2r=b+2)(1 — a;c%(p)aw(p)p*873a’727“7b+2)(1 —p2s7)
(3.25) C;,l — 011717
and
(3.26)
2k _g
Scl = —as(p)p° 2
(1= apag(p)ay(p)p=s73¢ =2r=042)(1 — o ag (p)ay (p)p—s—3a'~2r=b+2)
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(3.27)
Cho(s) = ap(p, D s +2r) -~ F phipote/—hahat2x

pp
—2s5+a—2ko+2+4v. —s+a’—ko—k3+2
Z Z () ag (P2 p)ay (p'p) (pt) TR (phy T TR

1+2t t)—25+a—2k3+2+1/3 (pl)78+a/*k)27k3+2

ayp(ph)ag(p'p)ay (p'*'p)(p

k s—3a’ —2r— —2s—r
ap(p, DT, 25 + r)ag(p)ay(p)p? —5730 ~2r=b+2(1 4 p=257)

||Mgu
HM8|

(1 _ apa¢(p)aw(p)p—s—Sa’—Qr—b+2)(1 _ Oépa¢(p)a¢ (p)p—s—3a’—2r—b+2)(1 _ p—25—r)

(similar computation as in (3.5))

(3.28)
k ’
Ch,(s) = oylp, Df 254 7)-p= 2 -p.pom@ thatha=2(_gq p—hatly
2 3 ap(pag(p fpa — w(pl 2 ) (pt) T e R
1=0t=1
_ —ay(p, D, 25 + r)ag(p)ay(p)p~F 5 1+
R T T e [ T e R T
(3.29) cr =,
and hence
(3.30)

172577“) 7%7sfa’fr+3

S, = —agay(l+p P
(1= apag(p)ay (p)p=s =3¢ =2 =b+2)(1 — alag(p)ay (p)p=s 3¢/ ~2r—b+2)

The numerator of Y C%, is equal to

1

31 —
(3.31) tody

—%+r+3a’+b—1—s(1 +af(p)a¢(p)awp—s—2r+3—b—3a/ +p1—2s—r)

We can therefore apply the same kind of trick as in case I B; denoting by €,(¢) the
eigenvalue of the Atkin-Lehner-involution VpN acting on ¢ (and similarly for ¢) we
end up with

—ep(@)ep(Y)p' 2%
(1 — apag(p)ay (p)p=—>=34=b=2+2)(1 — al ag(p)ay (p)p—s—3¢'—b-2+2)
1

(1 — apag(p)ay(p)p=*—3"0=2r3)(1 — apay(p)ay (p)p==—3*~b=2r+3)

IT C: The case p|Ny, p|N?, p|NV
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(3.33)
Cpp(8) P%2 p%gx
X —2s+a—2ka+2+v —sta’—ka—ks+2
{5 5 art a2 Ban (1) ()t gy ey
%0 o0 —2sta—2ksz+2+ —s+a’ —ko—k3+2
+lzlt;af(pl)a¢(pl%)aw(Pl”t%)(Pt) I (7)) T
= p sta/+2 ——
oo o0 — I —
{Z ap (P )ag(pl 2 ay(ph)(pt) TR R ) T TR
1=0t=0
oo o0 _ ’_ _
5 % ap (P )ag(ph)ay (p ) (pt) 2T ) T TRy
1=0t=1
(3.34)
k k ’
Cip = p T3 p.ps=@thaths=2 (g (p)p~hitl)x
S —2s+a—2ks+2+ —s+a’—ky—ks+2
> 3 ap(pag(plLp)ay (prtHLL)(pt) TR () T T
1=0t=1
— _pfs+a’+27% %
X —2s+a—2ks+2+v —s+a’ —ko—k3+2
S>3 ap(P ) ag(phay (ptt) (pt) TR (ph)y T T
1=0t=0
(3.35)
Cpp = *PiHalH*%x
2 —2s+a—2ka+2+v: —sta’'—ko—ko+2
S ar(Pag (P )ay (ph) (pt) TR () T T
1=0t=0

Hence in the sum of the C,, only the “¢ = O-part” of C); survives and we obtain

_fp(f)plfsfg
(1 — a’f(p)ﬁp’Ypp_s_sa/_b_QTJ’_Q)(1 _ af(p)ﬂp’}/;p_s_?’a/_b—%"r?)
1

(1 — af(p) éfypp—s—3a’—b—27“+2)(1 _ af(p) {Q’Y;;p_s_ga/_b_2r+2)

