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Abstract

After preliminary work [19], [21] in the 1950s, a paper by Martin Eichler appeared in [50] in
1972 in which the basis problem for modular forms was solved. Eichler describes explicitly
how theta series attached to quaternion ideals can be used to construct a basis for a given
space Sk (1"0 (N),1) of cusp forms of even weight k& > 2 and trivial character for the group
To(N).

In the same year an article by Hideo Shimizu ([65]) was published that can be viewed as a
generalization of Eichler’s work to the case of an arbitrary totally real number field F'. Like
Eichler, Shimizu is able to find a set of generators—although not necessarily a basis—for
spaces of cusp forms. His result, however, is far less explicit than Eichler’s. A reason is that
in his proof Shimizu makes intensive use of the representation theory of the group GL2(Ag)
over the adele ring A, so that this group and its representations still play a crucial role in
the description of the generating system that he constructs, and a connection to the classical
theta series can hardly be seen.

Therefore, it is the aim of this thesis to prove an explicit version of Shimizu’s Theorem.
This means that we will show how Shimizu’s “adelic theta series” can be transformed into
classical theta series not unlike those in Eichler’s work, which have the advantage of being
explicit enough to be evaluated on a computer.

To this end, we begin by explaining the correspondence between adelic and classical modular
forms, which is well-known in the case F' = Q, but only seldom treated in the case of general
number fields. Afterwards we provide the basics of the theory of admissible representations of
GLy(Ap) that are necessary for the understanding of Shimizu’s result. With this background
material we are then able to prove our Main Theorem [5.2.1] which is an explicit version of
Shimizu’s Theorem.

Finally, the results are used to construct theta series on a computer with the help of the
computer algebra system MAGMA. We are thus able to find explicit sets of generators—in
some cases even bases—for a selection of spaces of cusp forms.






Zusammenfassung

Nach Vorarbeiten [19], [2I] aus den 1950er Jahren erschien 1972 in [50] ein Artikel Martin
Eichlers iiber das Basisproblem fiir Modulformen, worin er explizit beschreibt, wie man
aus Thetareihen zu gewissen Quaternionenidealen eine Basis eines vorgegebenen Raumes
Si(To(N),1) von Spitzenformen geraden Gewichts k& > 2 und mit trivialem Charakter zur
Gruppe T'o(N) konstruiert.

Im selben Jahr veroffentlichte Hideo Shimizu einen Artikel ([65]), den man als Verallge-
meinerung von Eichlers Arbeit auf den Fall eines beliebigen total reellen Zahlkoérpers F
auffassen kann. Auch ihm gelingt es, ein Erzeugendensystem — wenngleich nicht notwendi-
gerweise eine Basis — fiir R&ume von Spitzenformen anzugeben. Allerdings ist sein Resultat
weit weniger explizit als Eichlers. Dies liegt in erster Linie daran, dass er in seinem Beweis
intensiven Gebrauch von der Darstellungstheorie der Gruppe GL2(Ap) iiber dem Adelring
Apr macht, so dass auch in der Beschreibung des von ihm angegebenen Erzeugendensys-
tems der Gruppe GL2(Ap) und Darstellungen derselben eine tragende Rolle zukommt und
zuniichst keinerlei Ahnlichkeit mit klassischen Thetareihen erkennbar scheint.

Ziel der vorliegenden Arbeit ist es nun, eine explizite Version von Shimizus Theorem zu
beweisen. Das heifit, es soll gezeigt werden, wie sich Shimizus ,,adelische Thetareihen* in
klassische Thetareihen iibersetzen lassen, die — wie in Eichlers urspriinglicher Arbeit —
so konkret angegeben werden koénnen, dass dadurch eine Berechnung mit dem Computer
moglich wird.

Zu diesem Zweck wird zundchst der Zusammenhang zwischen adelischen und klassischen
Modulformen hergeleitet, der im Fall F' = Q hinlénglich bekannt ist, im Fall allgemeinerer
Zahlkorper in der Literatur aber kaum behandelt wird. Ferner werden diejenigen Aus-
sagen iiber die Theorie der zuldssigen Darstellungen von GLo(Ag) bereitgestellt, die fir
das Verstandnis von Shimizus Resultat notig sind. Mit diesen Hilfsmitteln kann dann der
Hauptsatz d. h. eine explizite Version von Shimizus Theorem, bewiesen werden.

Schliellich wird dieses Resultat benutzt, um mit Hilfe des Computeralgebrasystems MAGMA
Thetareihen zu konstruieren und somit ganz konkret Erzeugendensysteme — und teilweise
sogar Basen — einiger ausgewahlter Raume von Spitzenformen zu berechnen.
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Introduction

Let F be a totally real number field of degree [F : Q] = n > 1 of arbitrary narrow class
number ht; and let k € Z™, k > 2 be a (possibly non-parallel) weight vector.

Hilbert modular forms in the classical sense are holomorphic functions on the n-fold complex
upper half plane with the well-known transformation rule

fley =x()f

for all v in some congruence subgroup of GLj (F) and some character x. This definition
is completely analogous to the elliptic situation, i. e. to the case of modular forms over Q.
But when delving deeper into the theory and trying to carry methods and proofs over from
Q to the number field F', one will soon face more problems than expected. The theory of
Hecke operators, for example, which is known to be a highly useful tool in the treatment of
modular forms, does not generalize as easily to the number field situation, and it becomes
particularly technical if F' is of narrow class number At > 1.

On the other hand, one may also define Hilbert modular forms in the adelic setting as certain
automorphic forms on GLy(F)\GL2(Af) (the precise definition is given in Definition [2.2.9).
Although it looks rather unwieldy, the adelic approach turns out to be more promising for
many purposes and theoretical results. For example, the adelic Hecke theory allows a uniform
treatment of all number fields, so that a non-trivial narrow class group no longer causes
complications. But above all, automorphic forms on GL2(F)\GL2(AF) give naturally rise
to admissible representations of GLo(Af), which can then be approached by representation
theoretic means as explained in Hervé Jacquet’s and Robert Langlands’s famous work [41].

A natural question to ask when examining a given space of modular forms for a certain
weight, character and congruence subgroup is: What is the dimension of this space? More-
over, which forms constitute a basis?

In preliminary works [19], [2I] and finally in [22],[23], Martin Eichler solved the so-called
“basis problem” for Sy (FO(N ), 1)7 the space of elliptic cusp forms for the group I'g(NN) of
even weight k and trivial character x = 1. By proving that Sk (FO(N ),1) is the direct
sum of spaces of newforms and translates thereof, each of which is spanned by theta series

attached to a certain quaternion algebra, he gave an explicit description of a basis of the
space Sk (To(N),1).
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In the same year, a paper by Hideo Shimizu was published in which the author presents
an alternative proof of Jacquet-Langlands [4I, Thm. 14.4] and—as a byproduct—obtains
generators for certain spaces Hy (Ko (o,n), 1) of adelic Hilbert modular cusp forms of weight
k > 2 and level n. His result can be viewed as a generalization of Eichler’s theorem to the
number field case in the sense that the space Hﬂ (KO(O, n), 1) decomposes into a direct sum
of spaces U(m) of newforms and translates thereof, each of which is generated by functions
that we will call, for lack of a better word, adelic theta series.

One drawback of Shimizu’s result is that it does not present a basis for the space of cusp
forms but only a set of generators, while the question of linear dependencies is not ad-
dressed. Moreover, the adelic theta series that Shimizu uses are defined in the language
of admissible representations, so that the similarity to the classical theta series in Eichler’s
work is only visible to the expert. In particular, the definition of the adelic theta series (see
Theorem is so inexplicit that it is of hardly any use for computational purposes.

At the time that Shimizu’s paper appeared it was far from practicable to calculate any
Fourier coefficients of Hilbert modular forms on a computer. Therefore the motivation for
finding a more explicit version of Shimizu’s result was rather limited. But in the light
of the ever increasing computer capacity and continually growing functionality of modern
computer algebra systems it has become more and more attractive to find explicit examples
of Hilbert modular forms.

Several groups of researchers are nowadays engaged with the construction of Hilbert modular
forms, and consequently, considerable progress in the whole area has been made during the
last few years. In [67], for example, the Fourier coefficients of Hilbert modular forms are
constructed by examining Hecke operators on a certain space of functions on the double
coset space O\ A% /A%, which parametrizes the O-left ideal classes of an Eichler order O
in a quaternion algbera A. The algorithm follows the ideas in [54]. In [16], [17], [I8] it is
further refined by finding an alternative description of the double coset space, so that the
time-consuming computation of the O-left ideal classes can be avoided. The results in these
papers are used for finding evidence for a general modularity conjecture between modular
forms and elliptic curves (see also [14]).

But despite the significant progress that has been made, a satisfactory generalization of
Eichler’s solution of the “basis problem”, i. e. an explicit version of Shimizu’s Theorem in
terms of classical theta series, has neither been formulated nor proven yet. It is the subject
of the present thesis.

The aim of this thesis is threefold. Firstly, we found the literature dealing with the corre-
spondence between classical and adelic modular forms somewhat insatisfactory. While over
Q this correspondence has been explained in detail by several authors (among others [29]
§ 3], [8, Ch. 3], [49] § 1]), not much literature is available for the number field case ([28]). In
particular, number fields of non-trivial narrow class number are rarely treated. One reason
may be that the ideas behind this correspondence that work over QQ can easily be adopted to
the number field F, the only difference being that the statements and proofs become more
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cumbersome. To the expert, who is familiar with the elliptic case, it may be clear enough
that most results are more or less the same over F' as over Q, and he may be content with
the available literature. The non-expert, however, who is trying to find an introduction to
Hilbert modular forms, may need some more explanation on this topic. We hope to fill a
gap in the treatment of Hilbert modular forms by stating and proving the Correspondence
Theorem [2.3.7] between classical and adelic modular forms in the general case of totally real
number fields with arbitrary class number and for modular forms of arbitrary weight and
character. This will be our aim in Chapters [I] and

A second goal is to examine Shimizu’s result and to make clear to what extend it is a
generalization of Eichler’s work. To this end, we will first explain the representation theoretic
background and ideas behind Shimizu’s work (Chapter [3). Then we have to delve into the
theory of harmonic polynomials, which come into play when constructing theta series of
weight > 2 (Chapter . Afterwards we will show how Shimizu’s results can be carried over
from the adelic side to the classical situation, and thus we derive our Main Theorem [5.2.1]
which states that for certain spaces of classical Hilbert modular cusp forms, which we denote
by Sk (I‘O(clb, n), 1)7 a set of generators can be found that consists of quaternionic theta series
of the form

O(z) = Z v ZP(E) exp (2miTr(vnrd(a)z))
veopt /o2 a€l
for suitable, explicitly given quaternion ideals I and harmonic polynomials P. The beginning
of the proof makes use of the Correspondence Theorem, while its main part is motivated by
[80, § 2]. Although the outline of the proof is clear, its realization turns out to be rather
cumbersome and technical, thus making up the biggest portion of Chapter

The third aim of this thesis is to give explicit examples of quaternionic theta series in order
to illustrate the theoretical results of the first chapters. All necessary computations were
carried out with the help of the computer algebra system MAGMA [I3]. Due to technical
reasons, however, we could not use the newest version MAGMA V2.15. The version we did
use, namely MAGMA V.2.13, was one of the first versions in which functions for dealing
with quaternion algebras over number fields were included, and as often happens with new
functionality in software packages, not all of it was working flawlessly. For this reason, we
were not able to compute any arbitrary example we wanted because some of them resulted
in unexpected error messages (see Section for more details).

Most—though not all—explicit examples of Hilbert modular forms that can be found in
literature are forms of parallel weight k = (2,...,2) over Q(v/5), or at least over a quadratic
number field of narrow class number h™ = 1. We are therefore glad that in spite of the
problems with the software package we were able to compute examples for each of the
following settings:

e over a number field of narrow class number h™ > 1,
e over a number field of degree n > 2,

e of non-parallel weight k > 2.
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The MAGMA-group is working hard on improving the functionality for Hilbert modular
forms, that has been included for the first time in the latest version V2.15. The algorithms
they are using are based on [I8] and very likely to be far more efficient than ours. But
experience shows how easily mistakes can slip into even the most careful implementation, in
particular when handling so complex a matter. Indeed, the long list of change logs concerning
Hilbert modular forms that can be found on the MAGMA homepage demonstrates that the
algorithms are not yet perfected and the development is still in progress. It is therefore
always good to have independent results with which to compare the output, and our tables
in Chapter [6] may serve as such. They are independent of the MAGMA-results in the sense
that by implementing the theta series ©(z) we use a completely different approach to the
construction of the modular forms.

This thesis would not have been possible without the help and support of a number of
people, to whom I am deeply indebted.

First of all I would like to express my sincere gratitude to my supervisor Prof. Dr. Rainer
Schulze-Pillot for guiding me not only through this thesis but also through the essential part
of my mathematical education. I have always appreciated being a member of his research
group and owe him many thanks for his cordiality and all the valuable advice he gave me
whenever I struggled with a mathematical problem.

I am very grateful to my husband Dr. Max Gebhardt for the encouragement he never failed
to give me and the endless patience he showed throughout those long years. Likewise, I owe
thanks to my family for their moral support and the interest they showed in the progress of
my work.

Last but not least I would like to thank all my colleagues and friends for creating a motivat-
ing and cheerful atmosphere at the department and thus making my time of study highly
enjoyable.



Chapter 1

Hilbert modular forms in the

classical setting

This introductory chapter provides all necessary definitions and elementary facts about
classical Hilbert modular forms over a number field F' of degree [F': Q] = n > 1. Although
we do not assume that the reader is familiar with this topic, some knowledge of elliptic
modular forms might prove useful in order to recognize the analogies between the rational
and the number field situation.

We will also introduce theta series attached to quaternion ideals (see Section . Not only
are they a well-known example of classical Hilbert modular forms and thus worth mentioning,
but we will see in later chapters that they form a set of generators of the whole space of
Hilbert modular cusp forms and are therefore of special interest.

Before we are able to define these theta series we will need a few results concerning quaternion
algebras and their ideal theory. Section contains a brief summary hereof.

1.1 Introduction to Hilbert modular forms

Let us start by giving a brief introduction to classical Hilbert modular forms. The reader is
referred to [27, Ch. I § 4], [28, Ch. I § 1.2 and 1.4], |71, Ch. I § 6], and [34, Ch. 2 § 3] for
further details on the subject covered in this section.

Let F be a totally real algebraic number field of degree n = [F : Q] > 1, and let o be its
ring of integers. Then 0%, is the group of units and we denote by o}if the subgroup of totally
positive units. Archimedean places of F' will usually be denoted by v, non-archimedean
places by p. We also use the concise notation v | co and p < co when referring to archimedean
and non-archimedean places, respectively. The localization of F', or etc. with respect to p
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will be denoted by F,, 0, etc.

Denote by GL3 (F) the group of (2 x2)-matrices over F' whose determinant is totally positive.
A congruence subgroup of GLg (F) is a subgroup of GLJ (F) containing the kernel of the
canonical reduction map

SLQ(OF) — SLQ(OF/ﬂ)

for some integral ideal n of F'. Let I' be such a congruence subgroup and x a character on I'.
The complex upper half space will be denoted by H. In H", we fix the vector i := (4,...,1)
with 72 = —1, and denote by k = (ky,...,k,) € Z"™ a vector of integers.

These notations will be fixed throughout this thesis.

Definition 1.1.1 (-|x-operator, factor of automorphy). For z € H", a,b,c,d € R,
g="(9:)1 = ((Cclz ZZ)) € GL$ (R)" and a function f : H® — C, we define
i Qi) ) i=1

e an operation of GLJ (R)™ on H" by

. (aiZi +bi)n cH" |
CiZ; —+ dz i=1

e the abbreviations

n n

Tr(az) := Zaizi , (cz +d)k = H(Cizi +d;)*i det g* := H(det g™,
i=1

i=1 i=1

e the factor of automorphy by

n

](gaz) = (Cz + d) detg_1/2 = H(Cizi + dl)(detg;1/2) )

i=1

e and the -|k-operator by

(f1k9)(2) = j(g. 2) ¥ f(92) = det g*/*(cz + d) 7% f(g2) .

Definition 1.1.2. Let 7,...,7, : ' — R be the n embeddings of F' into R, and extend
each 7; to an embedding 7; : GL3 (F) — GLJ (R) by applying 7; to each matrix entry.

e For ¢ € I, we denote by ¢V, ..., ¢(™ the images of ¢ under the embeddings 71, . .., .
Similarly, for g € GLJ (F), we write g™, ..., g™ for the images of g under 71, ..., %,.

e By identifying ¢ € F with the vector (c(V),... ¢™) € R™ and g € GL (F) with
(g, ..., 9") € GL (R)", we may use all of the notation defined in Definition m
also for elements in the number field F'.
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The properties of the factor of automorphy j(-, -) and the -|x-operator which we will most
frequently use are stated in the following lemma.

Lemma 1.1.3. For all g,h € GLa(F), z € H" and f: H* — C,

jlgh.z) = j(g,h2)j(h,z)  and  fl(gh) = (flkg)lkh -

Proof. Asin the case F' = Q, these identities can be verified by a straightforward calculation.
O

Definition 1.1.4 (Hilbert modular form). A Hilbert modular form of weight k for
the group T' with character x is a holomorphic function f : H® — C that satisfies the
transformation rule

flky=x()f  forall ~el.

The space of all Hilbert modular forms of weight k for the group I with character y will be
denoted by My (T, x). If x = 1 we will sometimes write My (T") instead of My (T, 1).

Proposition 1.1.5 (Fourier expansion). Let f € My(T'). The set

facr] (1 2)er]

is an ideal in F, and we denote by a* its dual. Then f(z) has a Fourier expansion of the
form
f(z) = Z a§e2mTr(fz) where a¢ = 0 unless all €9 >0,
E€a#

The Fourier coefficients a¢ are given by the formula
Qe = 1 / f(z)e—ZTriTr(ﬁz) dr
¢ Vol(R"/a)
R"/a

where z = (x, +1y,)0_; and de = dxq - - - dxy,.

Proof. See [27, Ch. I, Lemma 4.1] or [28] section 1.2]. O

Remark 1.1.6. (i) Clearly, either all or none of the conjugates £ of ¢ are equal to zero.
So the Fourier expansion of f has a constant term ag, which may be zero, and all other
coefficients a¢ belong to totally positive elements ¢ € a¥.

(ii) Note that our general assumption [F' : Q] > 1 is crucial for the validity of Proposi-
tion [I.1.5] In the case F' = Q, we would need the additional requirement that f be
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“regular at the cusps”. This means, by definition, that there are no Fourier coefficients
ag for £ < 0. If [F : Q] > 1, however, the so-called Koecher principle guarantees that
this regularity requirement is automatically satisfied, see for example [34, Theorem 3.3]
or Koecher’s original work [48].

O
Definition 1.1.7 (Cusp form). A Hilbert modular form is called cusp form if for all

v € GL3 (F) the constant term in the Fourier expansion of f|iy vanishes. The space of all
cusp forms in My (T, x) will be denoted by Sk (T, x).

Proposition 1.1.8.

(i) Hilbert modular forms of weight O with trivial character are constant, i. e.
Moy(T)=C and So(T) = {0} .
(ii) Hilbert modular forms with trivial character that are no cusp forms exist only for
parallel weight, i. e. for ky = ... = k,. In other words,

k not parallel = My (T") = Sk(T') .

(iii) A necessary condition for the existence of a modular form f # 0 in the space My (T, x)

X((g 2>>:sgn(a)k forall(g 2)61",

where Sgn(a) = (Sgn(a(l)), e Sgn(a(n))>

Proof. Part (i) and (ii) can be found in [27, T § 4]. The third assertion can be shown as in
the case of elliptic modular forms: Let 0 # f € M (T, x) and let v € T be a scalar matrix
with diagonal (a,a), then

XN f = fly = (a®)*?a7¥f = sgn(a)*f .

1.2 Quaternion algebras and their ideals

Our aim in this section and the next is to present generalized theta series over number fields.
The construction mainly follows [24] and makes use of quaternion algebras. For this reason,
we begin with a short summary of the basic definitions and statements concerning ideals
and orders in quaternion algebras. For more details, the reader is referred to [73].
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Let A be a definite quaternion algebra over the totally real number field F' with basis vectors
1,1,j, € satisfying

“=a, =0, j=-ji=¢t for some fixed o, 5 € F* .

Being definite means that A is ramified at all archimedean places of F'. The non-archimedean
places at which A is ramified are collected in the discriminant Dy of A defined by

Dy = H p.

p<oco
A is ramified at p

Definition 1.2.1 (Quaternion ideals and orders).

(i) An ideal of A is a complete lattice in A, i. e. a finitely generated op-module I in A,
such that there exists a basis z1,...,z4 of A with

I Copx1+...topxy and FI=A.

(ii) An order of A is an ideal of A that is moreover a unitary ring. Equivalent is the
definition: An order of A is a unitary ring £ consisting of integral elements in A such
that 'O = A. An order is called mazimal if it is not properly contained in any larger
order of A. An order is called an FEichler order if it is the intersection of two (not
necessarily distinct) maximal orders.

(iii) For an ideal I, we call
o(l):=={a€A|al CI} and o,(I):={ac A|IaC I}

the left order and right order of I, respectively, and say that I is an o;(I)-left ideal
and an o, (I)-right ideal. Both o;(I) and o,(I) are orders in A. We say that an ideal
is integral if it is contained in its left (or equivalently in its right) order.