(3.36)T, =

X

Remark: Although our list of Euler factors is complete, the reader should be aware
of the fact that in our integral representation (2.1) we are free to interchange the
roles of ¢ and v (interchanging the roles of v5 and v3 at the same time), but f has
to be the cusp form of largest weight. Therefore e.g. in case IB, IIB we should
also consider the case where p does not divide the level of ¢ or . It will be left to
the reader to show by similar computations as above that in those cases the Euler
factor will be the same (as should be more or less clear from an adelic point of
view).

4. The Functional equation

The factors 7, = 7,(s) computed in the previous section are for p { N and for
p | ged(Ny, Ny, Ny) up to a shift in the argument and an elementary factor the
known Euler factors of the triple product L-function L(f,¢,,s) associated to
f, &,1%. We define therefore now:
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Definition 4.1 The triple product L-function associated to f,¢,v is for s >
bithotks=l defined as L(f, ¢,v, s) = 1, Lp(f, &, s) where the Euler factor Ly, (f, ¢, 1, s)
is given by

(4.1)

—T(s) ifp| N
(1—p 2 ") M1 —p> 7271 (s) if pt N

Ly(f .0, s+3a" +2r+b—2) = {
With

(4.2) Loo(f,0,0,8) =Tc(s)Te(s+1—k1)le(s+1—ko)Ta(s+ 1 — k3)
(where T'c(s) = (2m)~°T'(s) as usual) the completed triple product L-function is

A(f’ ¢’ w’ 8) = LOO(f? ¢7,(/}7 S)L<f7 ¢7’(/}7 S)

With these notations we consider now for r = 2 the integral A(f, $,v,s) from
2.1 (with ca(s) as in (1.19), ¢y(s) = (1 —p~%)~! for finite primes p and ((s) =
75T (s/2)):

Theorem 4.2 Assume r = 2. Then one has

A(f7 ¢7 w7 S)
(4.3) N A
= ( b )ib+k1N252232ba q2+3a’ Loo(f, &,0, s+ W _1)
12 (s+1)(2s+1) Coo (45 + 2)Coo (25 + 2)
ol it ) ki + ko + k3
;};[V Cp(48+2)<p(28—|—2) };[v( p(fa¢,1/},s+ 5 ))

Proof. This follows from 2.41 and the results of Section 3.

Theorem 4.3 The function A(f, $,1,s) has a meromorphic continuation to all of
C and satisfies the functional equation

(4.4)
A(f’ (ba w, S) = —N—4(s—

ki+ko+ks _(s— k1tkotks
7 T (ged(Ny, Ny, Ny)) ¢ (e
pIN

XA(k1+k2+k3—2—S)

where for p | N the number €, is defined as the product of the eigenvalues under the
p-Atkin-Lehner-involution w, of those forms among f, ¢, whose level is divisible
by p.

Proof. We put r = 2 since for this choice the functional equation of the Eisenstein
series is under s — —s. It is then not difficult to read off the functional equation of
E from the calculations in [11]; actually things become somewhat simplified since
we need the functional equation only up to oldforms. We need the following Lemma:
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Lemma 4.4 The Eisenstein series Eq s satisfies the functional equation:

(45) (s +1)(2s + 1)Coo(4s + 2)¢oo(25 + 2) [ (45 + 2)Gp(25 + 2)Ba4(2)
ptN
= —N"%(s = 1)(25 — 1)Coo(—45 + 2)Coo(—25 + 2)

% T Go(—45 + 2)¢p(~25 + 2)Bs | (1\%3 01,3) (2)+E,
pIN

where E; is a linear combination of Eisenstein series for groups Tg(N') with N’

strictly dividing N or conjugates of these by a matrix (A(ﬁs 70,133) with M | (N/N")

Proof. Let F, s(Z) be the Eisenstein series of degree 3 defined in the same way as