(iv) If O is an order then two O-left (resp. right) ideals I,.J are said to be in the same
ideal class if there exists an a € A* such that I = Ja (resp. I = aJ).

Lemma and Definition 1.2.2. If O is an Eichler order in A then its localizations are of
the form

Oy ={a€ A, |nrd(a) €0y} ifp| Dy,
Opy=a % % ) 1 for some a € A} else .
phe Op P

The exponents ky are non-negative integers almost all of which are 0. We put
D2 = H Pk" )
p1D1

and call the ideal D1 Ds, or the pair (D1, Ds), the level of O. The order O is mazimal if
and only if Do = 1.
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On the quaternion algebra A, consider the bilinear form f(:,-) and the corresponding
quadratic form ¢(-) given by

Blx,y) = tr(ay) and q(z) = Bz, ) = 2nrd(z) forall z,y € A,

where tr(z) = ¢ + T and nrd(z) = 2T denote the (reduced) trace and norm, respectively.
The discriminant of a quaternion ideal I with respect to §(-,-) is the ideal disc(I) C F
generated by

{ det (ﬁ(xi,xj))ijzl | 1,...,24 € I} .
The dual of I with respect to 3(,-) is defined by

I* :={zeA|BxI) Cop}.

Definition 1.2.3 (Norm, level). Let I be an ideal in A. Then the ideal in F' that is
generated by all nrd(z) with x € I is called the (reduced) norm of I and will be denoted by
nrd(I). The level of I is

N(I) := nrd(I) ‘nrd(1#)71 .

Remark 1.2.4. Note that our definition of the level of I is equivalent to Eichler’s definition
in [24, § 2, Lemma 2] although we use a slightly different notion of the dual of I. O

Lemma 1.2.5. Let O be an FEichler order of level (D1, D3), and let I be an O-left ideal.
(i) The number H of O-left (resp. right) ideal classes is finite and depends only on the
level (D1, D3).
(ii) The discriminant of O is disc(D) = D?D3.
(i11) The localization I, is a principal Oy -left ideal for every non-archimedean place p.
(iv) The dual of I has the discriminant disc(I7) = disc(I)~".

(v) The discriminant of I is disc(I) = nrd(I)*-disc(D). In particular, disc(I) is the square
of an ideal of F.

(vi) The level of I is N(I) = D1 Ds.

Proof. (i) See [73, I, § 4, Lemme 4.9].

(ii) For maximal orders, i. e. if Dy = 1, see [56], Corollary (25.10)] or carry the proof given
in [54], Prop. 1.1] over to the number field case. For an Eichler order O contained in a
maximal order 90, use the fact that disc(9) = [9 : O]?disc(9M) and [M, : Oy] = (Da),
locally.
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(iii) This is an exercise in [53, § 3], the proof is carried out in [68] Prop. 2.5.2].

(iv) See [52], § 82F].

(v) By (iii), I, = Opay for some a, € A;. We can find some ideals a;, in F, and suitable
u; € Ay such that Op = ay yus + ...+ agpuy (see [52, Thm. 81:3]). Then the ideal I,
is I, = ay purap + ... + ag pugap. Because of

Buiay, ujay) = tr(uapt;ay) = tr(u;apapu;) = nrd(ap)tr(uw;) = nrd(ap)B(u, uj) |
the discriminant is disc(Z,) = nrd(ay)? - disc(9p) = nrd(I,)?* - disc(Dy).

(vi) From what we have seen in the first parts of this lemma it follows that

N(I)* = nrd (1) " *nrd(I7)~* = disc(I)disc(I*)'disc(9D)? = DiD; .

O

Remark 1.2.6. Any Eichler order £ may also be viewed as the 9D-ideal -1. By Defini-
tion and Definition[1.2.3] we have two ways of defining the level of . Fortunately, there
will be no confusion since the previous lemma assures that the two definitions coincide. [

Lemma 1.2.7. Let O be an Eichler order of A. Then

nrd(A*) = FT,  nrd(9;) =o;,  wd(0) = [[Reox ] oj -

v|oo p<oo

Proof. Use [52], 42:11, 63:19 and Thm. 66:3] for the first assertion and use Lemma for
the second and third. O

We fix an Eichler order O of level (D1, Ds), and for the O-right ideal classes in A, we fix a
complete set of representatives

{L,..., Iy} with left orders 0;(I;) =: O; .

Then the left orders O; are again Eichler orders of level (D1, Ds), but note that they are
not necessarily distinct.

Locally, every I; is a principal ideal generated by some y; , as we have seen in Lemma
The local-global-correspondence (see [73, III, § 5A, Prop. 5.1]) assures that we can choose
yjo = 1 for all v | oo and y;, =1 for almost every p < co. By collecting the local data we
can therefore identify I; with y; 0} where y; = (y;,p)p € A5. From this, we get a disjoint
decomposition

H
A; =[] A;05 (1.1)
j=1
of which we will make extensive use in our calculations in Chapters [4 and
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1.3 An example: Theta series attached to quaternion

ideals

Over Q, theta series attached to a 2m-dimensional quadratic space with a positive definite
quadratic form q(z) = z'U'Uz, and to a homogeneous harmonic polynomial P are functions
of the form
0(z) = Z P(Uz) exp(mig(x)z) for ze H .
zez2m

They are known to be fundamental examples of elliptic modular forms of weight deg(P)+m
for some character and some group that depend on the level and the discriminant of the
quadratic form (see [60] or [51, Ch. VI, Thm. 20]).

The definition of theta series can be adapted to the case of a totally real number field F
and will lead to a method for constructing Hilbert modular forms. The complications that
arise are mostly due to the fact that we need to deal with all embeddings F' <— R at the
same time, but these difficulties are mainly of technical nature. For further details see [24]
Chapter IJ.

As in the previous section let A be a definite quaternion algebra equipped with the quadratic
form g(z) = 2nrd(z). With respect to the basis {ey,...,eqs} := {1,1,j, £}, the quadratic form
q(z) has the matrix

2 0 0 0
—2
B := 8 Oa —gﬁ 8 € My(F) where i? = a, % = 3 as before.
0 0 0 2a8

Fix a Q-basis 71,...,n, for F. Then

B:= {617"'7b4’n} = {771617 <oy M1€4, ceey Mn€1, -.., 77n€4}

is a Q-basis of A, and we will always assume that the basis vectors are ordered in this
fashion. For x € A, we will momentarily write xz € Q*" for the coordinate vector of = with
respect to B.

Let I be a quaternion ideal. As op is only a Dedekind domain but not necessarily a principal
ideal ring, the ideal I might not possess an opg-basis, but we can always find a Z-basis
C={ci1,...,can} for I. Let T be the transformation matrix between the bases C and B, i. e.

4n
T = (tij) € GL4,(Q) such that ¢ = Ztijbi )
i=1

Clearly, xg = Tx¢.

As mentioned at the beginning of this section, the main ingredients of theta series defined
over Q are terms of the form exp(rig(z)z) = exp (wi(2'U'Uz)z) for z € H and z running
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through a suitable lattice, together with a factor P(Uz) where P is a homogeneous harmonic
polynomial. In the generalization to number fields, the expression ¢(z)z has to be replaced
by

n

Tr(q(z)z) == Z (q(gc))(i)zi forze H" and z € T,
i=1
the superscript () indicating the i-th embedding into the real numbers, as usual. We also
want to adapt the polynomial expression P(Uz) to the number field case. To this end, we
want to find a matrix, which we call U(z), such that Tr(q(z)z) = 25U (2)'U(z)zc.

In order to deal conveniently with all embeddings F' <— R at the same time, we put

7751)[4 nﬁbl)L;
G:= 5 5 € My, (R) , I, the (4 x 4)-identity matrix ,
and
ZlB(l) 0
M = EM4n((C) .
0 2, B

Then, for x = z1e1 + ...+ z4e4 € A with x; € F,
(x(l), .. ,x(")) = x%Gt = SUtcTth where x(9) = (acgi), . mfli)) .

On the other hand A
(qx))? = xDBO x|

so that
(Dt
Tr(q(z)z) = Z (q(z))(i)zi = Zx(i)ziB(i)x(i)t =W, . xM)Mm :
i=1 i=1 <t
= ;L"tc (TthMGT):cC .
Since A is positive definite, the elements o and [ must be totally negative elements, so we
may define
V2 0 0 0
4 0 Vv—2a 0 0
S0 .= “ , € My(R) foralli=1,...,n.
0 /=28 0

0
0 0 0 V2230

Then the matrix

U(z) := GT € My, (C)
0 =iz, S
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satisfies
Tr(q(z)z) =i xf(U(2)'U(2))zc .

Now we can adapt the harmonic polynomial P(Uz) in the following way to the number field
case: For i =1,...,n, let P; be homogeneous polynomials of degree [; € Ny in 4 variables.
Assume further that they are harmonic, i. e. AP; = 0, where A is the Laplace operator. In
section we will discuss harmonic polynomials in greater detail. For the time being, it is
sufficient to note that

n
p(x® o xP L X x) =[P, X))

i=1

is again a homogeneous harmonic polynomial of degree deg P = l1 +...+1,. So, the natural
generalization of the polynomial expression that we are looking for is

Q(z) := (—iz) V2P(U(2)xc)  where 1= (I1,...,1,) .
On closer inspection, we see that ) does not depend on z. We may therefore take z = i, put

S 0
S = S M4n(R)
0 S(n)

and recall that by construction U(i)ze = SGTxe = SGxp = S(xW), ..., x(")t. Thus, we
obtain a simpler expression for ), namely

Q(z) = P(S(xW, ..., x")) (1.2)
where, as before, x(*) = (xgi), e ,xff)) for x = 211 + 2ol + x3j + x4k € A.

After these lenghty preparations, we are now ready to state the fundamental theorem. Let

b -1
I’o(&n):{(i d>e<:: COF> ‘ad—bceo}if}

and denote by I'§(c,n) the normal subgroup of I'g(c, n) consisting of all elements of determi-
nant 1.

Theorem 1.3.1. Let I be an ideal in A whose left and right order are FEichler orders of
level (Dy,Ds). Fori=1,...,n, let P; be a homogeneous harmonic polynomial of degree l;
in 4 variables and put k := (I1 +2,...,1, +2). Let Q be defined as in , and denote by
0 the different of F'. Then the theta series

I1(2;Q) = Z Q(z) exp (2miTr(nrd(z)z))

zel

is a Hilbert modular form for the group T'§ (nrd(I)D, DlDQ) of weight k with character 1.
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Proof. In [24, § 4, Thm. 1], the series 7 is proven to be a Hilbert modular form of weight
k for the group I'}(nrd(1)2, M(I)), which, by Lemma is equal to I'{(nrd(1)d, D1D3).
The triviality of the character is due to the fact that the quadratic space (A,2nrd) has
square discriminant. O

Remark 1.3.2. In Proposmon-we saw that a modular form in My (T, x) is trivial unless
its character satisfies x ((0 g)) = sgn(e)¥ for all (E O) € I'. In the situation of the previous
theorem, this condition reads y(£15) = (£1)¥ = (£1)F1+F*» (where I denotes the (2 x 2)-
identity matrix) because +15 are the only diagonal matrices in I' = T'§ (nrd(Z)d, D1 Ds). In
the theorem, however, we construct a modular form of character 1. Consequently, (—1)% =1

or 97(z;Q) = 0. That this is indeed true, can also be seen by direct calculation: Assume
(=1)k # 1, which implies that deg( ) =>_deg(P;) is odd. Then

91(z;Q) = Z Q(—z)exp (2miTr(nrd(—x)z))
el
1)des(@) ZQ x)exp (2miTr(nrd(x)2)) = —91(2; Q)
el
Hence, 9;(-;Q) vanishes. The bottom line is that ¥;(-;@Q) = 0 unless the degree of the
homogeneous harmonic polynomial @ is even. O

We conclude this chapter with a slight generalization of Theorem that allows us to
construct Hilbert modular forms for the full group I'g (nrd([ )0, Dng), so that we are not
forced to restrict our attention to matrices of determinant 1.

Corollary 1.3.3. Suppose that
sgn(e Hsgn 5() =1 for all €€op .

In the situation of the last theorem, define another theta series by

0r(z:Q) = Y. 0T 05Q = >

seoit /ox? 560}"'/0*2 zel

) exp 2mTr((5nrd( )z ))

where § Tuns through a set of representatives of totally positive units modulo squares. Then
this theta series O1(z;Q) is a Hilbert modular form for the group To(nrd(I)d, D1Ds) of
weight k with character 1.

Remark 1.3.4. The factor group o}, / 0% of totally positive units in F modulo squares is
in fact a finite group. Since F' is totally real, its order is

[0*+ 0 ]: [0}0}'2] _ 2" :E
FoEI T Jor soif]  2nh/RT T R

(cf. [42, VI, § 3, Thm. 3.1]). Here h and h* are the class number and narrow class number
of F, respectively. O
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Proof of Corollary[1.3.3 First note that the assumption sgn(e)¥ = 1 makes sure that the
series ©;(-;Q) does not depend on the choice of the elements § modulo 03?. Indeed, for
€ € 0} we have

(552)%?91(5522;69) =57k Sgn k 22@ ) exp 27rzTr(65 nrd(z)z ))

xel

-5 Z Q(ex) exp (2miTr(dnrd(ex)z)) = 5%191(52; Q)

xzel

since el = I. Now let v € Ty (nrd(I )0, D1D2) be an arbitrary matrix, not necessarily of
determinant 1. So

v=7 ( e 0 ) where g:=dety € 0} and 7 € T} (nrd(I)o, D1 D5) .

0 1
Then
ks2 k—2 0
(@I|k’7)(3§Q)= Z 02 (191|k*y)(5z;Q): Z L) <191|k<g 1>> (02;,Q)
s€olt /ox2 S0t /on?

because 4 acts trivially on ¥;(-;Q) by Theorem Now observe that

H )% =[O [[)5F = NE@) P =<
i=1 i=1

because € € o}, is necessarily of norm 1. Hence

©rh)(=Q) = Y. 0T E0(einQ) = Y. (e8)T 01(e62:Q) = 01(% Q)

scoit /o032 scopt /o032

since § runs through all of 0" /032 if § does. O
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Adelic Hilbert modular forms

Now that we have learned the basic properties and seen the fundamental examples of classical
Hilbert modular forms, we turn to the task of introducing Hilbert modular forms in the
adelic setting (Section . The correspondence between the classical and the adelic setting
is well known, but somewhat cumbersome if F' has narrow class number A™ > 1. It will be
explained in Section [2.3

Since the adelic approach makes extensive use of representation theoretic methods, the first
section gives a brief introduction to the representation theory that will be needed later on.

2.1 Group representations

We start by recalling some facts about topological groups, which can be found, for example,
in [55, Ch. 1].

Let G be a topological group. We say that G is locally compact if it is Hausdorff and if every
g € G has a compact neighbourhood. It is well known that every locally compact group
admits an invariant measure, the so-called Haar measure, which is unique up to a constant
factor. The topological group G is called totally disconnected if the identity element, and
hence every element in G, is its own connected component.

Example 2.1.1. A p-adic field F}, equipped with the usual topology is locally compact and
totally disconnected. The same holds for GLy(F}). Let o0, denote the ring of integers in
F,. Then GLs(0,) is a maximal compact subgroup of GLa(F}), and all maximal compact
subgroups of GLy(F},) are its conjugates, i. e. of the form g~'GLx(0y)g for some g € GLy(F})
(see [63] IT, Ch. IV, § 2, section 1]). All of these subgroups are not only compact but also

21
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open. The groups

Ty (p*) = {Ae GLs(o,) ‘ A= ((1) 2) modps} for s € N

are compact open normal subgroups of GLs(0,), they form a basis of the neighbourhoods
of the identity (cf. [55, Lemma 1-17]).

Let G be a locally compact group. By a representation of G we will always mean a topological
representation, i. e. a homomorphism 7 : G — GL(E) of G into the automorphism group
of some Hilbert space E such that

GxE—FE, (9,2) — m(g)x

is continuous with respect to the product topology on G x E. The representation 7 is
irreducible if E has no closed m-invariant subspaces other than {0} and E. It is unitary if
m(g) is unitary for all g € G. Two representations 7 : g — E and 7 : G — E are equivalent
if there exists a continuous isomorphism ¢ : E — E with continuous inverse such that
ogom(g) =7(g) oo forall g € G.

Example 2.1.2. If G is a topological group and E some Hilbert space of continuous func-
tions G — C then it is well known that the right reqular representation p and the left regular

representation A, defined by
(p(9)f)(h) = f(hg) ~ and  (A(g)f)(h) = f(g~"h),
are representations.

Definition 2.1.3 (Matrix coefficient, character). Let E be a Hilbert space with Her-
mitian inner product (-, -) and let 7 : G — GL(E) be a representation.

(i) A matriz coefficient of 7 is any function of the form
G—C, g— {(m(g)z,y) for some x,y € E
or equivalently of the form
G—C, g~ L(r(g9)x)
for some x € E and some continuous linear functional L : £ — C.

(ii) If dim F < oo then the character of m is defined by
Xr:G—=C,  xxlg):=Tr(n(g)) -

(iii) If G is compact we denote by G the set of equivalence classes of irreducible unitary
representations of G.
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Example 2.1.4. Up to equivalence, all irreducible representations of R* and R+ are one-
dimensional, i. e. quasi-characters, and of the form

R* - GL(C) ¢ C*, x — |z|"sgn(z)
and Ryg — GL(C) = C* z "

for some r € C. Likewise, the quasi-characters of a p-adic field Fyy are of the form
Fy — GL(C) =C", T |zf; p()
where r € C is a complex number and 4 is the pullback of a unitary character oy — S L(cf.

55, § 7.1] or [78, LVII § 3]).

Theorem 2.1.5 (Schur orthogonality). If 7 : G — GL(E) is an irreducible representa-
tion of a compact group G on a finite-dimensional Hilbert space E with a m-invariant inner
product (-, -} then

| trayen, ) ahonwa] dg = s (o, s Tom s

Proof. See for example [9, Thm. 2.4]. O

In later sections we will deal with representations on infinite dimensional Hilbert spaces.
As usual it will be one of the main tasks to study their decomposition into irreducible
subrepresentations. In this context it is crucial to distinguish between algebraic direct sums
and Hilbert space direct sums, so let us recall that for a (possibly infinite) sequence of
Hilbert spaces E1, Es, ... the algebraic direct sum is defined as

@Ei :={(ei)i | e; € E;, and e; = 0 for almost all i}

(3

whereas the Hilbert space direct sum is defined as

@El = {(61)1 | e; € E; and Z HGZH < OO} .

Proposition 2.1.6. Let E be a Hilbert space with Hermitian inner product (-, -), and let
m: K — GL(E) be a representation of a compact group K on E. Then there exists a
Hermitian inner product (-, -)) on E that induces the same topology as (-, -) and such that
7 is unitary with respect to (-, - ).

Proof. Cf. [8, Lemma 2.4.3]. O
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Theorem 2.1.7 (Peter-Weyl). Let 7 : K — GL(E) be a representation of a compact
group K on a Hilbert space E.

(i) If m is unitary then E decomposes into a Hilbert space direct sum of irreducible unitary

representations.

(i) If 7 is unitary and irreducible then it is finite-dimensional.

Proof. Cf. [0, Thm. 4.3]. O

Corollary 2.1.8. Let G be a group with a mazimal compact subgroup K, let m : G — GL(E)
be a representation of G on a Hilbert space EE. Then there exists a decomposition

E= @EU where all o0 : K — GL(E,) are irreducible and finite-dimensional.  (2.1)

In particular, the Hilbert space direct sum is an algebraic direct sum if m is finite-dimensional.

Proof. In virtue of Proposition we may assume that the representation 7|k is unitary.
The existence of a decomposition of E into irreducible K-invariant subspaces then follows
by the Peter-Weyl theorem [2.1.7] as does the finiteness of each o. O

Example 2.1.9. Consider the group SO2(R)™ for n € N. We denote its elements by

r(0) :==7((01,...,6,)) == C?S 05 —sinb; where 0<0; <2m.
sinf;  cosd; i

Note that SO2(R)" is a maximal compact subgroup of GLJ (R)™ and that it is abelian.

Now let 7 : SO3(R)™ — GL(E) be an irreducible finite-dimensional representation. Then

dim(E) = 1 by Schur’s Lemma (see for example [43, Cor. 1.9]). More precisely, 7 is of the

form

7(r(0)) = 1m0 — gilmibittmabn) — fo1 some m = (my,...,my,) € Z" ,

which is shown, for example, in [74, IT § 1] for n = 1. The general case follows immediately
by examining the restriction of 7 to the j-th component of SO2(R)™.

The Peter-Weyl Theorem and its Corollary then state that all finite-dimensional represen-
tations of GL3 (R)™ — GL(F) can be decomposed into an algebraic direct sum of represen-
tations SO2(R)™ — C* of the type 7(r(8)) = e/ Tr(m0)
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Definition 2.1.10 ((Locally) K-finite). Let G be a group with a maximal compact
subgroup K, and let 7 : G — GL(E) be a representation of G on a Hilbert space E.

(i) A vector f € E is called K-finite if
dim (m(k)f | k € K) < 00 .

(ii) We say that the representation 7 is locally K -finite if every f € E is K-finite.

Remark 2.1.11. Let us write f € E according to as f =3, fo with f, € E,. If
all but finitely many f,’s were equal to 0 then f would automatically be K-finite as all of
its components lie in finite-dimensional K-invariant subspaces. But note that this argument
does not hold in general since the decomposition in is a Hilbert space direct sum and
f may have infintely many non-zero components. O

Lemma 2.1.12.

(i) In the situation of Definition|2.1.10}, the representation 7 is locally K -finite if and only
if E is an algebraic direct sum of finite-dimensional irreducible K -invariant subspaces.

E= E®)

UGIA(

In this case,

where E (o) is the sum of all those subspaces of E that are equivalent to o. The space

E(0) is called the o-isotypic component of E.

(it) If, in particular, G = GLa(F}) and K = GLy(0p), then m is locally K-finite if and
only if for every x € E, the stabilizer

Stabg(z) :={g € G | m(g9)x =z}

is an open subgroup of G.

Proof. For part (i), see Remark and [44, Prop. 1.18]. For (i), let G = GLa(F}),
K = GLs(0p), and z € E. If Stabg(z) is open in G then Stabg (z) = K N Stabg(x) is open
in the compact group K, so that K/Stabg (z) = {w(k)x | k € K} is finite (see for example
[55, Prop. 1-4]) and therefore spans a finite-dimensional vector space.

Conversely, let 7 be locally K-finite and fix an € E. The space E' := (n(k)z | k € K)
is of dimension r, say, so that 7| : K — GL(E’) = GL,(C). In GL,(C), we can choose
an open neighbourhood U of the identity which is so small that it does not contain any
non-trivial subgroup of GL,(C). The inverse image (7|x)~1(U) is, by continuity, an open
neighbourhood of 1 in K. By Example there is an open subgroup H of K with
H C (n]x)~*(U). Note that since K is open in G, so is H. The image m(H) is a subgroup
of GL,(C) contained in U and hence trivial. It follows that H C Stabg(x), so Stabg(x) is
open (cf. [38 11, Prop. 6]). O



26 Chapter 2. Adelic Hilbert modular forms

Definition 2.1.13 (Admissible representation). As before, let G be a group with a
maximal compact subgroup K, and let 7 : G — GL(E) be a representation of G on a
Hilbert space E. We call the representation 7w admissible if it is locally K-finite and in
any decomposition of the space E of the form every isomorphism class of irreducible
finite-dimensional representations of K appears only finitely many times.

Remark 2.1.14.

(i) It can be shown that the notion of admissibility does not depend on the choice of the
decomposition (cf. [43, VIII § 2]).

(ii) For each isomorphism class o of irreducible unitary representations of K, denote by
E(0) the o-isotypic part of E. The admissibility of 7 is then equivalent to all E(o)
being finite-dimensional.

O

Proposition 2.1.15. Let G = GL2(R) or G = GLa(R)T. If 7 : G — GL(E) is a represen-
tation on a Hilbert space E then

7:g— GL(E®) , m(X)f = %ﬂ(exp(tX))ﬂt:o

is a representation of the Lie algebra g of G on the space
E*:={ecE|G—E, g— n(g)e is a C*®-map on G}

of smooth vectors in E. It extends to a representation on E°° of the universal enveloping

algebra U(gc) of the complexification gc of g.

Proof. See [43], Prop. 3.9]. O

2.2 Hilbert modular forms in the adelic setting

The definitions and basic properties that were given in Section are clearly the obvious
generalizations of elliptic modular forms (over Q) to Hilbert modular forms (over the number
field F'). However, the classical theory does no longer generalize as easily when leaving the
basics behind. As mentioned in the introduction, it turns out to be extremely useful, if not
unavoidable, to examine Hilbert modular forms also in a different, namely the adelic setting.
This is what we will introduce in this section.
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Let Ar be the adele ring over the number field F', so that A}, is the group of ideles. In Ap
and A%, we distinguish the following subgroups

Fo:=]]R, op:=[[o, Ff:=]]Rso, of =[] o -
v|oo p<oo v|oo p<oo
For x € Ap, denote by

x°°  the archimedean part and by z/  the non-archimedean part.

So we have # = 2®zf. We will also use this notation for a global element 2 € F, in this
case we understand x to be embedded diagonally into Ap.

We remind the reader of the space of so-called Schwartz-Bruhat (or simply Schwartz) func-
tions, which play an essential role in the adelic theory because they admit an adelic Fourier
expansion (cf. [29, § 6A] or [8, § 3.1]). For the time being, we will only encounter Schwartz-
Bruhat functions on Ap. Still we prefer to give a slightly more general definition because
Schwartz-Bruhat functions on the group GL2(Ap) will come into play in later sections.

Definition 2.2.1 (Schwartz-Bruhat function). Let F be a totally real number field and
let X = A7} be a finite-dimensional vector space over the adele ring Ap. The space S(X)
of (adelic) Schwartz-Bruhat functions is generated by all functions of the form

¢:X—=C, o) =] oul@) [] ¢p(p)

v|oco p<oo

where

(i) each ¢, and ¢, is a Schwartz-Bruhat function over the local vector space, i. e.

¢y : X, — C s infinitely differentiable and rapidly decreasing
with all derivatives rapidly decreasing for v | oo,

¢p : Xp — C is locally constant with compact support for p < oo,

(ii) @p is the characteristic function of o} for almost every p.

We say that a function is a Schwartz-Bruhat function on Ap/F if it is in S(Ap) and F-

invariant.

In GL2(AFr), we define the following subgroups

G == GLy(R)",
GL =GLI (R)",
Koo = OQ(R)” 5

K :=S0,(R)",
K=K Ky where Ky := H K,
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*, and such

and each K}, is a maximal compact open subgroup of GLz(F}) with det(K,) = oy,

that K, = GLq(0,) for almost every p.

A gréflencharacter of F is a unitary character of A%, that is trivial on F™*. We often identify
A% with the centre

Z(Ar) = Z(GLQ(AF))={<8 2) ]aeA\;}

Z;::{<g 0> ‘aeF;g}QGjo.
a

Using this identification we can view any grofilencharacter also as a character on Z(Ap),
trivial on Z(GLe(F)).

of GLa(Ap) and Ff with

When dealing with matrices in GL3 (R) it is convenient to use the Iwasawa decomposition,
which allows us to write g € GLJ (R) uniquely as

a b u 0 yt/? gy /2
pu— p— 9 2-2
! (C d) (0 u)( 0 y /2 (@) 22)
cosf) —sin0
r(0) = ( sinf  cos6 >

and u,y > 0, z € R, 6 € [0,2n]. The variables (a, b, c,d) and (u,z,y,0) are connected by
the following identities,

where

ai+b _1/26i0 )

= — = 2 = 3 ) =
det(g) = ad — bc = u” | G d T+ 1y, ci+d=uy

We denote by gc the complexification of the Lie algebra Lie(G« ) and by 3 the centre of the
universal enveloping algebra of gc. We remind the reader that Lie(GZ,) = Lie(G ) because
the Lie algebra depends only on the tangent space at 1 which is identical in both cases.

Definition 2.2.2.

(i) We say that a function f: GLy(Ap) — C is slowly increasing if there exist an integer
N and a constant C' > 0 such that

[f(g)l < CllgllY  for all g € GL2(Ar)
where we identify g with (g,det(g)™!) € Ma(Ar) x Ap = A% and put

lglly = max{lgilo | =1,....5}  and |lgll:==T]llgll -
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(ii) A function f : GLa(Ap) — C is right-K -finite if the complex vector space spanned by
all K-right translates of f is finite dimensional, i. e.

dim (g — f(gk) | k €K>(C < 0.
Similarly, f : Goo — C is 3-finite if
dim (X f | X €3), < o0

where the elements of 3 act as differential operators on f as explained in Proposi-
tion 2. 1.15]

The notion of K- and 3-finiteness will play an important role in the now following definition
of automorphic forms. We will explain them a little further in Remark

Definition 2.2.3 (Automorphic Form). Let G, K be as above. Let f : GLy(Ap) — C
be a function with the following properties

(A.1) there exists a groBencharacter w of F, the so-called central character, such that

f(zg) =w(2)f(g) forall ze€ Z(Afr), g€ GLa(Ap),

(A.2) f is left-GLy(F')-invariant, i. e.

flvg) = f(g) for all v € GLy(F), g€ GLy(Ap),
(A.3) f is right-K-finite,
(A.4) f is slowly increasing,

(A.5) f is smooth if viewed as a function on G,

(A.6) f is s-finite if viewed as a function on G.

Such an f is called an (adelic) automorphic form on GLy(AFr) and the space of all adelic
automorphic forms for a fixed gréBencharacter w will be denoted by A(w). If additionally,
the following cuspidality condition

(A.7)

/ f Lz gl de=0 for almost every g € GLo(Ap)
A/ F 0 1

holds then we call f (adelic) cusp form. The subspace of cusp forms will be denoted by
./40 (w)
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Proposition 2.2.4. Let L3 (w,GLQ(AF)) be the space of all functions f : GLy(Ap) — C
such that f satisfies (A.1), (A.2) and (A.7) and such that |f| is square-integrable on
Z(Ap)GL2(F)\GL2(AF). This space is a Hilbert space with respect to the inner product

(f1, f2) = / f1(9) f2(g) dg -

Z(Ap)GL2(F)\GL2(AF)

The right regular representation of GLy(Ar) on LE(w,GL2(AF)) is unitary and Ag(w) is
equal to the space of K-finite elements in L3 (w, GLQ(AF)),

Proof. See [65] § 3, No. 2] and [32, § 3, No. 1]. O

Proposition 2.2.5 (Adelic Fourier expansion). Let ¢ be a Schwartz-Bruhat function
on Ap/F and let T be the standard character on Ap defined by

To(xy) = exp(2mia,)
T(z) = To(Zy) Tp (Xp) where
Hwtee) 1 e { Ty () = exp (= 2mi(A 0 T, /g, ) ()

where A is the canonical map Q, — Q,/Z, — Q/Z and Trr, g, is the trace function
F, — Q, if p lies over the rational prime p. Then the Fourier series

S (a6 / () b(u) du

€EF Ar/F

converges absolutely and uniformly to ¢(z).

Proof. See |28 Appendix A.2]. O

Definition 2.2.6 (Fourier coefficient). Let f be an automorphic form on GLy(Ap). For
& € F we call the function
W§ : GLQ(AF) —C

We) = | /Ff(u@f((é ?)g) du

the £-th Fourier coefficient of f.

given by

Remark 2.2.7. The Fourier expansion introduced in Proposition [2:2.5] cannot be applied
to f directly, as it is not a function on Ar/F. Instead we consider

bg() :=f<<(1) f)g) for g€ GLa(Ap) .
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The GLy(F')-invariance of f immediately implies the F-invariance of ¢,. Therefore, ¢4 has

a Fourier expansion given by

B B o u 1 u "
by(z) = ;T(l‘f) /AF/F T(ug)dg(u) du = 5%1; (x€) /AF/F (ué) f (( 0 1 ) 9) d
=3 Welg)r(@e)

£EF

For £ = 0 the Fourier coefficient W¢(g) becomes the integral in (A.7). So we see that, as in
the classical setting, adelic cusp forms are forms whose 0-th Fourier coefficient vanishes. [J

We will be interested in a certain subspace of A(w) which is defined by replacing the con-
ditions (A.3) and (A.6), that is K- and 3-finiteness, by stronger requirements. In order to
motivate the exact definition of this subspace, we first add a few remarks concerning these

conditions.

Remark 2.2.8.

(i) Let f be a right-K-finite function viewed as a function on G, alone, which is then
right- K . -finite, in particular, it is right- K f -finite. This implies that the right regular
representation p of the compact abelian group KI = SO2(R)™ on the space

E = <g|—>f(gk) | keK;g>

of KX -right translates of f decomposes into a finite number of one-dimensional sub-
representations Fji,..., ., and that for each E; there is a m; € Z" such that the
K1 -action is given by

p(r(@)) — eiTr(ij)

(cf. Example [2.1.9). We will shortly make the additional requirement that the repre-
sentation p : K, — GL(FE) itself be irreducible and hence one-dimensional.

(ii) Consider the Lie algebra gly(C), which is the complexification of the Lie algebra of
GLy(R). As a C-vector space it is generated by the matrices

7 = 10, H:= Lo , L= 00 and R:= 01
0 1 0 -1 10 0 0

and the multiplication is the Lie bracket [X,Y] = XY —Y X. The universal enveloping
algebra U(gl,(C)) can be realized as the tensor algebra of gl,(C) modulo the ideal .J
generated by all

XY -Y®X-—[X,Y] where X, Y € gl,(C) ,
i. e., all elements in U(gl,(C)) are of the form

X1®...9 X, mod J for some meNy, X, € {Z,H LR} . (2.3)
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Now Z clearly commutes with every element in gl,(C), so that we can rewrite
as Z%" ® X mod J for some non-negative integer r and an element X that, when
written in the form , contains no factor Z. Note that any such X is an element
of U(sl2(C)) since sl2(C) is the subalgebra of gly(C) spanned by H, L, R.

The centre Z(U(gl,(C))) is therefore generated as an algebra by Z and Z(U (sl2(C))).
To determine the latter we consider the Casimir element C' of sl3(C), given by

1
C:§H2+RL+LR.

It is a general result from basic Lie theory that the Casimir element lies in the center
of the corresponding universal enveloping Lie algebra (cf. [9, § 10]). In our particular
situation, however, C' not only lies in Z(U(sl2(C))) but generates it. This can be seen
by applying the Harish-Chandra isomorphism, which establishes an algebra isomor-
phism between Z(U(sly(C))) and U(h)"W, the latter being the algebra of Weyl-group
invariants in the universal enveloping algebra of the maximal torus § generated by
H. In our case, it is not difficult to verify that the Casimir element C is mapped to a
generator of U(h)", so that C itself must be a generator of Z(U(sl(C))). The explicit
calculation together with further details on the Harish-Chandra isomorphism can be
found in [43] VIII § 5] or [44], IV § 7].

Now, the usual representation of gly(R) as left-invariant differential operators on
C*(GLJ (R)) extends to U(gly(C)). In this interpretation, the Casimir element C' cor-
responds to the Laplace operator A. More precisely, if we write an element g € GLJ (R)
according to in the Iwasawa coordinates (u, z,y, 8) then the Laplace operator in
these coordinates takes the form

A = _y2 iz + iQ + yig
or?  Oy? 0x00
(see [8, § 2.1, eq. (1.29)]) and it coincides with —3C' (see [8, Prop. 2.2.5]). Thus, we

can identify
—4A = H?> + 2RL + 2LR .

Now let us return to the Lie algebra g = Lie(Gs) and recall that G consists of n
copies of GLa(R), one for each archimedean place v of F'. Hence, g is isomorphic to n
copies of gly(R), so let us denote by Z, and A, the elements Z and A, respectively,
belonging to the v-th component of g. From what we have seen above we deduce that
3 is generated by all Z, and A,.

By (A.1), we already know that the elements Z, act as scalars on every automorphic
form. Consequently, condition (A.6) of 3-finiteness is really a condition on the Laplace
operators A,, requiring that dimc (A7 f | m € Ny) < oo for each archimedean place v.

In the space to be defined below we will demand that the spaces (A7'f | m € Np)
are not only finite- but one-dimensional and that every A, acts as a certain specified

scalar.
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Definition 2.2.9 (Hilbert automorphic form). Let Goo, Kf, Koo, KT, be as above. Fix
a vector k € Njj of non-negative integers, and let x : Ky — C* be a character. For a function
f: GL2(Ap) — C, consider the following set of conditions:

(H.1) there exists a grofilencharacter w of F such that

f(zg) = w(2)f(g) forall ze€ Z(Afp), g€ GLa(Ap),

(H.2) f is left-Z1 GLo(F)-invariant, i. e.

f(vg) = £(9) for all v € ZLGLy(F), g€ GLa(Ap),

(H.3) f is an eigenfunction under right translation with K., x K, more precisely

f(gkr(0)) = x(k)e U f(g)  forall g€ Gly(Ar), ke Ky, r(0)e KL

(H.4) f is slowly increasing,
(H.5) as a function on G, f is smooth,

(H.6) f is an eigenfunction of A, for all archimedean places v, more precisely

A, f= —% <k2” — 1) f for all archimedean places v ,

(H.7) the cuspidality condition

1
/ f * g|dr=0 for almost every g € GLy(Ap) .
A/ F 0 1

Then

(i) we call f a (holomorphic) Hilbert automorphic form for the group Ky of weight k with
character x if it satisfies conditions (H.2)—(H.6), and we denote the space of all such
f by Hk(Kf7X)a

(ii) we say that f € Hi(Ky, x) has central character w if it satisfies (H.1), and we denote
the space of all such f by Hy(Ky, x,w),

(iii) we say that f € Hi(Ky,x) is a (holomorphic) Hilbert automorphic cusp form if it
satisfies (H.7). We denote the space of all such cusp forms by HY (K, x) and the
space of all such cusp forms with central character w by HY(Ky, x,w).

Remark 2.2.10. Not every f € Hy (K, x) has a central character because the existence
of a groflencharacter as in (H.1) cannot be deduced from (H.2)—-(H.6). It can be shown,
however, that Hx(Ky, x) is a direct sum of finitely many spaces Hi (K, x,w) where w runs
through a suitable set of grofencharacters (see for example [28], § 3.1, Corollary, p. 95]). We
will only prove this statement for a specific group Ky (see Proposition below). O
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Theorem 2.2.11. The space of Hilbert automorphic forms is finite-dimensional,

dimHk(Kf,X) <00 .
Proof. See [6], § 4, 4.3]. O

From now on we will assume that K is the group Ko(?,n) given by

a b 0 !
Ko(0,n) := Py d—bec € o,
O(an) H{(C d>€<np0p op ) ‘a CEOP}
p<oo

where 0 is the different of the number field F' and n is an integral ideal of F. We also make
a specific choice for the character x under consideration: Fix a character

Xo - (OF/I‘l)* — C*.

The lower right entry d of a matrix in K((?,n) is an element in Hp op that is a unit at every
p | n. Any such element determines a unique d, € (0p/n)* such that d, = d, mod p for all
p | n. Thus xo gives rise to a map

x: Ko(d,n) —» C* | X((Z Z)) := Xo(dy mod n) .

Tt is readily verified that this map is multiplicative and hence a character of Ky(9,n). Note
that x = 1 if and only if xyo = 1. We will always assume that x is of this form.

Lemma 2.2.12. If Hi (Ko (0,n), x,w) # {0} then x and w satisfy the following conditions:

(i) w(z) =x ((8 2)) = Xo(2n mod n) for all z € @.

(ii) w(z) = sgn(z)¥ for all z € F%.

In particular, if x = 1 then w is unramified at every non-archimedean place.

Proof. Part (i) follows from (H.1) and (H.3) since z € gg viewed as a scalar matrix, lies in
both Z(Ap) and K. In order to prove (ii) observe that w is unitary, so every archimedean
component w, must be either 1 or sgn (cf. Example 2.1.4). Apply (H.1) and (H.3) to
elements of the form

’)"((O,...,O,W,O,...,O)) :(IQ,...,IQ,_IQ,I27...,IQ)

(Iy the (2 x 2)-identity matrix). It then becomes evident that w, = sgn®* for every
archimedean place v. O
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Proposition 2.2.13. The spaces of Hilbert automorphic forms and Hilbert automorphic

cusp forms can be decomposed in the following way

Hk(KO(Dvn)aX) = @Hk(KO(Dan)v)(aw) )
Hy (Ko(d,m),x) = @D ML (Ko(2,1), X, w)

where the sums on the right hand side run over all groflencharacters w such that the condi-
tions (i) and (i) of the previous lemma are satisfied.

Proof. Let r > 0 be a non-negative integer. For any prime ideal p 1 n, choose a prime element
Tp € 0p. We claim that for £ € Hi(Ko(0,n),x) and 2 € GLa(Ap), the expression f(my)
does not depend on the choice of m,. Indeed, if m, and 7, are prime elements in o0,, which
we embed into A, then 7rp_17~rp = € where €, € o7 and €, = 1 for all other places. Thus, the

diagonal matrix (8 g) lies in Ko(9,n) and x ((8 2)) = 1 since p t n. By property (H.3) it
follows that f(7pz) = f(mpae”) = f(mpa) for all £ € Hy(Ko(0,n),x) and all z € GLy(Ap).
Now consider the operator S(p”) on Hy (KO (o,n), X) defined by

(£1S(p")) (z) := f(my) for all x € GLa(Ap)

(cf. [66] § 2]). It is clear that S(p) maps Hk(Ko(2,n),x) onto itself, so it is well-defined.
Furthermore, S(p) is of finite order because S(p)* = S(p"") = S(1), which is the identity
operator. As Hi (Ko(d,n),x) is finite-dimensional, each S(p) must be diagonalizable.

The operators S(p) for different prime ideals p { n commute. Hence, Hk(Ko(D,n),X)
has a basis of simultaneous eigenfunctions of all such S(p). By [66, Prop. 2.1], any such
eigenfunction is an automorphic form for some gréflencharacter w of finite order. Thus,
Hy (Ko(v,n), x) is the direct sum of the spaces Hyx (Ko(d,n), x,w), which are {0} whenever
the conditions (4) and (7) of Lemma are not fulfilled.

The above argumentation remains valid when considering the subspace of cusp forms. [

Corollary 2.2.14. The spaces of Hilbert automorphic forms and Hilbert automorphic cusp
forms of trivial character can be decomposed in the following way

Hac(Ko(d,n),1) = P Hac(Ko(d,m), Lw)
Hy (Ko(d,n),1) = P HR (Ko(2.n),1,w)

where the sums on the right hand side run over all groffencharacters w such that

wy = sgn® for all v | 0o, wyp 15 unramified for all p < oo .