E, s in Section 2, but with the summation running over coprime symmetric pairs

(C, D) with ged(det C, N) = 1; one has

0 -1\ _ \—@3r/2)=3s
(4.6) B (v o) =N F,.
The calculation of the local intertwining operators M (s) = Mp(s) in sections 5 and
6 of [11] gives (in the notations of that article) My (s)®,(s) for p = oo or p f N
and allows for p | N to express M,(s)®9(s) explicitly as a linear combination of
the sections ®9(—s), ®3(—s), (Pp)x (=), (Pp)k/(—s). An elementary calculation
shows in this case that the coefficient at ®9(—s) is zero and that the coefficient at

3
@) (—s) equals
—6s—3_Sp(25 —1)¢p(4s — 1) )
Cp(—4s +2)(p(—25+2)

Welet Z =X +iY and g = (9o, 1,...) € Sp3(A) with geo = ((ng fi)(yolf Y?ﬁﬂ).
Then it is well known that with

=02 x [[2) x [[(@p)x

p|N pIN

and analogously defined ®3 one has Ey 5(Z) = (detY) 1 E(g, s, ®°) and F 4(Z) =
(det Y)~1E(g,s, ®3) (see Proposition 7.5 of [11]), and analogous formulae are true
for all the global sections ® for which the p-adic components ®, are one of the
<I>2, <I>§’,, (®p) K, (Pp)ks. The assertion of the lemma follows upon using the dupli-
cation formula for the gamma-function for the contribution from the infinite place
and then applying the functional equation of the Riemann zeta function.

We can now finish the proof of Theorem 4.3. ;From Theorem 4.2, Lemma 4.4 and
the fact that the integrand in % contains by 1.18 a differential operator
independent of s we see (using the results of Part II in Section 3) that

(4.7)

A(s+ k1 + ko + k3

2

k1 + ko + k3

5 — 1) = =N"*(ged(Ny, Ny, Ny)) (] [ ep)A (=5 +

p|N

where for p | N the number ¢, is defined as in the assertion of Theorem 4.3.
Putting ' = s + % — 1 we obtain the desired functional equation under
S/Hk1+k2+k37278/.
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5.Computation of the central critical value

Following the strategy of [12] we now evaluate the integral (2.1) at the point s =0
using a variant of Siegel’s theorem, i. e. , expressing the value at s = 0 of the
Eisenstein series G as a linear combination of theta series. The setting for this is
basically the same as in [2, 5, 4]. Let M;, M, M5 be relatively prime square free
integers such that M; has an odd number of prime divisors. By D = D(M;) we
denote the quaternion algebra over Q ramified at oo and the primes dividing M;
and by R = R(Mj,Ms) an Eichler order of level M = M; M, in D, i. e. , the
completion R, is a maximal order for p { M, and conjugate to {(%4) € Ma(Z,) |
¢ = 0mod p} for p | My, where we identify D ® Q, with M>(Q,) for p { M;. By
gen(M;, My, M3) we denote the genus of Z-lattices with quadratic form (quadratic
lattices) of R(Mj,Ms) equipped with the norm form of the quaternion algebra
scaled by Ms. The genus theta series of degree n of gen(Mj, My, M3) is then

(n)
en,(n) o () (K7 Z)
Oy a1z, 01 () = > O
(K}e 10K
gen(My, Mz, Ms3)
where the summation is over a set of representatives of the classes in gen(M7, Ms, M3),
O(K) is the (finite) group of orthogonal units of the quadratic lattice K, Z is a
variable in the Siegel upper half space H,, and

0(K, Z) = > exp(2mitr(q(z)Z))

z=(z1,...,.xn)EK™

with ¢(z) = (3 (Mstr(zi7;)))i;-
We consider a double coset decomposition

h=h(My,M>)
Dx= |J D&uRx
i=1

of the adelic multiplicative group of D with Rx = DX x Hp 0o R} and represen-
tatives y; with n(y;) = 1 and (y;)oc = 1. Then the lattices I;; = yiRy;1 (with
the norm form scaled by M3) exhaust gen(My, My, M3) (with some classes possibly
occurring more than once) and it is easily seen that with R; = I;; and e; = |R]"|
we have

h
Q(n)(-[zvz) w n,
1) R R T )
ij=1 B

where w = w(My, M) is the number of prime divisors of M;Ms. With these
notations we have from [2] (Theorem 3.2 and Corollary 3.2) and [5], (p.229):

Lemma 5.1 The value at s =0 of Go 5(Z) is
en,(3
Z aMl,Mz,M3®g/[1,](\4Z,M3 (Z)
My My Ms|N
with
any w,nty = (—1)FOMMD (M) P M 08wt () (2) 72
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In order to compute the value at s = 0 of the differentiated Eisenstein series from
Section 2 we have to compute