Proof. Apply the previous proposition to y = 1. O
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2.3 Correspondence between classical and adelic Hilbert

modular forms

We have defined classical Hilbert modular forms as certain functions on H" and Hilbert
automorphic forms as functions on GLy(Ap). The aim in this section is to describe the
relationship between both. Readers familiar with the theory of elliptic modular forms will
know that with the help of the strong approximation theorem for GLs(Ag),

GL2(Ag) = GL2(Q)GL] (R)Ko  for a suitable Ko C [ [ GL2(Z,)
p

a modular form f € Si(T, x) induces the automorphic form ¢, : GL2(Ag) — C given by

05(9) = §(goc, 1) Fx(ko)f(gos - 1) for g = vgacko € GL2(Q)GL] (R) K

(see [29, Prop. 3.1]). In the case of an arbitrary number field F', the approximation theorem
becomes more complicated since it must take into account the possibly nontrivial class
number of F. As a consequence, we will encounter some technical difficulties in establishing
the correspondence between classical and adelic automorphic forms.

The main reference for this section is [66} § 2].

As usual, let F be a totally real number field of narrow class number h™. For an integral
ideal n and a fractional ideal ¢ of F, we put

b -1
Fo(a,n)::{(i d>€<?~i COF> ‘ad—bch*FJr}.

Clyee, Cpt be integral representatives of the narrow ideal classes of F' ,

Further, let

t1,...,tp+ € AR generators of ¢; with ¢7° =1,

and we fix the matrices

1
;= ( 0 tO ) , so that (det(z;)) = (t;) = ¢; forall j=1,....h" .
J

Theorem 2.3.1 (Strong Approximation Theorem).
We have the following decompositions

Ap=F+ (Fy x0p) ,

ht
Ay = [ tF (FL < o3)
j=1

ht
GLy(Ap) = [ GL2(F)z; (GL x Ko(d,n)) .
j=1
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Proof. The approximation theorem for the additive group Ar can be found in [55, Thm. 5-8].
For the multiplicative groups A% and GL2(Ap) see [71, I § 7]. The proof of a more general
version of the Strong Approximation Theorem for an arbitrary linear algebraic group is given
in [45], see also [40]. O
Corollary 2.3.2. The factor group Ap/F is isomorphic to

AF/F = (Foo X U/E)/OF .

Proof. Use the first part of the previous theorem and the fact that FN(Fy X 0p) = 0p. O

Lemma 2.3.3. Every g € GLa(AFp) can be written as

1 0
gzv(o y )gookro for some 7€ GLy(F), goo € GL, ko€ Ko(d,n),
J

where j and the coset Y[o(c;0,n) are uniquely determined by g. More precisely, if we have

1 0 1 0 ~
= ook:~ ~<>ok7
(1 D)2 7)o

then there exists an element vy = ygwg € T'o(c;0,n) such that

T=7%""  Go=7090 and ko= (x; y0x;) ko .

Proof. The existence of the decomposition as well as the uniqueness of j follow from the
Strong Approximation Theorem If

s 10
9 =VT;jgocko = YT;jgocko ~ where z; = ( 0t )
J

then it is immediate that 31y = xjgooff() (gook‘o)_lxj_l lies in
GLQ(F) ﬂl‘j (G:O X Ko(a,n)) .Iﬁj_l = Fo(Cja,n) .

Let us call this element g, so ¥ = vy, ! and hence gooﬁ;o = a:j_lyoxjgook‘o. In this last
expression, we compare the archimedean and non-archimedean parts, respectively, recalling
that 25° is trivial, to get the desired result. O

For the rest of this section, we fix a character

Xo : (OF/H)* — C*
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and the corresponding character

x: Ko(@,n) — C*, X << CCL Z)) = xo(dn mod n)

of Ko(o,n). Forall j =1,...,hT put

-1

X; (V) = x((z; vz;)!) " =x(z; 9 ;)" for vy € To(c;0,m)

It is clear that each x; is a well-defined character of I'y(c;0,n) since xj_lfyij € Ko(d,n)
whenever v € T'o(c;0,n). The characters xo,x and x; for j = 1,...,h" will be fixed
throughout the rest of this section.

After these preparatory remarks, we are now ready to establish the correspondence between
automorphic and classical Hilbert modular forms.
Proposition 2.3.4. Let f € Hy (Ko(mn),x) be a Hilbert automorphic form for the group
Ko(0,n) of weight k with character x. For j € {1,...,h™} put
fi H"—=C, 2+ §(Goor 1)X £(2900)
where goo € G, is an arbitrary element satisfying geoi = z. Then
fj EMk(Fo(CjD,n),Xj) fO’f‘ (llljzl,...,h+ .

Moreover, if f € Hﬂ(KO(D,n),X) then f; € Sk(Fo(cjb,n),Xj) forallj=1,...,ht.

Proof. Let z € H". First, we need to show that the definition of f; does not depend on the
particular choice of go. Suppose that gs,heo € GX are such that geoi = hooi = 2. Then
9l hoo stabilizes i and must therefore be an element r(#) in SO2(R)” = KX . Thus,

. . . k. ok . . i —

](hoo7 l)k f(xjhoo) =] (gooa 7“(9)1) J (T(@), 1) f(-r]goor(e)) = j(gooa l)ke ké)e kgf(xjgoo) s
which shows that f; is well-defined. Now, take an element v = 7>/ € T'y(c;0,n). Then
Yz = Vgool = 7> gool, hence

(Filer) (2) = 5(7: 2) 75 Fi(72) = 3 (7, 2) 745 (790, 1) (277 g00)
(7, 2) "G (75 90 1) G (9o 1) £ (257 goo) = (9o D) £(257goo) -
Since the archimedean part of x; is trivial, ; commutes with v*°g.,. Further note that f
is left-GLo(F)-invariant and that xj_lfyij € Ko(0,n). Thus,
(£ilk7) (2) = 3(goo, D £ (717 go0j) = 3(goo, D £ (7)) " goot)
= J(goor D)* £ (gooj (7 'y ;) ™) = x (27 "7 25) 7 (oo 1)< F(goo;)
= x;(7) (900, D) £(2900) = x; (7).f3(2) -
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To complete the proof of the first assertion, it remains to show that the functions f; are
holomorphic. This is a consequence of f being smooth and satisfying the Laplace differential
equation. We will not carry out the details since they would require a lengthy discussion of
the weight lowering operator (cf. for example [8, § 2.1, Eq. (1.2)]). However, the proof is
analogous to the case F' = Q, which can be found in [29, Proof of Prop. 2.1] and [30, Ch. I,
§ 4.5).

Finally suppose that f is a cusp form. We need to verify that
/ (filey)(x +iy)de =0 forall j =1,...,h" and all vy € GLJ (F) .
R"/UF

Here, y is an arbitrary element in RZ,. We choose y = (1,...,1) and put

n
1
Joo 1= <<0 xl” >> , so that Jool=x+1iy=:2.
v=1

Note that j(goo,1) = 1. Now fix j € {1,...,h"} and some v € GLy(F). A short calculation,
similar to those above, yields (fj|xy)(2) = f(2;79o0). Splitting ~ into its archimedean part
Y

> and its non-archimedean part 7/ and making use of (H.2), we can even show

(fj|k7) (2) = £(goch) where h = (yf)_lxjvf € GLy(A) .

Thus we can apply Corollary to derive the following identity from the cuspidality
condition (H.7) on f

1 =z 1 =z
/]R"/OF (fj|k"/)(2)d$=/Rn/aFf<<0 1>h> dx:const~AF/Ff<<0 1>h> dr =0,

which proves that each f; is a cusp form. O

Proposition 2.3.5. For every j = 1,...,h", let there be given a Hilbert modular form
fi € M(To(c;0,n),x;5) -
The function £ : GLa(Ap) — C defined by
f(y2900k0) = x (ko) (filkgs0) (1) = x (ko) (go0, 1) ™ i (go0i)

where the notation is as in Lemmam is an element of Hy (KO(D, n), X)- Moreover, if all
f; are cusp forms then so is f.

Proof. Lemma [2.3.3] guarantees that f is well-defined since for f; € My (To(c;0,n), x;) and
Yo € To(c;0,n), the identities

x((x5  0m5) ko) = x5 (70) " x (ko) and  flk(15°900) = (F 176 koo = X5 (70) flicoo
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hold. Now, verify the conditions (H.2)—(H.6) of Definition [2.2.9}

(H.2) The GLy(F)-invariance is obvious. Let z € ZL. If g = yxjgocko as before then
£(29) = X(k0)j (2900, 1) £ (20001) = 27(22) % X(k0) (90, 1) ™ f3(go01) = £(9)
since z is totally positive.
(H.3) For k € Ky(d,n), r(d) € SO2(R)™ and g = yz,g-cko as before,

£(gkr(6)) = x(kok)j(goor(6), 1)~ f(900r(0)i)
= x(ko)x (k) (goc, 1)~ (r(6),1) 7 i (go0i) = x(k)e"f(g) .

(H.4) We have already seen in Remark that the functions f; are regular at the cusps.
From this, it follows that f is slowly increasing (cf. [49] § 2]).

(H.5) Smoothness is clear since the f; are holomorphic.

(H.6) For an arbitrary archimedean place v, we view f as a function on the v-th component
of GI, C GL2(AF). So for an element g = (z 2) € GLy(R) T,

f(g) = C(ci + d) =" det(g)*/? f;(gi)

where fNJ is the function f; viewed as a function on the v-th component of H" alone
and C' = x(ko)j(goo, 1) ¥(ci + d)¥* det(g)~**/? is a constant independent of g. In
Iwasawa coordinates (u,x,y,0), as introduced in (2.2)), the function f becomes

f(u,2,y,0) = Cluy™'/?e?)Four fi(x + iy) = CyF2e ™0 fi(x + iy) .

In order to evaluate A,f we need the second order partial derivatives 92 /922, 92/0y>
and 0%/0x00 of f. Tt is easily verified that they are
> ky/2 —iky0 F
—1ky 11
@f(u7x7y79)zoy o/ € fj (2)7
2
2
2

0x00 £

where z = x + iy. Hence the Laplacian satisfies

) k/"u kv kv _o % .
f(u,z,y,0) = Ce w0 (2 (2 — 1) yk2 ij(z) + Zkvyk

|
_
o
—
N
N—
|
<
Sw
3
—~
Ny
—

u7x7y79) = _Cka/z ikve_ikva fj/(z> )

Af(u,z,y,0) = —g (Z - 1) f(u,z,y,0) .

That f is a cusp form if all f;’s are cusp forms can be verified by a calculation similar to the
one in the proof of Proposition Let h € GLy(Ap) and « € Ap. Choose an arbitrary
element r € F™* satisfying sgn(r,) = sgn(det h,) for all archimedean places v | co. Because
of the GLq(F')-invariance of f we get

(G )=o) 1)) =G w) (e v))-
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By replacing h by (6 (1)) h we may therefore assume without loss of generality that the

archimedean part h> of h has a totally positive determinant, i. e. h® € GX. Using a
similar argument and the Strong Approximation Theorem [2.3.1| we may further assume that

x=a° +zf where z>® € Fy, 2f €0p .

As before write

0 1

1 = oo oo 1 xf
(0 1 >h =700 and (0 1>hf:fyfa;jk0.

In fact, v € GL3 (F) because of our assumption on h*°. It is easily verified that

j(gwi):j<vl<; xfo>h°°,i> :jwl,z)j«é xjo>,h°°i>j<h°°,i>

=j(v7 " 2)(h™,1) where 2

1
( v > h = ’ijgooko where v e GLZ(F)v Joo € G;» ko € KO(Dvn) y

so that

Il
N
S =
._&
3
~
>
8
m
==
3

Hence

1 =z . o — .
f (( 01 ) h> = X(k0)j (goo» 1) 7 £ (9ool)
= x(ko)i(y ™" 2) TKi(h, 1) K (v 2)
= X (ko) (h*, 1) (filky 1) (2) -
Note that j(h*°,i) does not depend on z, and neither does x(ko) because y is trivial on

integral matrices of the form <(1) T) Therefore

1 =z . . 01 .
/AF/Ff<<O 1>h> dx = const /Rn/aF(fﬂk’y )(2)dz =0 .

Which concludes the proof that f is a cusp form. O

Remark 2.3.6. Clearly, if all f; are 0 then so will be f. Hence, if we wish to construct
a non-trivial f we need to make sure that at least one of the f;’s does not vanish. This,
according to Proposition|1.1.8|(#ii), can only be the case if there is at least one j € {1,...,h"}

such that
k e 0 *
sgn(e) = x; 0 - for all € € 0% .

But this really amounts to a condition on x¢ because of the relation

AN
0 0
Xj((é 5>>X (; E) = Xo(e mod n)~* for all € € o .
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As sgn(e) = sgn(e~1) we may even omit the exponent —1 and so obtain the equation
sgn(e)¥ = xo(e mod n) for alle € o},

which must be satisfied if f # 0. Recall that we have encountered this condition before as it
is implicitly stated in Lemma [2.2.12] Now it becomes clear that this lemma can be viewed
as the adelic version of Proposition |1.1.8|(7). O

We finish this section by summarizing the results of the previous propositions and thus
obtain the final version of a correspondence theorem between classical and adelic Hilbert
modular forms.

Theorem 2.3.7. The map (f1,..., fr+) — f constructed in Proposition induces C-

vector space isomorphisms

h+
@Mk(Fo(Cg‘D,n%Xj) — Hi(Ko(2,1),x)
j=1
h+
and @Sk(ro(tja,n)7Xj) = Hy (Ko(0,n),x) -

j=1

The inverse map is described in Proposition [2.3.7)

Proof. Proposition shows that the map (f1,..., fp+) — f is a well-defined homomor-
phism between the given spaces, which maps tuples of cusp forms to cusp forms. It is
clear, by construction, that the map f — (f,..., fi+) introduced in Proposition is its
inverse. O



Chapter 3

The action of the Hecke algebra

on automorphic forms

Our next aim is to decompose the space of Hilbert modular forms into subspaces of new-
forms. Whether we consider classical or adelic modular forms is irrelevant because after
the discussion in the previous chapter we know how to translate the one into the other.
However, it turns out that our task becomes easier in the adelic setting because here we can
make full use of representation theoretic methods. More precisely, the decomposition into
spaces of newforms will be achieved by studying the operation of the Hecke algebra on the
space of adelic modular forms and its irreducible subrepresentations. This will be explained
in detail in Section B.41

As a preparation, the first three sections of this chapter are devoted to a short overview of
the local and global Hecke algebra of GLy. Most of the results can be found in [41], § 2] and
B2 5 1)

3.1 The local Hecke algebra (non-archimedean case)

As usual, let F, be a p-adic field. The group GL2(F},) has a Haar measure dg, which we
normalize in such a way that K := GLy(0,), the standard maximal compact open subgroup
of GLy(F}), has volume 1.

Definition 3.1.1 (Hecke algebra of GL2(F,)). We put

9p :={f : GLa(F,) — C| f is locally constant with compact support} .

43
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Equipped with the convolution product

(fr % f2)(g) = / i) fa(h ™ g) dh

GL2(Fy)

the space ), becomes an associative algebra, which we call the Hecke algebra of GLa(F}).

Definition 3.1.2 (Admissible representation of $,). Let 7 : , — GL(E) be a rep-
resentation on a complex vector space E. We say that 7 is admissible if the following two
conditions are satisfied:

(i) For any = € E, there exists an f € $, such that =(f)z = x.

(ii) For any f € $),, the space 7(f)E is finite-dimensional.

Definition 3.1.3 (Induced representation of §,). For a locally K-finite representation
7 : GLa(F,) — GL(E) on a Hilbert space E, we define a representation 7 : §, — GL(E) by

() = / flg)m(g)xdg forall fefH,, x€FE .
GL2(Fy)

Remark 3.1.4. Since  is locally K-finite, the stabilizer Stabgy, (r,) () is an open subgroup
of GLy(Fy) for every @ € E, as was shown in Lemma Thus, g — 7(g)x is a locally
constant function on GLy(F}), as is f. So we can choose an open covering {U; | ¢ € I} of
GL2(Fy) such that g — f(g)m(g)x is constant on each U;. Since the function f is compactly
supported, the integral in Definition then reduces to a finite sum. O

Proposition 3.1.5. If 7 : GLo(F,) — GL(E) is an admissible representation in the sense
of Definition then the induced representation 7 : $, — GL(E) is also admissible.
Conversely, if ©@ : $, — GL(F) is admissible then it is induced by m : GLy(F,) — GL(E)
defined by

m(g)x == 7(A(g)f) where f € 9, is such that © = 7(f)z ,

which is again admissible.

Proof. For z € E, the stabilizer Stabgr,(r,)(z) is open by Lemma|2.1.12, Hence we can find
a compact open neighbourhood U of = contained in Stabgr, (r, (). Then f := vol(U)~ 11y,
where 1y is the characteristic function of U, satisfies condition (i) of Definition

Now let f € 9, and let us consider elementary idempotents, i. e. functions on GLa(F}) that
vanish outside of K and have the form

™
(k) = Z dimo; Tro; (k™) with o; € K pairwise inequivalent
i=1
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on K. It is known that we can find such an elementary idempotent satisfying f*{ = &xf = f
(see [33, Ch. I, § 8]). Hence 7(f) = w(f) o 7w(€). Now, for every z € E we have

&)z = ; /K dim o; Troy (k™) w(k)x dk = ;prgi (z)

where pr,. : £ — E(0;) denotes the projection onto the ;-isotypic component of 7. By
assumption, 7 is admissible and hence dim E(c;) < oo for all i. So we see that 7(£) maps
E into a finite-dimensional space, and it follows that 7(f)E = «(f)(7(£)E) is also of finite
dimension.

For the converse see [41], § 2]. O

Remark 3.1.6. Instead of (ii) in Definition many authors, among them [41], choose
a slightly different condition. They only require that (ii) be satisfied if f is an elementary

idempotent. But in light of the proof just given, we see that both definitions are equivalent.
O

Although our main interest lies in the admissible representations of $),, Proposition
allows us to study admissible representations of GLg(F}) instead. In the remainder of this

%f(g)} .
p

section we will therefore give the complete classification of the latter.

Let pi1, u2 be quasi-characters of Fy and

B(ul,uz):{f : GLa(Fy) — C | locally constant, f ((0 Z)ff) — m(@)a(d)|

Theorem 3.1.7. The right reqular representation

ppr, p2) : GLa(Fyp) — GL(B(u1, p12))

1s admissible.

(i) If paps 't # |- |p and paps ' # |- ;" then p(pa, p2) is irreducible. It will be denoted by
m(p1, p2)-

(i) If pipiy* = | - |p then the space B(ju, p2) contains exactly one proper invariant subspace
denoted by Bs(pu1, p2), which is infinite-dimensional. The corresponding factor space
By (1, p2) = B(pa, p2)/Bs(p, p2) is one-dimensional.

(iii) If paps' = |- |y" then B(ui,po) contains ezactly one proper invariant subspace
By (1, p2), which is one-dimensional and generated by x odet for some quasi-character
X of Fy. The factor space B (1, pi2) = B(p1, pa) /By (p1, p2) is infinite-dimensional.
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(tv) Any irreducible admissible representation of GLa(F,) not appearing in the above list
is called absolutely cuspidal.

In the cases (it) and (iii), we denote the representation p(p1, p2): GLa(Fp) — GL(Bs (1, p2))
by o(u1, p2) and call it a special representation. The only equivalences between these repre-
sentations are

(s p2) ~ w(p2, p1) and  o(p1, p2) ~ o(p2, 1) -

Proof. See [41, Thm. 3.3 and Thm 2.7] and [32, § 1.10, Thm. 6 and § 1.11, Thm. 7]. O

Remark 3.1.8. The quasi-character xy mentioned in (iii) depends on p1, ps in the following

;1 implies that 1 = 9| - [} and p2 = 9| - 2T for some

way: The condition pypuy' = |-
unitary character ¢ of oy and some 7 € C (cf. Example . If we put x := p1]- |}1,/2 then
a simple calculation shows that x o det is contained in B(u1, ) and must therefore be a
generator. Thus, any special representation is of the form

1/2 1/2

;/2) ~a(xl 1% |;1/2) for some quasi-character x of F}, .

alxl- 1" x|

O

Lemma 3.1.9. Suppose that n is an integral square-free ideal of F. If w : GLa(Fy) — GL(E)
1s an absolutely cuspidal representation then E contains no element that is invariant under

a b 0 ot N
Ko(Dp,np):(Ko(O,n))p:{<c d) € (npgp opp ) ’ad—bceop} .

Proof. Let § € F, be a generator of d,. Suppose z € E is Ko(0p,np)-invariant. Then a

is invariant under the group Ko(1,n,). But if p { n then K¢(1,n,) = GL2(0y), and in this
case [41 Lemma 3.9] tells us that 7 cannot be absolutely cuspidal. If p | n then we apply

simple calculation shows that

[65, Lemma 14] to obtain the same result. O

3.2 The local Hecke algebra (real case)

Although Hecke algebras can also be defined for complex places, there is no need for us to do
so because we consider only totally real number fields. We will therefore omit the complex
case and refer the reader to [41l § 6] for further information.
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We choose the Haar measure dg on GL3(R) such that its maximal compact subgroup Oz (R)
has volume 1.

Definition 3.2.1 (Hecke algebra for GL2(R)). Let
1 :={f € C(GL2(R)) | f is O2(R)-finite on both sides}

and

2 := (matrix coefficients of irreducible representations of O2(R)) .

If we endow $; and $ with the convolution product and define in a natural way

€*)(g) = /O € F(kg)dk  and  (fx£)(g) = /O S ew a

2(R)

for f € 91 and £ € Hy then Hr := H, + H2 becomes an algebra, which we call the Hecke
algebra of GLa(R).

Definition 3.2.2 (Admissible representation of Hg). Let E C C(GLy(R)) be some
space consisting of continuous functions on GL2(R). Let 7 : Hr — GL(E) be a representa-
tion. We say that 7 is admissible if the following conditions are satisfied:

(i) For any = € E, there exist finitely many f; € $1 and x; € E such that x = Y. 7(f;)z;.

(ii) For any f € $1, the space 7(f)E is finite-dimensional.

For X € gand f € C°(GL2(R)) define

(X =)o) = 5 Flesp(~tX)g)|,y . (FX)(g) = & Flgexp(~1X))],_,

If, in particular, f € $; then also f* X € 1 and X * f € 9.

Proposition 3.2.3. Let 7w : Hr — GL(E) be an admissible representation. We can associate
to 7 representations T on U(ge), Z(GL2(R)) and O2(R) by putting

M

:U(ge) = GL(E) ,  #(X)(x(f)v) ===n(X * flv,
02(R)
Z(GLa(R))

M

: H— GL(E) , 7(h) (m(f)v) :== 7 (A(h) f)v for H = {

and extending this definition linearly to arbitrary elements in E. The following formulae
hold for all X € U(gc), f € H1,h € O2(R) or h € Z(GL3(R))

T(X)w(f) =m(X = f), w(f)m(X) =n(f*xX) ,
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Proof. Cf. [41], § 5]. O

Remark 3.2.4. Note that the definition we just gave for the representation 7 on the sub-
groups O2(R) and Z(GL2(R)) cannot be extended to a representation on the whole group
GL2(R). The reason is that for f € $; and an arbitrary g € GL2(R), the function A(g)f
is not necessarily in $; because the left translation does not preserve left-Oq(IR)-finiteness.
If, however, g € O3(R) or g € Z(GL2(R)) then A(g)f € 91 and the above definition makes
sense. O

As in the non-archimedean case, we want to give a complete list of admissible representations
of the local Hecke algebra. It is again useful to consider the space B(u1, 12), whose definition
resembles the non-archimedean situation and will be given now.

Let p1, po be characters of R*. According to Example they are necessarily of the form
wi(t) = [t]*sgn(t)™ for some s; € C and m; € {0,1} .
Let s:= 51 — s2 and m := |my — mg|, so that
sz () = |t]"sgn(t)™ .
Define

B(:u’la l’LQ)

= {¢ . GLy(R) — C | right-SOs(R)-finite, ¢ (( g 3 ) g> — 11 (@)p2(d) ‘%

According to [41], § 5], the space B(u1, 12) is generated by the functions

é<25(g)} :
2 46

¢l<<(1) T)(g 2>T(6)> 2=,u1(a)u2(d)‘% e where [ = m mod 2 .

Theorem 3.2.5. The representation

p(p1, p2) : Or — GL(B(p1,p2)) ,  (p(p1, p2)f)(8)(9) == /GL . ¢(gh) f(R) dh

18 admissible.

(i) If pr iy M (t) is mot of the form tPsgn(t) for some 0 # p € Z then p(u1, po) is irreducible.
It will be denoted by w(p1, pe) and will be called a representation of the principal series.

(ii) If prps *(t) = tPsgn(t) for p € Z, p > 0 then B(ui,p2) contains exactly one proper
invariant subspace Bs(u1,p2). This subspace is infinite-dimensional. The quotient
space By(p1, po) := B(p1, p2)/Bs(p1, p2) is of finite dimension.
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(i4i) If pips *(t) = tPsgn(t) for p € Z, p < 0 then B(uy,p2) contains evactly one proper
invariant subspace By(u1, pt2). This subspace is of finite dimension. The quotient space

By(ju1, 12) = B, i)/ By (sn, ) is infimite-dimensional.

(iv) The above is a complete list of the irreducible admissible representations of Hg.

In the cases (ii) and (iti), we denote any representation p(py, pa) : Hr — GL(Bs(p1, p2))
by o(p1, 12) and call it a special representation. Similarly, any representation of the form
p(p1, p2) : 9r — GL(By (1, p2)) will be denoted by w(p1, p2). The only equivalences between
these representations are

7T(/,L1,,U/2) ~ 71-(/1/27/1/1) )

o(pr, p2) ~ o(pa, p) ~ o(p1sgn, posgn) ~ (2 sgn, p1sgn) .

Proof. See [41l Thm. 5.11] and [32] § 2.3]. O

The proof of the previous Classification Theorem makes use of the representations (1, f12)
on U(ge), Z(GL2(R)) and Oz(R) that are associated to p(u1,p2) via the construction in
Proposition Although we will not explain the proof in detail it is worth noting in
which way certain elements of U(gc), Z(GL2(R)) and O2(R) act.

Lemma 3.2.6. As carlier, define elements H,L, R, A in U(gc) by

(3 0) e (00) e (0)

and the Casimir (or Laplace) operator by
1 1 1
A:=—--H> - _RL—-_LR.
4 2R 2 R

Then

s2—1

(p(p1, p2)A) ¢ = — 1

¢ forall ¢ € B(ui, p2) -

Proof. See [41l Lemma 5.6]. O

Lemma 3.2.7. Let p(u1,p2) be the representation of H = Z(GL2(R)) or H = O3(R)
associated to the representation p(u1, p2) of Hr. Then

(P(u1, p2)(h)) ¢ = p(h)p  for allh € H and ¢ € B, p2)

where p denotes the usual right reqular representation of GLa(R).
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Proof. For the sake of clarity, we write p, and p, instead of p(u1,u2) and p(p1, p2). By
part (i) of Definition it is sufficient to verify the formula for an element of the form
pu(f)o where f € 91, ¢ € B(pui, p2). For every h € H,

51 (018 (9) = (P (MB) ) ) (9) = / o(gk) (\(B) ) (k) dk

GL2(R)
= [ stk dk = ()9 (0h)
GL2(R)
Hence p,(h)¢ = p(h)¢ for all h € H and ¢ € B(u1, po). O

In the light of the previous lemma, we sometimes refer to p(ui,p2) as the right regular
representation of Hr.

3.3 The global Hecke algebra

The aim of this chapter, which we will approach in the next section, is to examine the
behaviour of the space of Hilbert automorphic forms under admissible representations of
the global Hecke algebra $). However, we hardly need to refer to the global object $) itself
because it is essentially the collection of the local data so that all proofs can and will be
carried out locally. Mainly for the sake of completeness, this section provides the basic
definitions of the global Hecke algebra and its representations.

Definition 3.3.1 (Global Hecke algebra for GL2(Ar)). Let F be a totally real number
field, v a place of F,

v =

{ 02(R) if v is real,

GLs(0,) if v is non-archimedean,
and 1g, the characteristic function of K,. The algebra
= < ®u fv | fo € 9y, and f, = 1k, for almost all v>
is called the global Hecke algebra for GLa(AFp).

Definition 3.3.2 (Admissible representations of £)). A representation 7 : ) — GL(E)
is called admissible if the following conditions are satisfied:

(i) For any x € E, there exist finitely many f; € $" and z; € E such that = Y 7(f;)z;.
Here $’ is a certain subalgebra of §) the precise definition of which can be found in
M1, § 9].
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(ii) For any elementary idempotent &, the space 7(£)E is finite-dimensional.

(iii) For all x € E, the map

EoDvslvy — T(EE foo — W(fvo ® ® fv)x (where vg | 00 is fixed)

v#£vo

is continuous. Here, £ = @), & where each ¢, is an elementary idempotent, almost all
of which are equal to 1, .

The reader is referred to [41} § 9] for an extensive discussion of admissible representations of
9. For our purposes it is not relevant to know the exact wording of the definition. It suffices
to be aware of the connection between the global and the local admissible representations,
which is the content of the following proposition.

Proposition 3.3.3. For all places v of F', let there be given an admissible representation
Ty ¢ 9y — GL(E,) such that for almost all v, the restriction of m, to K, contains the
identity representation exactly once. For every v, choose an element e, € E, that is fixed
under m,(K,). Let

E = (®y2y | 2y € E, where x,, = e, for almost every v) .

Then
Ti=Q,my : H — GL(E) , (7(R0f0)) (@uTn) = @y (T (fo)T0)

defines an admissible representation of ). Conversely, every irreducible admissible repre-
sentation of $ can be obtained in this way.

Proof. See [41] Prop. 9.1]. O

3.4 Representation of the Hecke algebra on the space
of Hilbert automorphic forms

To simplify matters we assume from now on that the level n is square-free. Further, we
consider only weight vectors k satisfying k, > 2 for all v | co.

In this section we would like to use our knowledge of the Hecke algebra ), in particular
the Classification Theorems [3.1.7] and [3:2.5] for the irreducible admissible representations of
the local Hecke algebras, to examine the space HY (Ko (0,n), 1). Unfortunately, this space is
not invariant under the action of §), so that we cannot immediately apply the results of the
previous sections. Instead, we recall from Corollary the decomposition

Hy (Ko(d,m),1) = P HR (Ko(2,n),1,w)
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where all ws = sgn¥ and every wp is unramified. Each HY (KO(D, n, 1,w) is a subspace of
the larger space Ag(w) of all cusp forms with central character w (cf. Definition [2.2.3]). The
Hecke algebra $) now operates on each Ag(w), which is stated in the following proposition.

Proposition 3.4.1. The Hecke algebra $ acts on Ag(w). Under this action, Ag(w) decom-
poses into a direct sum of irreducible subspaces each occurring with multiplicity at most one.
More precisely, we have

Ag(w) = @ Vs where e, » € {0,1}

and where the sum runs over all irreducible admissible representations © of 9.
Proof. Cf. [A1l, Prop. 10.9 and Prop. 11.1.1]. O

Consequently,

My (Ko(d,n),1) CEPEP Vs . (3.1)

It will turn out that the properties (H.1)—(H.6), which we introduced in Definition [2.2.9]in
order to define Hilbert automorphic forms, are restrictive enough to imply that the projection
of HY (KO(D, n), 1) onto certain of the V;%™ is 0, so that these spaces do not contribute to
the direct sum in (3.1)). The aim of this section is to investigate which of the V5" can be
omitted so that equation still holds true.

To this end, take a function f € H{ (Ko (2,n),1) and write it in the form

f= wa’,r where 0# for € Vir
according to the decomposition in equation (3.1)).

First, we fix an archimedean place v and consider the v-th component of §, which is isomor-
phic to Hr. By Theorem [3.2.5] any irreducible admissible representation of g is a quotient
or a subrepresentation of p(u1, u2) : Hr — GL(B(p1, p2)). Recall that the space B(u1, pi2)
is the span of the functions

1 3 .
o << 0 f ) ( g 2) r(@)) = py(a)pe(d) ‘% “emilo where [ = m mod 2 |
where the characters i, po are given by
wi(t) = [t]* sgn(t)™ for some s; € C,m; € {0,1}

and m, s are defined by

m = |mi3 —ma|, §i= 81 — 82 .
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Let us investigate the action of the Laplace operator on the space B(u1, p2). According to
Lemma [3:2.6] it is given by

s2—1

Ay = — I o for all ¢ € B(u1, p2) .
Thus 2
s —1
Av wr = T Jum
fo. 1 e
if V., is a quotient or subrepresentation of B(p1, p12) with p1p; ' = |- [*sgn™. On the other

hand, we have by definition of H{ (Ko(2,n),1)

Avfz—k”(k”—1>f.
2 \ 2

These two actions of A, are compatible if and only if the parameter s, which depends on
the pair (w, ), satisfies
2

ky s2—1 2 2
5 (2 _ 1) =1 hence 5° = (ky, — 1) (3.2)

for all (w, ) for which f, » # 0. Property (H.6) thus restricts the set of V,, , that we need
to consider.

Next, we examine the consequences of condition (H.1). Consider a scalar matrix

2y = (2 20 ) € Z(GLs(R)) .

Each basis element ¢; and hence every ¢ € B(u1, p2) satisfies

¢ (209) = p1(z0)p2(20)0(g) = |20 F2sgn(2)™ ™2 ¢(g)  for all g € GLy(R) .

On HY (Ko (o,n), 1), however, the action of a scalar matrix at an archimedean place is given
by multiplication with sgn® because all relevant grofencharacters w satisfy w™ = sgnk. As
before, we are only interested in those representations for which both actions agree. If we
consider the case z, > 0 we immediately obtain the condition

s1+s0=0. (33)

Similarly, if z, < 0 we get my + ms = k, mod 2, and hence
m =k, mod 2 . (3.4)
To finish the discussion of the archimedean places, we note that no further restrictions

on 7 arise from condition (H.3). It tells us that the rotation matrices r(6,) act on
HY (KO(D,n), 1,w) by multiplication by e=%*% . On B(uy, us), however,

di(gr(0y)) = e " pi(g) .
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So the action of r(6,) on H{(Ky(d,n),1) is compatible with p(u1, o) if ¢, € B, p2).
This is the case if k, = m mod 2, which results in the same condition as (3.4).

At the non-archimedean places we do not know that 7, is equivalent to a quotient or sub-
representation of p(p1, p12). A priori there is also the possibility that it is absolutely cuspidal
(see Theorem [3.1.7)). We will however show that this case never occurs if f, » # 0.

To this end, recall that every function in HY (K o(0,n), 1) is invariant under right translation
with elements in the group Ky (9, n). Therefore, we only need to consider such representations
7 for which 7, contains (K (0, n))p—lnvarlant vectors. But by Lemma this implies that
mp cannot be absolutely cuspidal.

Now that we have proved that 7, is indeed equivalent to a quotient or subrepresentation of
p(p1, p2), we can continue in a similar fashion as in the archimedean situation.

Let ¢ € B(p1, p12) and consider

a 0 *
k= (O d) c (KO(D,n))p where a,d € oy, .

Let g € Z(GLa(Fy)). Then

Hlgh) = 0 (( o ) g> = m(@a(@ 5] 6(0) = m(@pa(@o(0)

since |al, = |d|y = 1. On the other hand we know by (H.3) that f(gk) = f(g) for all
feH) (KO(D,n), 1). Hence, p1 and p2 must both be trivial on of.

We summarize this discussion in the following lemma, the statement of which can also be
found in [65, Eq. (6.1) and (6.2)].

Lemma 3.4.2. Let 0 £ f € Hﬂ(KO(D,n), 1). In a decomposition £ = > f, - where each
fuw,x € Vi n as before, we have f, » =0 unless m satisfies the following conditions:

(i) Each archimedean component m, is equivalent to a special representation o(py, o) with
ky—1 ky—1
|

characters py = | - |77 and po = | - |77 sgnhv.

(i1) Each non-archimedean component m, is of the form m, = w(p1, o) or my = o(p1, 2)
for some unramified characters iy, po.

Proof. Let 7 be an admissible irreducible representation for which f, » # 0.

(i) By the Classification Theorem we know that each archimedean component 7, is
equivalent to either a special representation o (1, u2) or a m(p1, o) where the char-
acters i1, po satisfy pips *(t) = |t[*sgn™(t) = t*sgn*+t™(t). But the conditions (3.2)),
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(3.3) and (3.4), that we have just established, imply

ky —1 ky—1
So =
2 ) 2 + 9 ’

51 ==+ s—m=(k,—1)—k,=1mod 2.
Hence piipy ' (t) = tsgn. All that is left to show is that , is infinite-dimensional.
Suppose not. Then m, = 7(u1, u2). According to [3I, Ch. VII, § 5.2] (cf. also [29]
Remark 4.7]) such a m, cannot correspond to a unitary representation of GLa(R)
because |s; — sa| = k, — 1 is an integer > 1. But this is a contradiction because we
know that the right regular representation of GLo(R) on the space of square-integrable
functions, in which Ag(w) is contained, is unitary (cf. also Proposition [2.2.4)).

(ii) We saw that m, is not absolutely cuspidal, so it is either one-dimensional or equivalent
to a w(p1, pu2) or to a o(uy, ue). We also saw that in these cases the characters must
be trivial on oy,

case. Let us suppose dimm, = 1. Then GL2(F}) acts on f by

i. e. unramified. So again it remains to rule out the one-dimensional

p(g)f = (x o det)(g)f

cf. Theorem [3.1.7). In particular, f is SLy(F},)-invariant on the right. Consider the
( b

function
1
¢g:Ap — C, xr—>f<<0 T)g)

For all g € GLy(F}) — GL2(Ap) and z € F,

09(x) = (p(9)f) ((; 1)) = x(det(g))f ((3 1)) = x(det(9))£ (1)

(I the (2 x 2)-identity matrix). So ¢, is constant on F,, and hence equals its 0-th
Fourier coefficient, which is 0 for almost all g since f is a cusp form (cf. Remark|2.2.7).
Hence f must also be 0, which is a contradiction to our general assumption.

Definition 3.4.3. Suppose that n is a square-free integral ideal in F'. Then
U(n) € Hy (Ko(2,n),1)

is defined to be the subspace of all f = Y f,, » such that f, , = 0 unless 7 satisfies the
following conditions:

(i) Each archimedean component 7, is equivalent to a special representation o (g, o)
_ky—1

| 7 sgnhv.

with characters p; = | - = and o =1 - |

(ii) Each non-archimedean component m, is of the form m, = 7(p1, p2) or mp, = o (p1, p2)
for some unramified characters p1, uo.
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(iii) If p | n then 7, is a special representation.

Remark 3.4.4. What really distinguishes the elements lying in U(n) from those lying in
Hy (Ko(v,n),1) \ U(n) is condition (iii). Conditions (i) and (ii) are only mentioned for the
sake of completeness. They are always fulfilled as we have just proved.

Let us briefly explain the role that condition (iii) plays so that it may become clearer why it
has been introduced. Up to now we have examined the representations that are connected
to an arbitrary cusp form f € H{ (Ko (o,n), 1). We did not pay any attention to the question
in which way any additional properties of f might affect the nature of these representations.

However, from classical theory we know that it often proves useful to divide the space of all
cusp forms of level n into two distinct classes: The first one contains the oldforms, which
are either cusp forms with respect to some “lower” level m properly dividing n or certain
translates thereof. It is well known (cf. for example [1]) that these oldforms form a subspace
of the space of all cusp forms of level n. Its orthocomplement is spanned by the newforms,
which—Dby construction—do not come from forms of “lower” level.

In terms of representation theory a newform in H{(Ko(d,n),1) is a function f which is
invariant under right translation by elements in Ky (?,n) but not by elements in any Ky (9, m)
where m | n is a proper divisor of n.

Let us momentarily denote by V, the space of all f € H{ (Ko(d,n),1) viewed as functions
on the p-th component alone. A theorem of Casselman (see [I0, Thm. 1]) then states that
for every p < oo there is a minimal 7, € Z such that the fixed space

%Ko(ap’p“) ={f eV, | mp(k)f =f for all k € Ko(vp,p"")}

is non-empty, and in this case dimg¢ VPKO(D”"J )

= 1. Moreover, the minimal r,, is equal to 0
if m, = w(p1, p2) for some unramified characters pi, o, and r, = 1 if 7, = o(p1, p2) with

unramified gy, g2 (cf. [49, Thm. 3.5]).

So f is a newform if and only if it belongs to the minimal non-empty fixed space for every
p < oo. For p {n this is always true because in this case f is invariant under Ky(d,,1), so
that f lies in V;JKO(D‘“’pO), which then must necessarily be the minimal non-empty fixed space.
For p | n we know that f is right-invariant under Ko (d,,p). So it is a newform if and only
if r, = 1 for all p | n, which leads to the condition that m, be a special representation if
p | n. So the purpose of condition (iii) of the previous definition is to single out the space of

newforms in H{(Ko(0,n),1).

For a further discussion of this topic see [49] § 3 and § 4] and [29, Thm. 4.23 and § 5B]. O

In view of the previous remark the following proposition can be understood as a represen-
tation theoretic version of [Il, Thm. 5]. (Cf. also [22 IV § 1]).
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Proposition 3.4.5. Assume that n is square-free. For every prime ideal p | n let w, € o,

be a uniformizing element. Then
0 1 0
Hk(KO(Dan)7 1) = @ @ P 0 « U(m)
mln alnm—1 “

where aq = [],1, @p € Af.

Proof. In [65] § 6.3] a similar result is shown for H{, (Ko(1,n),1) and subspaces U(n) hereof
that are define by the same set of conditions as we used in Definition As Ko(1,n) and
Ky (0,n) are conjugate in the following way

Ko(b,n):<(1) (;)Ko(l,n)<(1) g) ,

where 0 is an adelic generator of 0, we see that

f € Hy(Ko(1,n),1) < p <<(1) g)) f € Hp (Ko(o,n),1) .

So the claimed decomposition follows directly from the above-mentioned result in [65, § 6.3].
O
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Chapter 4

Harmonic homogeneous

polynomials

We saw in Section that homogeneous harmonic polynomials come naturally into play
when we construct theta series that are modular forms of weight > 2, and these polyno-
mials are non-constant if the weight is > 2. Unfortunately many authors prefer to restrict
themselves to the technically easier case of weight 2, so that literature on the general case
is rather limited.

We find it therefore advisable to explain the role of the harmonic polynomials in more detail
and devote the entire chapter to this subject. For the sake of completeness we also choose
to include Section although it is not essential for the rest of this thesis. It discusses
different inner products on the space of harmonic polynomials and the role of the Gegenbauer
polynomials. Detailed explanations of these topics are somewhat neglected in the literature
on modular forms, although they are used by a number of authors (for example [25], [4],
[39]) when treating polynomial-valued automorphic forms and related subjects.