(5.2) (D;(a’yz’y3)@(3)(Ka =) (t1(21, 22, 23))

for the individual theta series appearing in the sum in Lemma 5.1. We denote
by U, the space of homogenous harmonic polynomials of degree p in 4 variables
and identify an element of U, with a polynomial on D, by evaluating it at the
component vector of an element of D, with respect to an orthonormal basis relative
to the quaternion norm on D. Similarly, for v € N let UISO) be the space of
homogeneous harmonic polynomials of degree v on R? and view P € UV(O) as a
polynomial on DY = {z € Dyltr(x) = 0}. The representations 7, of DX /R*
of highest weight (v) on U” given by (1, (¥))(P)(x) = P(y~tay) for v € N give
all the isomorphism classes of irreducible rational representations of DX /R*. By
« )),(,0) we denote the invariant scalar product in the representation space UISO),
by (( , ), the invariant scalar product in the SO(Da,norm) =: Hy-space U,,.
We notice that the invariant scalar products ((,)),, on the U,, can be normalized
in such a way that they take rational values on the subspaces of polynomials with
rational coefficients and that these subspaces generate the U,,. Indeed, consider
the Gegenbauer polynomial C##)(z,2') = obtained from

(5]

2

- . ; 1 (i =) 2
O(Nz) t) = M —1) ‘ i 25
9 1) > (1 e
Jj=0
by
~ _ (T
C(ui)(xhxz) = Qf(norm(zl)norm(@))ui/chm)( 1(z173)
2y/norm(z1 )norm(xs)

and normalize the scalar product on U}, such that C' (1) is a reproducing kernel, i.
e.

(CW) (@, 2"),Q(@)y, = Q')
for all @ € U,,. Then the C#i) (., 2') with rational 2’ are rational, generate U,
and the reproducing property implies that they have rational scalar products whith
each other. The same argument applies to the UU(O).

It is well known that the group of proper similitudes of the quadratic space (D, norm)
is isomorphic to (D* x D*)/Z(D*) via

(Ilva) = Oy, with Oz1,22 (y) = zlyx2_1
and that under this isomorphism SO(D,norm) is the image of
{(x1,22) € D* x D* | n(z1) = n(z2)}.

Moreover, the SO(Dy,norm) =: Hﬁ-space UV(O) ® U,EO) is isomorphic to the Hﬁ-
space Us, and the isomorphism can be normalized in such a way that it preserves
rationality and is compatible with the invariant scalar products on both spaces
(which are assumed to be normalized as above).

Denoting by S the Gram matrix of the quadratic lattice K we know from Section
1 that (5.2) is of the form

Z P(S%xl, 57 3, 5%1‘3) exp(mi(S[x1]z1 + S[za]za + Slxs]z3))

x=(x1,22,r3)€(Z4)3
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where P € ®?:1Uki,2 is a harmonic polynomial of degree p; = k; — 2 on R*
in each of the variables and is invariant under the (diagonal) action of Hg =
O(D®R,norm). Moreover, P is independent of S and has rational coefficients (up
to a factor of 3¢ 73%'t?). The Hg-invariant trilinear form T on U,, ® U, @ U,,
defined by taking the scalar product with the invariant polynomial (i3¢ 73¢'+0)=1p
(as remarked in Section 1 this is up to scalars the unique invariant trilinear form)
is hence rational (i. e. takes rational values on tensor products of polynomials with
rational coefficients).

If all the p; are even (as is the case in our situation) then the decomposition of
HF'{ and of U, as U S)z ® Uﬁ%
T© @ TO) | where the unique (up to scalars) DX -invariant trilinear form 7 on

(0) (0) (0)
Um/? ® UM/2 ® UM3/2
and T} are just the ordinary multiplication if all the pu; are 0.