The action of the Hamiltonians on the space of homogeneous polynomials is explained in
Section and finally we discuss the connection between harmonic polynomials and adelic
automorphic forms.

4.1 Gegenbauer polynomials

Denote by Hom, [ X7, ..., X,,] the complex space of homogeneous polynomials in m variables
of total degree v. Recall that a polynomial P € Hom, [X, ..., X,,] is said to be harmonic
if it is annihilated by the Laplace operator, i. e.

AP =0.

59
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The complex subspace of all harmonic polynomials in Hom, [X1, ..., X,,] will be denoted
by Harm, [X1,..., X;].

Theorem 4.1.1. A homogeneous polynomial P € Hom,[X1,...,X,,] is harmonic if and
only if it is either

(i) constant, if v =0,
(ii) or linear, if v =1,

(iii) or a linear combination of terms of the form (2tX)" where each z € C™ satisfies
22 =0.

Proof. Cf. [40, Theorem 9.1]. O

Theorem 4.1.2. For v > 2, the space of homogeneous harmonic polynomials of degree v
in m indeterminates has dimension

dime (Harm, [X1, ..., Xp]) = (V jnnj; 1) - <V ;TI 3) = W(erZVQ)

over the complex field. In particular, for m = 4,

dimc (Harm, [X1, ..., X4]) = (v +1)* .

Proof. This dimension formula can be proved by a simple counting argument (see for example
[35, Satz 32] or [40, Corollary 9.2]). O

Lemma 4.1.3. Let V be a subspace of Hom,[X1,...,X,,], and let {Py,..., Py} be an or-
thonormal basis of V' with respect to some inner product (-, -)) on V. Then the polynomial

K, (z,y) defined by
d

K, (z,y) = > _ Pi(x)P(y) ,

i=1

is in fact independent of the choice of the orthonormal basis. Moreover, when considered as
a polynomial in x alone, K, (x,y) is the unique element in V that satisfies the reproducing
kernel condition

P(y) = (P, K.(-,y)))
forallPeV and ally = (y1,...,Ym) € C™ .

Proof. Most of the assertions are evident, and we will only show the independence of the
choice of basis. Let {Q1,...,Qq} be another orthonormal basis of V', then we can find a
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unitary matrix 7' = (t;;) € SU4(C) such that P; = Y t;;Q; for all ¢ = 1,...,d. Using this
and the fact that T'T = 14, a simple calculation shows that > P;(x)P;(y) = > Q:(2)Q:i(y).
For the uniqueness of the kernel function see for example [58, Ch. II, § 1, Thm. 1.1]. O

We will now make a specific choice for the inner product (-, -)). For j = (j1,...,m) € NJ,
we use the multi-index notation

. : ‘ . . . . j! ; ; ;
|.]|:]1++.7ma J':jl']m'7 C(-]):|j!7 XJ::Xil""'Xgnma
so that any homogeneous polynomial P € Hom,[X7, ..., X,,] can uniquely be expressed as

P = Z c(j)a; X3 for suitable coefficients a; € C .

lil=v
We endow the space Hom, [X1, ..., X,,;] with the inner product (-, -)) defined by

(P.Q) = cl)aly for  P=3 ciagX, Q=) cihX .

lil=v lil=v lil=v

Our next aim is to find a more explicit description of the reproducing kernel K, (z,y) on
the space Harm, [X}, ..., X,,] of harmonic polynomials. But before we tackle this problem,
let us add a few comments on the inner product {(-, -)) that we are using. A possibly more
natural inner product to consider would be

Q)= [ P@QE .

where S™~1 is the unit sphere in R™. It has the advantage of being obviously rotation

invariant, i. e.
(Pop,Qop)=(PQ) for all P,@Q € Harm, [X;,...,X,,] and p € SO(m) ,

but the disadvantage that it is somewhat inconvenient to use when it comes to explicit
computations. Therefore we prefer to use the inner product (-, -)), which is defined solely
in terms of the coefficients of P and Q. To justify our choice, we point out that (-, -) and
(-, ) in fact differ only by a constant factor, as will be shown in the next Proposition.

Proposition 4.1.4. For P,Q € Harm,[X, ..., X,],

V!F(%—i—l)

TR

<P7Q> = ov

Proof. The proof makes use of the identities (cf. [40, § 9.2])

/ AP(z)dr =v(v + m)/ P(z)dx for all P € Hom,[X7, ..., X,,]
Sm—1 Sm—1
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and

oP 0
A(PQ) _228)( 3)? for all P,@Q € Harm,[X1,...,X,,] .

Applying these identities to PQ € Homa,[X1, ..., X,], we get

9Q(x)
v(2v + m)/ Q(z)dx = d:c = / dx ,
gm—1 gm—1 o1 z Z m—1 Xi
where both BP and 8; are in Harm, _1[ X7, ..., X,,]. We repeat this process v times and

get

- v - 9" P(x) 9" Q(x)
ql;[lqm‘”m) /Sm,l P)Q(z) de = /Sm Z_ OX, .. 0X. 9%, ...0X, @

If we write P and @ in the form P = 3., c(j)a; X3 and Q = > ljl=v c(j)b; X3 then the
derivatives are

vP
8)(“88)( =7l dmle(i)ay = v a; where j, := #{l| i, = k}

3%

and similarly for Q. As there are exactly c(j) tuples (i1,...,i,) € {1,...,m}" leading to
the same derivative, we finally obtain

/an P(z)Q(z) dv = <ql:[1 Q(2q+m)> /SW1 > e(G) () azhy da

lil=v
. 1
= (V!QV 1:[1 <% + q)) ~vol(S™ 1) (v!)? |Z— c(j) asb;
vIT (% + 1)

T (2 +v+1)

Now we are ready to find an explicit description of the reproducing kernel K, (z,y) on the
space Harm, [ X1, ..., X;,] with respect to (-, -)). We follow the argumentation in [35, § 5]
and [62, Proof of Theorem 3.

Lemma 4.1.5. Let z,y € R™. Then K,(x,y) is SO(m)-invariant, i. e.

K, (p(z), p(y)) = Ky (z,y)  for all p € SO(m) ,
and must therefore be of the form

(z,y)

|z[ly|

K, (x,y) = (Jz|ly])"C ( ) for some C € C[X] , (4.1)

where (-,-) and |- | are the usual euclidian inner product and norm on R™.
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Proof. Let {Py,..., P4} be an orthonormal basis of Harm,[Xq,..., X,,] with respect to
{(-,-), and let p € SO(m). Note that Harm,[X7,...,X,,] is invariant under p so that
{Piop,...,Pj0p} is again a basis of this space. As a consequence of Proposition we
know that {(-, -)) is rotation invariant. Therefore we have

(P;op, Pjop) =P, P;) =0 forall1 <i,5<d,
so {Pyop,...,P;0p} isin fact an orthonormal basis. But K,(z,y) is independent of the
choice of basis, as we have seen in Lemma So it follows that

d d

Ko (p(x),p(y)) =Y (Piop)(@)(Piop)(y) = Y _ Pi(z)Pi(y) = Ky(,y) .

=1 i=1

Now let @, %, z,w € S™1 be elements on the unit sphere. If {x,y) = (z,w) then there exists
a rotation p such that p(x) = z and p(y) = w, and consequently K, (z,y) = K,(z,w). In
other words, K, (x,y), when restricted to the unit sphere, depends only on (z,y). But since
K, (z,y) is of homogeneous degree v in x and y, respectively, we can write

K, (x,y) = |z|"|y|" K, (él, ;) for arbitrary z,y € R™ |

and we see that on the whole, K, (z,y) depends only on |x|, |y| and (z,y). But as it must
be a homogeneous polynomial of degree v, that only leaves the possibility
5] S L5) (,y) v—2i
(o) = 3 asta 1o o = (all)” Y (1521

2\ Jally

NN

for suitable coefficients a; € C. O

As mentioned in Lemma[4.1.3] K, (z,y) is itself a harmonic polynomial in z. As a matter of
fact, the property AK, (x,y) = 0 is restrictive enough to make an explicit description of the
polynomial C' in equation possible. Indeed, writing K, (x,y) as in equation and
taking derivatives with respect to x, leads after a lengthy but straightforward calculation to

s =t (1~ ) (i)
(- m) T <<x’y>> + (v +m—2)C <<x’y>>) .

||yl || |y] || |y]

The polynomial C' must therefore satisfy
(1 —u?)C"(u) + (1 — m)uC’(u) + v(v+m —2)C(u) =0 . (4.2)

This differential equation is sometimes called Gegenbauer differential equation and its poly-
nomial solutions are well-known.

Theorem 4.1.6. Form > 1 and an integer v > 0, the Gegenbauer differential equation (4.2))
has a polynomial solution, which is unique up to a constant.
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Proof. See [69, Theorem 4.2.2]. O

Definition 4.1.7 (Gegenbauer polynomial). We call

F(V —q+ /\) ( )z/ 2q
V(g + D(v —2¢+ 1) "

CP(@) = (1%

q=0

Gegenbauer (or ultraspherical) polynomial of degree v and parameter .

Example 4.1.8. The first Gegenbauer polynomials are

oM (@
C(/\)(a:
o (
(

Il
oowxw M

x ( + 1)z =\,

)
)
)
C(/\) x) =

AMA+ DA +2)2® =20\ + 1)z
Proposition 4.1.9. Let m > 1 and A\ = 3 — 1.

(i) The Gegenbauer polynomial ™ is a solution of the differential equation (4.2]).

(i) The reproducing kernel K,,(-,y) on Harm, [X, ..., X,,] with respect to (-, -)) is given

by
1 (z,9)
K, (z,y) = —(|z||ly))*CM ( )
() = - (el € ([0
1 5] ) )
=T < dly* Y e()e(j 2k)yJ2k>xJ
il=v \ =0 k=g
where

F(V—q+——1)

d, = (—1)‘12u72qr (2 —1)T(g+ (v —2¢+1)

€Q.

Proof. The first part can be found in any book on Gegenbauer polynomials, for example
[69, Equation (4.7.5)]. For the second part observe that

L5
(lal ) C (<””’y>) =" dy ()2 (e ly])

allsl ) ~ 2

VN

and
(@)=Y ey and  (j2|ly))* = [y*? Y e(k)a®*,
lil=r—2q |k|=q
which proves the second equality in (7). By the uniqueness of the reproducing kernel, by
Lemma and Theorem it is then clear that the reproducing kernel for the space
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Harm, [X7, ..., X,,] with respect to {{ -, - )) must be a scalar multiple of (\IHZJDVC()\) (|<ac|\y>\ )

In order to show that the scalar is dg , it suffices to check the reproducing kernel property
for an arbitrarily chosen 0 # P € Harm, [X1,..., X,,]. In the light of Theorem we take

= (iuizi)y = Z c(j)uia where iuf =0 fv>2.
i=1

lil=v i=1

So we have for all y € R™

(P Koo = — ZUJ<Zd y1** > e(k)e(§ — 2k)y )

\JI—V |k|=q

~d Zd [yl Z Z ue(k)e(j — 2k)ud— 2k i~k

q=0 lil=v [k|=¢
~ Zd |y| Z u®e(k Z c(i)u'yt
|k|=¢ lij=v—2q

5 m m v
= dioqu|y‘2q(zu?>q(zuiyi) B .
q=0 i=1 i=1

If v = 0,1 then there is no term for ¢ > 0. If v > 2 then we have 221 u? = 0 by assumption,
so again, all terms for ¢ > 0 vanish, and we are left with

(P 1) = do( L) = P

Finally, it is easily verified that d, € Q. O

4.2 The action of the Hamiltonians on homogeneous

polynomials

In this section we restrict our attention to the case m = 2. The inner product on Hom, [X, Y]
then simplifies to

(P.QH=>" (”) ajb; for  P=Y (”) XY, Q=Y (”) b X"y
=0 =0 M

=0 M

Let H denote the Hamilton quaternion algebra, in which we fix the canonical basis {1, 1,j, £}
where i? =j? = —1, ij = —ji = &. Then H can be identified with

{(_Zw Z) ‘z,we@} via  x+— Xi(x)
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where for x = z¢l + z1i + 22 + x3t,

z:=x9+1ix1, W:=1o9+ix3€C and X1(x) ::( Zi w) .
-w Zz

The group H' of norm-1 quaternions then corresponds to SU3(C), i. e. the subgroup of

GL4(C) consisting of those matrices X (z) that satisfy

det (Xi(z)) = 22+ ww=af +a] +a5+a5=1.

Definition 4.2.1 (Symmetric power representation). Define the v-th symmetric power
representation o, : H* — GL(Hom, [X,Y]) by

(0,(z)P)(X,Y) = P((X,Y)X)(2)) = P(:X — Y, wX + V) .
Define another representation A, : H* — GL(Hom, [X,Y]) by

A (x)P :=nrd(z) %20, (x)P .

Lemma 4.2.2. Denote by x,, the character of the representation o,. Then for all x € H*
and A € R*,

O—V(Ax) = )‘Vo—u(x) and Xo, ()‘x) = /\VXJU (LC) .

Proof. This is due to the fact that the polynomials on which o, (x) acts are homogeneous. [

Lemma 4.2.3. The irreducible finite-dimensional representations of H* are precisely the
representations of the form

H* - GL(Hom,[X,Y]), «~— (m«d(x)r -0,,(.’[))

for some v € Ny, r € C. In particular, o, and A, are irreducible.

Proof. Via x — (nrd(x)%, nrd(z)"2 ), we get an isomorphism H* = R, x SU3(C). By
Example [2.1.4) we know that the action of ¢ € R is multiplication by ¢" for some r € C. In
particular, any subspace is invariant under R~ . Therefore, the irreducible finite-dimensional
representations of H* remain irreducible when restricted to SUs(C). But these are exactly
the symmetric power representations o, (see [43, Ch. II, §§ 1,2]). Hence, every irreducible
finite-dimensional representation of H* is of the form

z— nrd(z)? - o, (nrd(m)_% 3:) =nrd(z) 7 -0, (2)

as claimed. O
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Proposition 4.2.4. For all P,Q € Hom, [X,Y],

{ov ()P, 0, (2)Q)) = (P, Q) for all x € H' |
(A (2) P, Ay (2)Q)) = (P, Q) for all z € H* .

Proof. As mentioned above, X;(z) € SU3(C) for any x € H!. Therefore, o,(x) acts by a
unitary transformation of the variables X, Y. From the discussion in the previous section, we
can derive that (-, -)) is invariant under such unitary transformations (or see for example
[57, Thm. 2.12] for a direct proof). For arbitrary z € H*, not necessarily of norm 1, we
immediately obtain

(P,Q) = <<0,, (nrd(at:)_%av)lt’7 o, (nrd(x)_%x)Q» = <<A,,(Jc)P, Al,(x)Q»

by Lemma [4.2.2 O

In Hom, [X, Y], consider the canonical basis
P = XViy? fori=0,...,v.
Clearly, the image of X¥~¢Y" under the action of o, (z) for z € H! is
(0u(2)P)(X,Y) = (:X —wY)" "(wX +zY)" .

The matrix of o, (z) with respect to the basis {X"~?Y?} will be denoted by X, (z). Note
that for v = 1 this definition of X;(z) coincides with the definition given at the beginning
of this section.

Example 4.2.5. Let x = zgl+xz1i4+xz2)+x38 € H*. If we put 2 = xg+iz; and w = zo+ixs
as before then

22 2w w?
Xo(z) = —2;W 2z —ww 2zZw ,
w2 —ZW 72
23 22w 2w? w3

2

322w 227 —2zwwW 2z2zZw — w?

w  3zZw

X3(x) =
3(2) 3% ww? — 2:FW  2F — 2ww  3Fw
w3 zZw? —Z2w z
Lemma 4.2.6. As polynomials in the four variables xg, ..., x3, the entries of the matrices

X, (x) are harmonic polynomials of degree v.
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Proof. See [22] 11 § 6, Prop. 6]. O

Corollary 4.2.7. Let {Q1,...,Qu+1} be an orthonormal basis of Hom, [X, Y] with respect
to (-, - ). Then the matriz coefficients

Qiy(@) = (0,(2)Qs Q;)

constitute an orthogonal basis of Harm, [Xo, ..., X3] with respect to (-, -). More precisely,
1
ng 2) Qi () dx = dmo. dindji -
Proof. The previous lemma shows that the Q;; are elements of Harm,[Xy,..., X3]. By

Proposition (-, ) is invariant under o,|g:. We may therefore apply the Schur
orthogonality (see Theorem [2.1.5)) to obtain

/ (00 (@)Qu, Q3 ) (00 @) Qr Qu)) da

which proves that the @;; are orthogonal and in particular linearly independent. Finally

<<Q17Qk>><<Qjan>> = '5ik5jl ,

dimo,

dlm oy

observe that the span of the polynomials Q;; is indeed all of Harm, [Xo, ..., X3] as both
spaces have dimension (v + 1)? (see Theorem [4.1.2)). O

Corollary 4.2.8. The character X, of o, can be expressed in terms of the polynomials Q;;

as
v+1

Xo, (T Z Qii(x for allz € H* .

Proof. With respect to the orthonormal basis {Q1,...,Q,+1}, the operator o, (x) has the
matrix (((a,,(x)Qj,Qi»)#l . Its trace is

i,j=1
v+1 v+1
Xo, (.13) = Z« Qu z Z Qm
=1

4.3 Harmonic polynomials and automorphic forms

As earlier, let A be a definite quaternion algebra over F' and O an Eichler order in A.

For each archimedean place v of F', fix a non-negative integer v, and collect all of them in
a vector v = (Vy,,...,V,). In order to deal with all archimedean places at the same time
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we use the following obvious notation for any j € Nj:
0<j<v < 0<jy,<wp,foralwv|oo.
Put
Hom, [X,Y] := (X) Hom,, [X,Y] and Harm,[Xo, ..., Xs] := @) Harm,, [Xo,. .., X3] .

v|oo v|oo

Then
dime Hom, [X, Y] = J[(vs +1) .
v|oo
Since the local quaternion algebra A, is isomorphic to the Hamiltonians H, we may let A
act on the polynomial space Hom,, [X,Y] by A, , which is the representation of H* that
we introduced in the previous section. By collecting these local representations we obtain a
representation A, of A% given by

A, = ®Ayu = ®nrd(-)_%voyv =: nrd(-)_%au ,
v|oo

v|oo

which acts on Hom,, [X,Y]. Similarly we write

Xp(+) = (xij(')):jzo = Qoo Xy, (+) = ®’u|oo($iuj1,('))uv

Gv,ju=0

where each X, (-) is the matrix defined in Section

Consider the space V' of functions ¢ : A} — C satisfying

(i) ¢(vgk) = ¢(g) for all v € A}, g € A}, k € [[, .00 O,
(ii) the right regular representation p of A% on Ey4 := (p(g)¢ | g € AL) is A,-isotypic,

i. e. it is equivalent to a direct sum @ A,,.

Lemma 4.3.1. Suppose that there is an € € 0% such that sgn(e)” =[]
Then

sgn(e,)”™ = —1.

v|oo

v ={0}.

Proof. Assume that € € o}, satisfies sgn(e)¥ = —1. Let ¢ € V. Since ¢ € Z(A}) and
gp € O for all p < 0o, we can use property (i) to see that

#(9) = d(eg) = P(ge™e’) = ¢(ge™) = (p(eX)9)(9)  forall g € A .
Now apply property (ii) and continue
0(9) = (Au(e®)0) (9) = mrd (%)~ (0, (=™)0) (9) = ( [ (2)~ # el )élg) = sen(=)“(g) |
v|oo

where we made use of Lemma [£:2.2] From this equation and our assumption on ¢ it is clear
that ¢ = 0. O
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In the light of this lemma we assume for the rest of this chapter that

sgn(e)” =1 forall e€of.

By definition of the space V' there is an isomorphism 7, depending on ¢, such that the

diagram
Ey T @ Hom, [X,Y]
p(g)i if\u(g)
Ey T @ Hom, [X,Y]

commutes for all g € A% . For h € A},
Ly : @PHom, [X,Y] - C, P (771(P))(h)

is a linear map.

Lemma 4.3.2. Fiz ¢ € V and let Py = 7(¢). For h € A} define a map

; A , |
3(h) : Aw — C gH{ Ly (Au(9)Po) Z.fg#O
0 ifg=0.

Then

(i) nrd(-)%(h) is a harmonic polynomial in Harm,, [X, . .., Xs].

(ii) ¢(hg) = ¢(h)(g) for all g € AZ,.
(iii) ¢(hz) = ¢(h) for all z € Ef C Z(A%).

Proof. (i) By definition, the restriction ¢(h)
nrd(-)% ¢(h), when restricted to A%, is a matrix coefficient of o, and hence a harmonic

Ax_ is a matrix coefficient of A,. Therefore

polynomial by Lemma |4.2.6

(ii) We use the commutativity of the diagram above to get
¢(hg) = (p(9)9)(h) = (17 oAu(g)o)(9)) (h) = (T (Au(9) Fo)) (h) = Ly (Au(9)Fo) -

(iii) For z € F, we have z = nrd(z)2. Hence

SN

p(hz) =nrd(z)" % (nrd(z)%(;s(h)(z)) = nrd(nrd(z)—%z> qz(h) (nrd(z)_%z)
= (h)(1) = ¢(h)

where we used the homogenity of nrd(-)¥ $(h), which was shown in (7).
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Lemma 4.3.3. Let {(-, -)) be a A, -invariant inner product on @ Hom, [X,Y] and {Q;} an
orthonormal basis with respect to (-, -)). For h € A} and g € A%,

(hg) = (A (9)Po, ZLh
= IlI‘d ZZ POme Lh )Qmi(g)

where Qmi(g) = (ou(9)Qm,Q:) as in the previous section.