For any positive definite symmetric 4 x 4-matrix S we define the U, -valued theta

from above gives furthermore that T' factors as

has the same rationality properties as T'. Of course both T

series O by

(5.3) 0L (2)(x') = Y CWI(SY 2, §Y/%a") exp(miS|z]z)

z€Z4
We notice that if K is a quaternary quadratic lattice with Gram matrix S the
right hand side of 5.3 does not depend on the choice of basis of K with respect to
which the Gram matrix is computed (because of the invariance of C'#¢) under the
(diagonal) action of the orthogonal group); we may therefore write it as 9(‘”)(1( )
as well. ~ B
We denote by @%}i) M, 01, the weighted average of the @(S“ ") over the Gram matrices
of representatives of the classes in the genus gen(Mj, My, M3) as above. We find

(5.4)
(D3OS, ) (1111 (21, 22, 23)) = i T3 HT(O1)(S, 21) © O12)(S, 2) @ OW) (S, 23))

(where T is as above). For the value at s = 0 of (2.1) we obtain therefore

(5.5) Aty anty wa s TUOY vy 2, (1), f(21)) ©
My M Ms|N

© (O v (22), 8(22)) ® (BU 1 (23),9(23)))

where by (,) we denote the Petersson product.

In order to evaluate this expression further we use Eichler’s correspondence. We
fix My, My and an Eichler order R(My, M) C D(M;) as above and set M =
Mj Ms. For an irreducible rational representation (V,,7) (with 7 = 7, as above) of
Di /R we denote by A(Dx, R, 7) the space of functions ¢ : Dy — V; satisfying
o(vru) = T(uzl)p(z) for v € Dq and u = usuy € Ry. It has been discovered by
Eichler that these functions are in correspondence with the elliptic modular forms
of weight 2 4+ 2v and level M = M;Ms. This correspondence can be described

h
as follows (using the double coset decomposition Dy = 'U1 D*y;R, from above):
i=
Recall from Section 5 of [2] and Section 3 of [4] that for each p | M1 M> we have an
involution w, on the space A(Dx, R, 7,) given by right translation by a suitable
element m, € R of norm p normalizing R,. This space then splits into common
eigenspaces of all these (pairwise commuting) involutions. On A(Djx, Rx,7,) we
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have furthermore for p t N Hecke operators T(p) whose action on these functions is
expressed by the Brandt-matrices (Bg’ ) (p)) (whose entries are endomorphisms of
V:,). They commute with the involutions w,. On the space A(Dx, R4, 7,) we have

moreover the natural inner product ( , ), defined by integration, it is explicitly
given by
<¢ p) _ zh: <<<P(l/i)’p(yi)>>(y0)
b 1% P 61 .

By abuse of language we call (in the case v = 0) forms cuspidal, if they are orthog-
onal to the constant functions with respect to this inner product.
We denote for p dividing M, the p-essential part by A, ess(Dx, Rx,T) consisting
of functions ¢ that are orthogonal to all p € A(Dx, (R/y)*,7) for orders R’ O R
for which the completion R;, strictly contains R,. It is invariant under the T(p) for
p 1 My M; and the W), for p | M1 M, and hence has a basis of common eigenfunctions
of all the T(p) for p t N and all the involutions @, for p | N. Moreover by the
results of [7, 15, 23, 17] we know that in the space Aess(Dx, Rx,7) of forms that
are p-essential for all p dividing M = M; M5 strong multiplicity one holds, i.e., each
system of eigenvalues of the T'(p) for p + M occurs at most once, and the eigenfunc-
tions are in one to one correspondence with the newforms in the space S2*2¥ (M) of
elliptic cusp forms of weight 2 + 2v for the group I'g(M) that are eigenfunctions of
all Hecke operators (if 7 is the trivial representation and R is a maximal order one
has to restrict here to cuspidal forms on the quaternion side in order to obtain cusp
forms on the modular forms side). This correspondence (Eichler’s correspondence)
preserves Hecke eigenvalues for p{ M, and if ¢ corresponds to g € S?+2¥(M) then
the eigenvalue of g under the Atkin-Lehner involution wy, is equal to that of ¢ under
W, if D splits at p and equal to minus that of ¢ under w, if D, is a skew field.
(From (3.13) of [5] we know that if g having first Fourier coefficient 1 corresponds
in this way to ¢ with (,¢), = 1 then (g, 0% (K)) = (g, 9)(#(y:) © ¢(y;)) holds.
It is not difficult (see also [13]) to extend this correspondence to not necessarily
new forms g € S?t2”(N) in the following way:
Lemma 5.2 Let N = M;Ms be a decomposition as above. Call § € S**2¥(N)
an M'-new form if it is orthogonal to all oldforms coming from g’ € S**2(M’)
for M' | N. Then Fichler’s correspondence from above extends to a one to one
correspondence between the set of all My-new eigenforms of the Hecke operators
for pt N in S?*T2Y(N) that are eigenfunctions of all the w, for p | My with the
set of all Hecke eigenfunctions in A(Dx, Rx,T) that are eigenfunctions of all the
wnwolutions w,. This correspondence is compatible with the Hecke action and the
eigenvalues under the respective involutions as above; it maps newforms of level
M’ | N (with My | M') to forms that are p-essential precisely for the p | (M'/My).
The correspondence can be explicitly given (in a nonlinear way) by the first Yoshida
lifting sending ¢ to the form

3~ (B © 6(). 6% (1))

€i€j

ij
it then sends @ with (@, @), = 1 to § having first Fourier coefficient one. Moreover,
in this normalization it satisfies the scalar product relations from above, i. e. , if g
corresponds to @ then (3,0 (I;))(@, )2 = (3, 3)(@(y:) ® @(yy)) holds.
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Proof. Let M’ be a divisor of N and g € S?72”(M’) and let € be a function from

the set S of prime divisors of N/M’ (whose cardinality we denote by w(M/M’))

to {£1}*MM/M) " Then the function g¢ = 3 9] es €(p)wp) in S*F27(N) is
S'Cs

an eigenfunction of the Atkin-Lehner involutions w, for the p | (N/M’') with
eigenvalues €(p). Similarly, fix a maximal order R C D and an Eichler order
R = R(My, M) C R, let M} | Ma and let R(My, M) be the Eichler order of level
M; M} in D containing R and contained in R. Let € be a function on the set of
prime divisors of My/M} as above. Then to ¢ € Aess(D 4, (R(My, M})) A, T) we
construct as above a unique ¢ having the same Hecke eigenvalues for p t N and
the same wy-eigenvalues for p | My M as ¢ such that ¢ is an eigenfunction of the
wy, for p | (Ma/MJ) with eigenvalues €(p).

Given an Mj-new Hecke eigenform § in S?T2”(N) that is an eigenfunction of all
the w, for p | My with eigenvalues ¢, we then associate to it the newform g of
some level M’ = MM} | My M, that has the same Hecke eigenvalues for p { N
so that § = ¢¢ with e(p) = ¢, and apply Eichler’s correspondence to get a ¢ €
Aess(Dx, (R(Mq, M})) A, 7). From [2] we know that this can be normalized such
that g is obtained from ¢ by Yoshida’s lifting. We then pass to the eigenfunction ¢°
of all w, with the same eigenvalues as g for p | M. The scalar product relation (up
to normalization) follows then in the same way as in [5], using the uniqueness of the
given set of w,-eigenvalues and the fact that application of w), for p | M transforms
O (I;;) to ©®)(I;/;), where y; represents the double coset of y;m ! (this is an
easy generalization of Lemma 9.1 a) of [2], see also [3]). The same argument shows
that Yoshida’s lifting realizes this correspondence (using the well known fact that
it gives the right Hecke eigenvalues for the p { N), and using the expression of g€
as a Yoshida lifting we find the correct normalization of the scalar product relation
as in [5].

We will need a version of the scalar product relation in Lemma 5.2 also for the case
of newforms of level strictly dividing the level of the theta series involved.

Lemma 5.3 Let My, M} with M = MM} dividing N be as before and let g
be a mormalized newform of level M and weight k = 2 + 2v as in the previous
Lemma; let S be the set of prime divisors of N/M. Put My = N/MJ} and let
R = R(My,M}) and R = R(My,Ms) C R’ be Eichler orders of levels M, N re-
spectively in D(My) and consider a double coset decomposition D 5 = U?:lDéyiRz
and corresponding quadratic lattices (ideals in D) I;; relative to R as before. Let
© € Acss(Da, (R5)*,7) be the essential form corresponding to g under Eichler’s
correspondence (with (¢, ), =1). Then

(5.6)  (5,0(1;)) = (g,9) S (] o)) wa) @ (] (wp)e) )

S'CS peS’ pes’

Proof. Let € be a function from the set of prime divisors of N/M to {£1}*(N/M) and

let g%, ¢° be as in the proof of Lemma 5.2. Then ¢¢ corresponds to (¢°)//{©<, ©<),)
under Yoshida’s correspondence, so we get