Proof. By the previous lemma, ¢(hg) = gzNS(h)(g) =Ly (A,,(g)Po). But for any polynomial
P € @Hom,[X,Y] and in particular for P = A, (g)Fy, we can easily verify

Lu(P) = L 3(P.QD@Q:) = 3P, QN Ln(@) = (P. 3 Tn(@) Q) -

K2 ?

which proves the first equality. For the second equality observe that

g)Po, ZLh(Q ZLh P07Qz>>
_ th 2) << o) (2UP Q@) @)
=22 (Po, Q) Ln(Q0) (A (9)Qum, Qs)

and that A, (g) = nrd(g)~20,(g). -

We use the previous Lemmas to compute an integral that we will encounter in Section [5.3}

Lemma 4.3.4. Let h € A} and z € A% . Then

d(z)*® 1
nrd(z)z o

dimo,

/ o(hE) X0, (2F) dk =

where ®(h) =nrd(-)2 (p(-)¢)(h) € Harm, [Xo, ..., X3].

Proof. As before, let {Q;} be an orthonormal basis of €@ Hom,,[X,Y]. Use Corollary
to rewrite the character as

Xow (2F) = (00 (ZR)Qp, Q) =Y (o0 (k) (00 (2)Qp). Qp)) -

p p

Since nrd(k) = 1, the inner product is invariant under o, (k). Hence

Xou (ZR) =D (00 ()@, 0w (E Z< k) Qp, 00 (2)Qy)) -

p
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Here ¢,(Z)@) is again a homogeneous polynomial, which can be expressed in terms of the
basis {Q;} as
0u(2)Qp = Zagp)Qq for some agp) eC.
q

Then

Xo. (%) = Z <<Uu(k)Qpa Z af(lp)Qq>> = Z Z O‘gp)qu(k) .
P a P q
Together with the results of Lemma we get

[ o, GR k= [ 575 Q) Qi (1) S Y ! Q)
AL AL L

2 m

=Yl (R Q@) [ QiR
i om p q AL

1
dim

— > > o (Po. Qu) Ln(Q1)

by Corollary in which the orthogonality of the {Q;;} was proven. We continue

/ ¢(hk) X, (zk) dk = dinia Z«PO’QW»L’T(ZOCEm)Qi)
AL = -
- diria,, Z«-F)O?Qm»l/h (00 (2)Qm) -

Now use the A,-invariance of ((-, -)) to obtain

[ 600, Gyt = " S5, ), A4 B)@) B (A 212)
Al m

dimo,

_ nrd(2)® <<Au(?)P0’ ZWAV(Z)QW»

dim o,

_ nrd(z) 2 6(h7)

dimo,

The last equality can be shown with the same argument that was used in Lemma [4.3.3
because {A,(Z)Q,,} is again an orthonormal basis with respect to (-, - )). Finally, apply (7)
and (ii) of Lemma to get the desired result. O

The rest of this chapter is devoted to the study of a certain subspace Vj of V', which will be
used in our discussion in Sections [5.2] and To this end define the space

W <<<A,,(-)P, Q)| PQe Hom,,[X,Y}> ,

which is generated by all matrix coefficients of A,,. On W consider the left regular repre-
sentation A : A% — GL(W).
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Lemma 4.3.5. Let {P, |i=0,...,v} be a basis of Hom, [X,Y]. The space W decomposes

into irreducible A-invariant subspaces
Wi = <<<A,,(~)Pj,Q>>‘QEHoml,[X,Y]> for j=0,...,v.
The action of A on each Wj is equivalent to A,. In particular, if
P=Xvoiyl .= ®U‘OOX”“_i”Yi” for i=0,...,v
then the irreducible subspaces of W are of the form
I/Vj:<nrd(-)_%xij(-)|i:0,...,1/> for j=0,...,v

where X, (+) = (z35(+)) is the matriz defined above.

Proof. On elements of the form (A, ()P, Q) with homogeneous polynomials P, @, the ac-
tion of A is given by

M) (A ()P.QY) (1) = (Au (g™ )P, Q) = (Au(R) P, Au(9)Q) -

Thus we see that each Wj is A-invariant. Moreover, in Lemma we saw that A, is
irreducible on Hom,, [X,Y]. Therefore, the spaces Wj are irreducible as well. Now consider
the basis consisting of the polynomials P; := X*~1Yifori=0,...,v. Then {Py,..., P} is
orthogonal with respect to (-, -)) and

Au()Fy = nrd(-) Fou (-)F = md(-)"F Y ()P
Hence

(A ()P, B) = k- mrd(-) " Fagg(-)

for some constant x € C which takes into account that the P; are not normalized. In this

particular situation
Wi = <nrd(~)_%mij(-) |i= O,...7u>

as claimed. O

Now recall from (|1.1]) the decomposition
H
A; =[] Ary;0: (where y5° = 1)
j=1

where H denotes the ideal class number of O-right ideals. For i = 1,..., H let ; be the
Eichler order of A that is uniquely determined by the local data

(Di)p = (yiDyfl)p for all p < oo .
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Lemma 4.3.6. As before, assume that sgn(e)” =1 for all ¢ € 0o} and let P, := X¥7Y1 for
i=0,...,v. Fiz an index j € {0,...,v}. Define a subspace of V' by

Vo = {¢€V| (p(')gb)(g)eﬂfjforallgGAK}.

Then the following assertions hold:

(i) Forie{l,...,H} and m € {0,...,v} the elements

Qim(x) := Z <<Al,(7‘x)Pj,Pm>> forxz e A%

reOy/o%
are O -invariant on the left.

(ii) For fized i the set {Qim | M =0,...,v} is a set of generators of
VVJ.(D:) ={Q € Wj | Q is Of -invariant on the left} .
(iii) The functions ¢ium fori=1,...,H,m=0,...,v defined by
Qim(m™>) if g = ay;m € A%y, 0%
Pim{) = { 0 else

generate Vj.

Proof. (i) The quotient OF /0% is finite (see [20, § 1, Satz 2]) and
Ay (e) = nrd(e) % oy, (e) = (62) " %e¥0,(1) =sgn(e)” =1 for all €E€OR

by assumption. So Q;m is indeed well-defined. Moreover, left multiplication of the
argument z by an element in 97 only permutes the summands, so Q;m is clearly
left-O7-invariant.

(ii) Let @ € W;°7). Then Q = (A

v(-)P;, P)) for some P € Hom, [X,Y], and because of
the OF-invariance we have Q(z) =

Q(rz) for all r € OF, i. e.
(Au ()P, Py = (A ()P}, Ap(r~)P)) for all r € OF .

Summing both sides over a complete set of representatives for D7 /o%. yields

()P P) = o 3 ()R, Al )P

reo’/og

Soif P=3%"" _ mPm for some am € C then

so @ lies indeed in the span of the Q;m-.
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(iii) First note that the ¢;m are well-defined. Indeed, if g = ay;m = ay;m then it is
easily checked that m™> = a~'am™ where a"'a € A% Ny O%Ly; * = OF. Since every
Qim 1s Of-invariant on the left we see that ¢;m(g) does not depend on the particular
factorization of g. Next we need to verify that ¢;m € V. By construction we have
bim(V79k) = ¢im(g) for all v € Ay, g € Af and k € [, Op. Let h € AL If
g = ay;m as before then gh = ay;(mh) with mh € O}. Hence

(p(M)¢im) (9) = Qim ((m)*) = >~ (Au(rm)(Au (W) F), Prn)) -
reO’ /oy
So p(h) operates as P; — A, (h)P;, which means that the action of A% is A,-isotypic.
Consequently, ¢;m, € V. Similarly,
(p()0im)(9) = D (Au( )Py Au((rm)™}) Pa)) € Wi,
reO;/o%
which shows that ¢;m € V.

So all that is left to show is that the functions ¢;, span all of V;. To this end consider

an arbitrary ¢ € Vo. Then (p(-)¢)(h) € Wj for all h € A} by definition of ;. More

(o7 )7 which can be seen by the following argument:

precisely, we have (p(-)¢)(y;) € w;
Ife e =ANn yiDKyjl, then there exists an m € O} such that ¢ = yimyfl. In
particular, e = m® since we always assume that y?° = 1. Now we use the A}- and

Hp Oy -invariance of ¢ to get for x € A7,
(p(2)0) (yi) = d(yiz) = dleysw) = Plyima) = d(yim>azm”)
= ¢(yim™=zm! (m!)7'e?)) = ¢(yie*ze’) = d(yiex) = (p(ex)) (i) ,

which shows that (p(-)@)(y;) is indeed Oj-invariant on the left and hence lies in
Wii(gz). It follows by part (ii) that

(P( : )¢) (y;) = Z Aim Qim for some a;m € C .
m=0

If g = ay;m as before then we use the Aj- and Hp<oo O} -invariance of ¢ again to

obtain y y
é(9) = dym™) = Y imQim(m™) = Y Cim®im(9) -
m=0 m=0
So ¢ is indeed a linear combination of the ¢;, and the proof is complete.

O

Corollary 4.3.7. Fiz an index j € {0,...,v}. To ¢im as defined above and to g € A}
associate a harmonic polynomial ®;m(g) == nrd(-)2 (p(-)pim)(g) € Harm, [Xo, ..., X3] as
m Lemmal4.3.4, Then

<<U,,( B, Z AV((rm)_l)Pm>> if g = ay;m € ALy 0%
Pim(g) = reO’/o%
0 else .
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In particular, ®;m(g) is a linear combination of the entries in the j-th column of X, ().

Proof. This is just a summary of the previous discussion.



Chapter 5

Theta series as generators of the
space of Hilbert modular cusp

forms

We will now turn to our main task of constructing explicit sets of generators for each of the
spaces Sk (To(¢0,n),1), L = 1,...,h" of Hilbert modular cusp forms. The key ingredient
will be a result of Shimizu (see Theorem and [65, § 6.5, Thm. 2]), which provides a
set of generators of the space U(n) of adelic newforms (cf. Remark [3.4.4). Since we know
by Theorem that there is a complete correspondence between classical and adelic cusp
forms, we may view Shimizu’s result as an answer to our problem. It has, however, the
drawback of being rather unexplicit.

Section [£.3is therefore devoted to a detailed discussion and reformulation of Shimizu’s The-
orem by means of the correspondence We will thus obtain an explicit set of generators
of the spaces Sk(I'o(c;0,1),1) in terms of quaternionic theta series as were introduced in
Section [L.3l

We begin with a short section on the Weil representation, which will be needed in order to
state Shimizu’s Theorem.

5.1 The Weil representation

In this section only, we denote by F' a local field, which will be either the p-adic field F}, or
the real field R.

Let A be a quaternion algebra over F' and fix a non-trivial (additive) character of ¢ of F.

7
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We denote by |- |p and |- |4 the module of F' and A, respectively, which is defined by the
equality |a|r dx = d(ax) for all @ € F and any additive Haar measure dx on F', and similarly
for A. For F' =R or F = F,, the module has the explicit form

|z|r = |2| , |z|F, = Np~ve(@) and la|4 = |nrd(a)?|F forzreF,ac A
(cf. [78, I § 2, Cor. 3 of Thm. 3 and I § 4, Thm. 6]).

For a Schwartz-Bruhat function f € S(A), we denote by f the Fourier transform with
respect to the character 1, that is

flz) = /A S (tr(ay) dy -

Definition 5.1.1 (Weil representation of SL(F)). We define the local Weil represen-
tation Q : SLy(F) — GL(S(A)) by

0 (( : 0)) £(@) = lal}faz) |
0 << oo )) (@) = Y (bard () (@)
Q((O 1>>f($):7f(m) Where’YZ{_i A= My(F) ,

-1 0 if A is a division algebra .

The Weil representation was first introduced in [77] in a more general context. Since then
it has proven to be a useful ingredient in the study of modular forms. However, we neither
assume that the reader is familiar with the Weil representation nor will we go into details
here. All that we need apart from the definition is the following lemma, which describes the
interaction of 2 with the right and left regular representation. For further properties of {2
the reader is referred to [41l Prop. 1.3].

Lemma 5.1.2. Let s € SLo(F') and x € A. Then

B nrd(z) 0 nrd(z)~! 0
o -a((40 ) (7" Y

In particular, p(x)Q(s) = Q(s)p(x) if nrd(x) = 1. Similarly,

A@)Q(s) = Qs)\(x) ifnrd(z) =1.

Proof. See [41l Lemma 1.4] or [65, Lemma 1], but note the misprint in the latter. O
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5.2 An explicit version of Shimizu’s Theorem

Let F' be a totally real number field of degree n > 2. As earlier we denote by 0 the different
of F. By [37, VIII § 63, Satz 176], there exists an element ¢ € F* and an ideal b of F such
that

o =1b%.

By ¢1,...,¢,+ we denote a complete set of representatives of the narrow ideal classes of F'.
Further, let n be a square-free integral ideal of F, and let k = (ky,...,k,) € Z" be a weight
vector such that k; > 2 for all 7.

Our aim is to prove the following theorem:
Theorem 5.2.1.

(i) Suppose that the degree n = [F : Q] is even. Then the space Sk (To(c;0,n),1) of Hilbert
modular cusp forms of weight k for the group

_J[a® op ()7 B ot
Fo(clb,n){<c d>€ (nclb or ’ad bc € o}

with trivial character is generated by the set of all theta series of the form
O(z) = Z v Z P(na) exp (2miTr(vnrd(a)z))

,jeoif/o% a€n~lade b= 11,

where for each divisor m of n

e a runs through all divisors of nm~!,

e we choose a quaternion algebra A together with an Fichler order O of level
(D17D2) such that m = D1D2,

o we put I;; := L-If1 where I1,...,Ig is a complete set of representatives of the
-right ideal classes,

e of all pairs (i,j) € {1,...,H} we consider only those for which there exists an
n € A% such that nrd(n~'ade b~ 1;;) = ac,

e and P runs through a set of at most [[;_, (k;—1)? harmonic polynomials of degree
k — 2 (a method of constructing suitable polynomials is described in Lemma
below).

(ii) If the degree n is odd then the construction in part (i) can be carried out except for
the divisor m = (1). The theta series that are obtained span a space U such that
Sk (Fo(clb,n), 1) = UV @ U where UP®Y is generated by the new forms of level 1 and
their right translates.
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Remark 5.2.2. In fact, we will only be able to prove this theorem by assuming the validity
of a statement that has not yet been shown in detail (see Conjecturebelow). However,
we will defer any further comments on this gap until the end of this section. First it seems
advisable to sketch the idea of our proof so that we will be able to see where the nonproven
statement comes in. O

In order to state Shimizu’s Theorem, which will be the main ingredient of the proof, we need
to introduce some additional notation. Let us fix some adelic generators of the different 0
and of the ideal class representatives ¢q, ..., c,+. By this we mean elements

0 €A% defined by 6 =1 and 0p0p = 0y for all p < oo
and

ty € An such that =1 and t1,p0p = Clp for all p < oo .

We use the element ¢, which was chosen above and satisfies (9 = b2, to make a specific
choice for the character ¥ of Ap/F, namely

P(x) = 7(Cx)
where 7 is the standard character on Ap/F as defined in Proposition m Then the

archimedean components of 1) are of the form

Uy (2y) = exp(2miyx,)

and

H Uy () = H exp(2mi¢,x,) = exp (2miTr((z)) .

v|oo v|oo

The numbers (, will be collected in an element u € A% such that
u™ = (Co)v|oo and u =1
The conductor of ¢ at the non-archimedean places is

cond(vpp) = {xp, € Fyy | Trp, g, (Cxp) € Zp} = C_lbp_l = bp_2 .

For every place p { D;, we fix an Eichler order O, of A,. Define an ideal J in A by the
following local data
Jp:bp_lf)p for all p < oo .

Then Jj, is a two-sided Op-ideal of norm b, > = cond(¥y).
Denote by k-2 ‘= Xox_2 = (Xk,—2)v|oo the character of the (k — 2)-th symmetric power
representation ox_2 = (0k,—2)y|co- Define a function M(x) = [[, My (2y) [I, Mp(2p) on Ay

by
{ M,(z) :== exp (— 2m|uy|nrd(z)) Xk, —2(Z) for all v | oo,

My(z) = 14,(z) for all p < oo .
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In Lemma [4.3.6] we introduced the space Vg of finite dimension d, say, consisting of all
functions ¢ : Ay — C satisfying

(i) ¢(vgk) = é(g) for all v € A%, g € A}, k €[], Op.
(ii) the right regular representation p of A% on Ey := (p(g9)¢ | g € A%,) is Ax_o-isotypic,

(iii) (p(-)o)(h) € <nrd(-)7%xij(-) |i=0,....k—2) for all h € A} and an arbitrary
but fixed index j € {0,...,k — 2},

where Xy_2(+) = (35(+)) is the matrix defined in Section

Finally, recall from Definition that we used the representations of the global Hecke
algebra $) to specify a certain subspace U(n) of the space H{ (Ko (0,n), 1) of adelic Hilbert
modular forms, which consists of the newforms of level n.

After these preparations, we are now ready to state Shimizu’s Theorem, which will be the
starting point for the proof of Theorem [5.2.1

Theorem 5.2.3 (Shimizu, 1972). Let k > 2 and assume that A is a quaternion algebra
of square-free discriminant Dy. Suppose that O is a maximal order of A. Then the space
U(D,) is generated by the functions

P((é g))a('§¢iagj)1GL2(F)\GL2(AF)—>(C Jorij=1,....d

that are given by
0(s; ¢, g) = dim(ok—2)| det(s)|ap / d(xhg) Z (Q(sl)M) (¢ tazxhg) dz . (5.1)
A}*\A}& a€EAR

Here M is the function defined above, Q) is the Weil representation introduced in Ok—2
is the (k — 2)-th symmetric tensor representation introduced in h € A} is such that
nrd(h) = det(s)sgn(u), s1 € SLa(Ap) is defined by

s = ( sgn(u)det(s)~t 0 ) . ( sgn(u) 0 >
0 1 0 1 ’

{$1,..., P4} form a basis of the space Vy, and the elements {g1,...,94} in A% may be
arbitrarily chosen such that they satisfy det (¢;(g;)) # 0.

Proof. In [65] § 6, Thm. 2 and No. 11], Shimizu proves that the spaces

Tn) = p (( (1) 591 )) U(n) € HY (Ko(1,n),1)

are generated by the functions 0(-; ¢;,g;). As we use Ky(9,n) instead of Ky(1,n) we need
to consider the right translates of the 0(-; ¢;, g;) instead. O
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Remark 5.2.4. Recall that an element in A} is the reduced norm of some quaternion if
and only if it is totally positive. Hence we can only find an element h € A} as claimed if
det(s,)sgn(u,) > 0 for all archimedean places v. Without loss of generality we may assume
that this is indeed the case. For by the Strong Approximation Theorem [2.3.1

ht
det(s)sgn(u) € Ay = Hth* (F x o/y:) where t7° =1.
j=1
So if det(s)sgn(u) = tjumem? for some p € F*, momf € Ff x @ then we replace s
~1
by (MO 0) s. This does not change the value of the function (- ; ¢, g), which is GLa(F)-

1
invariant on the left. For the so constructed element the positivity condition

pt0
det 0o 1)° sgn(uy) >0 for all v | 0o
v

is now satisfied. O

The idea of the proof of Theorem [5.2.1] is now evident: A set of generators of the space
Sk (Fo(clb, n), 1) of classical Hilbert cusp forms can be derived from a set of (adelic) gener-
ators of the space Hﬁ (KO(O, n), 1) using the correspondence

ht
@Sk(r()(claan)a 1) = H?{(Ko(a,n), 1) )
=1

which has been established in Theorem [2.3.7] These adelic generators may be constructed
by means of the decomposition

Y (Ko(o,m),1) =D €D p<<(1) . )) U(m)

min ajlnm—1

(Proposition [3.4.5) and Shimizu’s Theorem which tells us how to obtain generators of
the spaces U(m).

Unfortunately, there is one crucial problem in this construction: Shimizu’s Theorem is
only applicable to U(m) if there exists a definite quaternion algebra over F' of discriminant
m. However, it is a fundamental fact that the number of prime divisors of a square-free
discriminant of a definite quaternion algebra over F' must have the same parity as the
degree of F, i. e.

#{p | p is a prime ideal and p | disc(A)} = [F : Q] mod 2 if A is definite .

We saw that it is essential to be able to compute U(m) for all m dividing the level n.
Therefore we need a Shimizu-like theorem which allows us to construct U(m) in the cases
where the number of primes dividing m is not of the same parity as [F': Q).
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Conjecture 5.2.5. Shimizu’s Theorem does not only hold if O is a mazximal order of A
but also if it is an Eichler order of level (D1, Ds). In this case, the theorem yields a set of
generators of the space U(D1Ds).

Remark 5.2.6. The choice of the order has influence on the function M, on the class
number H and on the space V; and its dimension d. O

Remark 5.2.7. We have good reason to believe that Conjecture [5.2.5]is true. Let us briefly
explain why:

It is possible to define the Hecke algebra $(A}) of a quaternion algebra A in a similar
manner as we did in Section when we introduced the Hecke algebra $ of GL2(Ap) (see
for example [65, § 1, n0.8]). In order to do so, an order of A has to be fixed, which plays
the role of the compact subgroup. In Shimizu’s proof of Theorem this order is always
assumed to be maximal.