(5.7) (99, 0P (1)) = gi:;ysﬁe(yi) ®¢(y;)
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by Lemma 5.2. For any S C S the Petersson product (g,g|([[,cs €(p)(wp)))
is the same as the product of g with the image of g[(]],cs €(p)(wp)) under the
trace operator from modular forms for I'o(N) to modular forms for I'o(M), hence
equal to Hpes, e(p)p~"ay(p){(g, g), since for p ¥ M the map g — g|w, composed
with the trace just gives the (renormalized) Hecke operator. The same argument

applies to (¢, ([[,cs €(p)(wp)p)) and gives the same factor of comparison with
(p, @) since g and ¢ have the same (renormalized) Hecke eigenvalues. Thus we
have (g€, g)(¢<, »°) 1 = (g, 9) (¢, ¥) "1, and summing up the identities (5.7) for all
the functions e gives the assertion.

Lemma 5.4 Let f, ¢, as in Section 2 be newforms of square free levels Ny, Ny, Ny,
with N = lem(Ny, Ny, Ny) and with weights k; = 24+2pu,;. Then in 5.5 the summand
for My, Ma, M3 is zero unless M3 =1, N = MM and M; | ged(Ny, Ny, Ny) hold.
Proof. Since by Lemma 5.2 we can express f,¢,1% as Yoshida-liftings an easy
generalization of Lemma 9.1 b) of [2] shows that f is orthogonal to all ©*1)(K)
for K in gen(M;, Mo, M3) for which Ny does not divide M; M, and analogously for
¢,1. This establishes the vanishing of all summands for which N # M M,.

If there is a p | My not dividing ged(Ny, Ng, Ny) then say p f Ny. The Petersson
product of f with ©2#)(K) for K in gen(Mj, My, 1) is then the same as that of
f with the form obtained by applying the trace operator from modular forms on
T'o(N) to modular forms on I'g(N/p) to the theta series. But it is easily checked
that this trace operator annihilates the theta series of K € gen(M;, Ma, M3) if
p | My, see [8]; the same argument is applied to ¢, which shows the last part of
the assertion.

Lemma 5.5 Let f,$,1 be cusp forms of weights ki, ko, ks for [o(N) with square
free N as in Section 2, assume them to be eigenforms of the Hecke operators for
p1 N and of all the Atkin-Lehner involutions w, with eigenvalues €¢(p), €4(p), €4 (p)
but not necessarily newforms. Let My My = N (with My as always having an odd
number of prime factors) and let R = R(Mj,Ms) be an Eichler order in D =
D(M). Let pf, 4,0y be the forms in A(Dx,Rx,T,,) corresponding to f,¢,v
under the correspondence of Lemma 5.2 (with k; = 2+ 2u; fori=1,...,3). Then
the summand for My, Ma, M3 =1 in 5.5 is

h 2
2 s, (1) (6.0} ) 3 (UL O 2o € 200) )

e
i=1 v

The latter expression is zero unless for all p | N one has p | My if and only if
er(p)eg(p)ey(p) = —1.

Proof. The first part of the assertion is an immediate consequence of Lemma 5.2
and the decomposition of T as T(® @ T . For the second part we notice that

h
the expression (TO(W(yi)®¢‘b(yi)®ww(yi))) does not change if an involution w,
i=1

=2

is applied to all three functions ¢¢, v, @y since this only permutes the order of
summation. On the other hand each summand is multiplied with the product of
the eigenvalues of ¢, pg, @y under w,, which in view of the relation between the w,
eigenvalues and the wy-eigenvalues of corresponding functions proves the assertion.

Although the scalar product relation in Lemma 5.2 is not true if one omits the
condition that ¢ is an eigenfunction of all the involutions w,, the next Lemma
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shows that by an amusing newforms argument an only slightly changed version of
Lemma 5.5 (which is based on this scalar product relation) remains true without
this condition.

Lemma 5.6 Let f,¢,1 be normalized newforms of levels N¢, Ny, Ny of weights
ki =2+42u; (i =1,...,3) as in Section 2 and let Ay, Ao, A3 be pairwise disjoint
subsets of the set of primes diwvisors of Nf = N/Ng,N? NV respectively such that
A1UALUA3 is the set of all primes dividing precisely one of the integers Ny, Ny, Ny.

Fork=1,...,3 let
wx, = [ @
PEAL

Let a decomposition N = MM, as before be given, fix a mazimal order R in
D = D(My) and an Eichler order R = R(M;, Ms) C R of level MiMy = N in D
and consider a double coset decomposition D = U?:lDéyiRz and corresponding
quadratic lattices (ideals in D) I;; relative to R as before. For each My | My let
R(M1M3) = R(My, M}) be the unique Eichler order of level My M} contained in
R and containing R. Let p1 € Aess(DX, (R(Nf)%,Tyu,)) be the form corresponding
to f under FEichler’s correspondence and define po, w3 analogously with respect to

¢,1. Then

(5.8) T(<f7é(u1)><¢7(:)(uz)><z/)7(:)(us)>)
h
— 9-wleed (N1 No NG (£ £y (g, ¢><¢7¢>(To(z 5@\:@1(yi)®@;¢2(yi)®@;¢3(yi)))2

i=1 *

Proof. This is an immediate consequence of Lemmas 5.2 and 5.3: Upon inserting
the scalar product relations from these lemmata into the left hand side of (5.8) we
obtain a sum of terms of the type

L 2

(To((D_ way 1 (i) ® Wayp2(ys) @ ways(yi)))

i=1
with arbitrary subsets A/, of the sets of primes dividing N/N;, N/N,, N/N,) re-
spectively. Let p be a prime dividing two of the levels, say p | Ny,p | Ny. Then
since applying w, to all three of the ¢, only changes the order of summation, the
involution w, for p € Ay may be pulled over to ¢s, 3 which are eigenfunctions of
wp. The terms with the set A5 and those with A5\ {p} give therefore the same
contribution. Let now p be a prime dividing only one of the levels, say p | Ny.
If p ¢ A5 UAf then the component of @9 ® @3 in the 7,,-isotypic component of
Ty, ® Ty, is an oldform with respect to p, hence orthogonal to the p-essential form
1. Since Tp(p1 ® w2 ® 3) is proportional to the scalar product of ¢; with this
component of 1 ® s such a term gives no contribution; the same argument applies
if p € AL, N AL holds. If p is in precisely one of A}, Aj then the same argument as
in the first case shows that p may be shifted to either one of these sets without
changing the contribution of the term. Taking together both cases we find that all
terms appearing are of the shape

h

(To((O w1 (i) © Wnap2(yi) ® W, 03(3:)))

i=1
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with each term appearing 2N/ &d(Ns:No,Ny)) times, which in view of 5.1 implies
the assertion.

Collecting all the information obtained we arrive at the main theorem:

Theorem 5.7 The value of the triple product L-function L(f,$,,s) at the central

critical value s = % —1 s

(59) (_l)w(N)er(Ml,M2)25+3b+8a'7w(gcd(Nf,N¢,Nw)7r5+6a’+2b

¢ 1 bl + 1)
(b 2lal2la’] (o]
() 22ll(a +2)

" (¢ +b+1I'(2d +b+2)

FBBa’ +b+2)T(a/ + vo+ DT(a/ +v3+ 1)
h

X 4, 1(6,0) 00, (To (Y o (00) © Thaipa ) @ T s ) )

=1

x N2(M; M) 3 My

where the notation is as in Lemma 5.6 and Ty is (as explained in the beginning
of this section) the up to scalars unique rational invariant trilinear form on the

representation space Uﬁ?)/Z & U;(Lg)ﬂ ® Ul(f;)/Z (with p; = k; —2) and takes values

in the coefficient fields of f,p,v respectively on the polynomials wy, . (y;) (for
k=1,...,3)

It should be noted that the rational quantity on the right hand side can be inter-
preted as the height pairing of a diagonal cycle with itself in the same way as in
[11]. One has just to replace (for k = 1,...,3) the group Pic(X) of [11] with the
group Pic(V,) from [14] obtained by attaching to each y; in the double coset de-

composition of D) used above the space of R -invariant polynomials in U, ,(fi). Our
functions ¢, may then be interpreted as elements of Pic(V,). One may then form
the tensor product of these three groups and obtain an analogue of the diagonal
cycle A from [11] by using our Gegenbauer polynomials from above and proceed as
in loc. cit.
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