One of the most essential steps in Shimizu’s proof is to show that to every irreducible
admissible representation of $)(A}) one can define an irreducible admissible representation
of $) such that each constituent of the action of $(Aj}) on the space of automorphic forms
for A} which is infinite-dimensional at all places v+ D; corresponds to a constituent of the
representation of $) on the space Ag(w) of automorphic cusp forms (cf. also [41l, Thm. 14.4]).
Now, in order to examine the irreducible constituents of a representation 7 of a group
G, say, the Selberg trace formula (see for example [30, Ch. 1, § 2, no.4]) often proves to
be a useful tool. This formula contains information about the characters of irreducible
subrepresentations of 7, its specific form depending on the group G. Although the formula
can become rather complicated, one may hope that by a close and careful analysis one may
derive from it a classification of all irreducible constituents of 7.

So what would be needed here in order to prove Conjecture is a trace formula for $(A})
that works even in the case of non-maximal Eichler orders. But such a formula exists, it
has been shown by Shimizu himself in an earlier work [64]. With the help of this trace
formula it should be possible to imitate the arguments in Shimizu’s proof and thus verify
Conjecture [5.2.5] However, since applications of the trace formula tend to become rather
technical and tedious, this task is beyond the scope of this thesis. O

Remark 5.2.8. Note that even if the conjecture is true we cannot find generators for the
space U(1) if the degree n = [F' : Q] is odd. Indeed, in this case there exists no definite
quaternion algebra of discriminant D; = (1). So no matter which Eichler order we choose,
its level D1Ds will always be divisible by the non-trivial factor D;. With the methods
explained above, we will therefore only be able do compute the subspace

D D p<<é j)) U(m) € HY(Ko(2.n).1) .

min alnm~—1

m#(1)
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This is the content of part (ii) of Theorem O

Remark 5.2.9. But what if the conjecture turns out to be wrong? In this case we will not
obtain a set of generators of the whole space Sy (I‘O(clb, n), 1) because we can only construct
generators of those subspaces U(m) for which the number of prime divisors of m has the
same parity as n = [F : Q]. However, there are at least two facts that remain valid even if
Conjecture [5.2.5] is wrong;:

e The theta series that we construct are cusp forms lying in the space Sk (Fo(clb7 n), 1),
although they may only span a subspace.

e If n = (1) and n = [F : Q] is even then Theorem is true. Indeed, in this case
we only need to consider the divisor m = (1) and hence only the space U(1), which
corresponds to a quaternion algebra over F' of discriminant 1. Such an algebra exists
if (and only if) n is even.

In what follows we will assume that Conjecture is true. The proof of Theorem will
then follow the outline that we sketched above. Even though the idea of the proof is clear it
will turn out that many tedious computations are needed before we arrive at a description
of the generators of Sk (Fo(clb, n), 1), which is explicit enough for computational purposes.
We will therefore devote the entire following section to the proof.

5.3 Proof of Theorem [5.2.1]

Assume that Conjecture [5.2.5]1s true.

As earlier let 0 be the different of F, § an adelic generator of 0 and

o= = pr €Ay where p = wpop
pla

for any square-free integral ideal a of F'. By Proposition [3.4.5] Shimizu’s Theorem [5.2.3| and
Conjecture there is a set of generators of Hj,(Ko(9,n),1) consisting of functions of

the form
1 0
p<<0 Sor )) 0(-59,9)

for certain ideals a, quaternion algebras of varying discriminant and Eichler orders of suit-
able level. The correspondence between classical and adelic automorphic forms, which we
stated in Proposition and Theorem then implies that for I = 1,..., hT the space
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Sk (I‘o(clb, n), 1) is generated by the corresponding functions

1
Z j('yoo,i)ke (( 0 (521&; ) Yoo} ¢,g> where 7., € GT_ is such that vy, i =z .

In the remainder of this section we will derive an explicit description of these functions and
thus prove Theorem [5.2.1

As a first case let us consider the situation in which there exists a unit ¢ € o} such that
sgn(e)¥ = —1. Then Lemma tells us that Vo C V = {0}. The basis {¢1,...,¢a}
of Vp, which is used to define the theta series in Shimizu’s Theorem, is therefore empty.
Consequently, U(m) = {0} for all ideals m and hence Sk (I'o(¢;0,n),1) = {0}.
We may therefore assume from now on that

sgn(e)k =1 for all €€ .

We fix the quaternion algebra A of discriminant Dy, an Eichler order O in A of level (D1, Ds)
and the ideals a and ¢; under consideration.

Let us make a specific choice for 74, in order to facilitate the subsequent computations. Let
z € H". If z, = a, + iby, let 7o, € GL be the matrix whose v-th component is

N IR Y L
T = ( 0 ICo| 12 0 b/ € GL; (R) ,

so that det, = |(,| and 7501 = z. Then

5 (Yoo» 1) H |Co

(N

2b 2) =Im(z) 2 ,

and

1 0
S = [e'e) L A
<0 50étl )7 EG 2( F)

is the argument at which we need to evaluate 6(-; ¢, g). First, we have to find an element
h € A} whose norm equals det(§)sgn(u). As explained in Remark such an element
does not necessarily exist. But we saw that instead of § we can take

(¢t o)1 o
s.—( 0 1><0 5atl>%o€GL2(AF)

without altering the value of the theta function. Clearly,

(det(s)sgn(u))v =7 Clsen(6) =1 >0 for all v | oo,
so that we can find an h € A} such that nrd(h) = det(s)sgn(u). For this choice of s the
factor | det(s)|a, appearing in equation (5.1)) becomes

| det(s)]ap = ¢ ar [T I¢l TT I6atil,

v|oo p<oo

=1- [N ©O] T] M(p)=»@=) = |NE ()| N (dac) ",

p<oco
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where N'(q) = [oF : q] denotes the absolute norm of an integral ideal q. Let s; € SLa(Ap)
be defined as in Theorem [5.2.3] Locally, s; has the form

—1p \1/2 -1
Slv:((lm by) 0 ><1 sgn(uy)a,by ) for all v | o0 |

’ 0 (1ol 00) 2 )\ 0 1
~1
S1p = (pdptip) 0 for all p < oo .

Lemma 5.3.1. Let the notation be as above and define the abbreviation
e(z) := exp (2miTr(x)) forz e Ap .

Then

where
(Qs1)M)™ (2) = H (Q(s1,0) My) (z0) = (|C|_11m(z))%xk,2(§°°) e(nrd(z)z)
v|oo
and

(s o= T (e ) ) = § o) 20 € (G0ABTD, Joraltp oo
S1 xT) = S1,p p)(@p) =

p<oco 0 else .

Proof. Because of the particular shape of s;, and s, we can compute the action of
directly by the formulae given in Definition For each archimedean place v | co we
obtain

(Us10)M,) () = |Cv_1b’u‘ﬂ (((1) Sgn(uvl)avb; )) Mv((‘Cvrlbv)lmxv)

= |¢; " bo| ¥ (sen(uo)avby urd (1G] 7 0u)?20)) My (160l 00) " %)
= |<;1bv| ka_g((Kv\—lbU)l/QxU) exp (2m’avnrd(ajv) - 27rbvnrd(xv))
= |¢; by |§;1bv|% Xk, —2(Tp) exp (2minrd(z,) (ay + iby))

= |Cv_1bv £ Xk, —2(Tv) €xp (2m’ nrd(mv)zv) ,

from which the assertion for the archimedean part follows. In the non-archimedean case,
apply Definition [5.1.1] again to obtain

(Qs1)M) (2) = 11 |nrd(ap5ptl,p)|;lMp((ap5ptl,p)7lmp) :
p<oo

Here

H |nrd(ozp5ptl7p)|;1 = H |ap5pt17p’;2 = H N(p)z%(%fsptz,p) = N(ad¢;)?

p<oco p<oo p<oo
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and
1 (apbptrp) tay € J, forall p < oo,
H My ((apptip) " 'ap) =
p<oo 0 else.
Since J, = by 1Dp, the assertion follows. O

Now recall from (|1.1]) the decomposition

H
Ap = H Apy;O% (where y;° = 1)
j=1

where H denotes the ideal class number of O-right ideals. As earlier let 9; be the order of
A that is uniquely determined by the local data

(D4)p = viOpy; " for all p < oo .

It is again an Eichler order. We saw in Lemma that the space Vj is generated by the
functions

Z <<Ak,2(rm°°)Pj, Pm>> it g =ay;m € ARy 9% ,
Gim(g) = reoi/o}
0 else

fori=1,...,H, m=0,...,k—2, for some fixed index j and P; := Xk-2-iy1i

Lemma 5.3.2. The harmonic polynomial ®;m(h) = nrd(-) = (p(+)¢im) () associated to

dim Satisfies

{(ra)P Y Ma()P)) ifi=k,

q)zm(yk) = reoy/ok

0 ifitk.

For each i = 1,...,H choose among the polynomials {®;m(y;) | m = 0,...,.k — 2} a set
{@i1(yi),. .., ®ia,(yi)} that is mazimally linearly independent. Further choose elements
mgl), . ,mgi) € AL such that

O (y)(m) . @i (y)(ml))
det : : #0 . (5.2)
O, (y) (M) L @i, () (M)
Put
{gl7°"7gd} = {ylmgl)w'wylmgll)a AR yngH)avyngg)} bl

{¢17"'7¢d} = {¢1,1)"'7¢1,d15 ey ¢H,17"'a¢H,dH}a
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where d = Zil d; = dim Vy. Then

det (¢(g5)) #0 -

Further
9pOp = YipOp forallp < oo .

Proof. The specific form of the @,y (yx) follows from Corollary Now note that it is
indeed possible to find m&l), e ,m&? € Al with the desired property because the polyno-
mials ®; 1(y;),...,P;q4,(y;) are homogeneous and linearly independent for fixed ¢. If the

¢;’s and the g;’s are ordered in the above fashion then the matrix ((bi (gj))i ; becomes the
(d x d)-block matrix
o

o [Bd]

d

(¢i(gj))i,j:1 =

where the (d; x d;)-blocks B; are

nrd(mi“)*%@iyl(yi)(mgi)) nrd(miff)*%@iﬁl(yi)(m&?)
B = : :
nrd(mi) = B, () (mi”) . rd(m )~ By, (i) (my))
Since nrd(mg-i)) = 1 for all 4,7, this is exactly the matrix given in (5.2). In particular,
det ((;51- (gj)) # 0 as claimed. The last assertion is obvious. O

Now that we have analyzed the term (s;)M and made a specific choice for the elements
gj, let us turn our attention to the integral occuring in the definition of 6(s;¢,g). Our
next goal is to replace the integral by a finite sum that runs over the elements y;. While we
could easily obtain a description of A}, \ A} in terms of the y; from the decomposition

H
Ax = H ALy O% (where y;° = 1) ,
j=1

it is more cumbersome to describe the quotient AL\ AL of norm-1-elements in terms of the
yj. The idea is to write an element x € A} as z = cy;k for some ¢ € A}, k € OF and
a unique j € {1,...,H}. If we assume for a moment that nrd(y;) = 1 holds for every j
then the norm-1-elements are characterized by the condition that nrd(ck) = 1. Therefore
we introduce the set

T :={(c,k) € Ay x O} | nrd(ck) = 1}

and try to find a map from AL\ A} onto H copies of a suitable quotient of 7', one for each
y;. Finally, these quotients of T" can be described in terms of the quotients yj_lD}yj\D}&
over which we can easily integrate.
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Unfortunately, the situation is really a little more complicated because we cannot assume
that nrd(y;) = 1 holds for all j. More precisely, if we define an equivalence relation ~ on
A} by

z~y <<= urd(zy ') eFt(FLx Ei)

then z ~ y; for all z € A%y;O% (cf. Lemma|l.2.7). On the other hand

ht
nrd(A}) = {z € A% | &, > 0 for all archimedean v} = ]_[tlFJr (Fi x o/i)
=1

by the Strong Approximation Theorem Therefore, all narrow ideal classes of F' must
be represented in {(nrd(y1)), ..., (nrd(yg))}. It follows immediately that there must be h™
inequivalent elements among the y;’s. In particular, if A™ > 1 then not all y; can be of

norm 1.

Fortunately, all problems sketched above, in particular those arising from a non-trivial nar-
row class group, are only of a technical nature and can be mastered with the help of the
following lemmas.

Lemma 5.3.3. There is a group isomorphism
* *\ Ay *+ /0%2
oyt /rd(9;) = (OF /0F) / (wrd(97)/02)

and the cardinality of the last factor is

26j

#0!

J

[nrd(0}) : 0F] =

Proof. The first part is an immediate consequence of the isomorphism theorem. For the
second assertion, consider the map

9% — nrd(07) /0 m +— nrd(m)o}? |
which is a surjective group homomorphism with kernel Djl-o}. Hence
nrd(9%) /03 = 97/0%o} = (95/9%) /(9103 /03,

and

Oloj /o5 = OL/(D} N o}) = O} /{£1} .

Therefore, we obtain
[D* : O}v] 2e.;
nrd(9%) : 03] = —2 =7
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Lemma 5.3.4. Let z € Aj.

(1) If z ~ y; then there exist some elements n =1, ,; € A% and b:=0b,; € O} such that
nrd(zyj_l) = nrd(nd).

(i) In particular, let h be as before and g = yimgf) as in Lemma . Then y; ~ hg if
and only if the ideal nrd([ij)g_laacl is trivial in the narrow class group, i. e. it has a
totally positive generator.

Proof. (i) This is clear by definition of ~ and Lemma Note that 7, b are not uniquely
determined.

(ii) Suppose y; ~ hg. Choose n € A} and b € O} such that nrd(nb) = nrd(hgyj_l). By
construction of h, g we have nrd(g) = nrd(y;) and

nrd(h), =1, nrd(h), = (C"dat;), for all v | 0o and p < 0o .
Hence

nrd(Iij)Cflbacl =FnN ﬂ (nrd(yiyj_l)g‘*léatl)pop =FnN ﬂ (nrd(hgyj_l))pop

p<oo p<oo

=FnN ﬂ (mrd(nb))po,J =nrd(n)op

p<oco

since nrd(b), € o for all p < co. So nrd(n) is a totally positive generator of the ideal
Hrd(Iij)CilbaCl. Conversely, suppose that nrd(Iij)C*IDacl = pop for some p € FT.
Then

nrd(hgy; o, = (nrd(Iij)(lDacl)pop = ppo,  forallp < oo,

so for all p < oo we can find some g, € o, such that nrd(hgyj_l)|g = ppep. Use

Lemma to find n € A} and b € O} such that nrd(n) = p and
nrd(b), =yt nrd(b), = ¢y for all v | co and p < co .

For this choice of 7 and b it is easily verified that nrd(hgyj_l) = nrd(nb), which proves
that y; ~ hg.

O

Lemma 5.3.5. Consider the set
T :={(c,k) € Ap x O} | nrd(ck) = 1} .
Forj e {l,...,H} define an equivalence relation ~; on T by

(¢, k) ~j (6,k) <= éE=ecs ' andk= y;lsyjk for some s € O3, e € Al .
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Fig some z € A}.
(i) The map

H
Ab\AL = H T/ ~;, Apz — [(n7 e, kbil)]j where vz = cy;k
=1
i~z
and n,b are chosen as in part (i) of the previous lemma is a bijection. (Here [-];

denotes the equivalence class modulo ~; ).

(ii) Fiz a complete set of representatives R = {v1,...,v,} of 0}+/nrd(D;). For each
v; € R, fit some m; € OF and ¢; € A} such that v; = nrd(m;) = nrd(c;). Put
M ={mq,...,m.} and C = {c1,...,c.}. Then there is a bijection

Ypme: T/~ — Rx(y;'Ojy)\OL
[(ek); = (v, ly; "t ykmy )

where t € O is such that nrd(k) = v;nrd(t). (Again, the brackets indicate the cosets
in the respective quotients.) The inverse map is

\III_%}M,C(V% [K]) = [(c; ", kmy)]; -

Proof. (i) Take ALx € AL\A}. There is a unique j € {1,..., H} for which we can find
c € A}, and k € O such that 2z = cyjk. Then nrd(zy;l) =nrd(ck) € FT(F% x @),
so z ~ y;. It follows from the definition of n and b that (n*lc7 kb’l) € T. However,
the coset A,z does not determine the pair (57 c, kb~!) uniquely. But if ALz = ALZ
and xz = cy;k and Tz = éyjif then there exists an e € AL such that

Cy;k = Tz = exz = ecy;k , hence & lec= yjl;kflyj_l € ALN ijKyj_l .

We have thus found an e € A}F and an s := é lec € D; such that

nle=n"ltecs™! = (n_len)n_lcs_l and kbt = y;lsyjkb_l .

Consequently, (n7'c, kb™1) ~; (n7'¢, l;b’l)7 which shows that the map is well-
defined. It is moreover bijective, the inverse image of a coset [(c, k)]; being

{Afx € AR\A} | 22 = (necs™ )y, (y;lsyjkb) for some s € 97, e € AL}
= {Apz € Ap\A} | z = (nen™")necy;kbz"" for some e € AL}
= {Apney;kbz""} .

(ii) Use Lemma again to see that we may indeed find elements m; € O} and ¢; € A},
as required.
For (c,k) € T, there is exactly one v; € R such that nrd(k) = v; mod nrd(97), and

it is clear that all possible choices of ¢ € O} with nrd(k) = v;nrd(t) determine the
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same equivalence class [y;ltflyjkmfl]. Now, if (¢,k) ~; (c,k) then we can find
some e € A} and s € 9% such that ¢ = ecs™! and k = y; 'sy;k. But then the
norms satisfy nrd(k) = nrd(k)nrd(s) = pnrd(st). So the pair (¢ k) is mapped to
(vs, [y;l(st)_lyjlz:mfl]) = (v, [y;lt_lyjk:mfl]). Therefore, Ug a.c is well-defined
on equivalence classes modulo ~;. The inverse image of (VZ, [m]) is

‘I’RIM c(vi, [m])
= {[(c,k)]; | nrd(k) = nrd(t)v;, [yj_ltflyjkmi_l} = [m] for some t € O7 }
= {l(c;b)];
= {l(c, k)]
= {l(e; ", mmy)}; }

| nrd(c) = nrd(ts) "'yt k= y;ltsyjmmi for some t € OF, s € D;}

3

) | c=ec; L=t k:yjflsyjmmi for somesGD}eED}}

The algebra A} and thus A}, and O} are equipped with the usual Haar measure, and the set
T in the previous lemma inherits their product measure d(c, k) = dedk. On each quotient
T/ ~; we may then define d[c, k]; as the quotient measure of d(c, k) with respect to the
canonical projection onto the equivalence classes modulo ~;. Likewise, the sets AL\A}
and R X (y;lf);yj)\[)k are equipped with quotient Haar measures. With respect to these
measures the map in part (i) of the lemma as well as W1 of part (iii) are measurable. Having
at our disposal measurable maps AL\A} — [[T/ ~; and T/ ~;— Rx (yj 1Dly])\}3 allows
us to replace the integral over AL\ A}, which appears in the deﬁnltlon of 0(s; p,9), b
integrals over (y; 1Dj14yj)\}3}k. These will then be simplified further.

Lemma 5.3.6. Let f : Ay — C be a left-A%-invariant integrable function. Let W C O}
be a set of [o}if : 032] elements such that nrd(W) is a complete set of representatives of
o5 /o2, Then

Ol
/ fley;k)d[c, k]; = # . Z / [(yjkw) dk .

(y; ' Oly,)\0}

Proof. Let R={vy,...,vn}, M ={mq,...,m,} and C = {¢1,...,¢.} be as in part (iii) of
Lemma m Moreover, fix a set of representatives S = {o1,...,05} of nrd(D )/o , and
for each o; € S, choose some s; € D;‘ such that nrd(s;) = 0;. For each I =1,...,s, put

R:={vo,...,v,00} , M::{miyj_lslyj li=1,....r}, C:={cs|i=1,...,r}.

These sets have the same properties as R, M,C. We may therefore construct ¥z 77 5 as in

Lemma [5.3.5] Then

,C

Vo & ion (k) = {[(eis) ™ kmay; syl }
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so that an application of the transformation rule for integrals yields

/ f(ey;k) dle, k], Z / f((eis) "ty (kmay; P siy;)) dk
(y

T/~ ; 1DlyJ \D1

*2] — 26]‘

for each I = 1,...,s. Taking into account that s = [nrd(9O7) : 0% Zor (see Lemma/|5.3.3
i

and that f is left-A}-invariant, we obtain by summing over all !
26 ~ _ _
G [ Hapder;=YS [ flles) i ) di
T/N = Zzl(yj_lﬂ}yj)\%

> [ swkaar,

WEW (y=101y,)\O}

where W := {miyj_lslyj l[i=1,...,m, l=1,...,8} CO}. Observe that the value of each of
the integrals in the last formula depends only on the coset 9} 0% but not on the particular
choice of w. Instead of summing over W, we may therefore sum over any set W C 9%

containing exactly rs = [0} : 0%?] elements such that nrd(W) is a set of representatives of
*4 / ok2
oq /o5 O

Now, consider the situation of Shimizu’s Theorem for a fixed ¢ = ¢pjm and g = yim,(f),
which we always assume to be chosen as in Lemma[5.3.:2} For the sake of clarity we drop all
indices and write only ¢ and g.

We use part (i) of Lemma (with z = hg) to rewrite (dim(ox—_2)| det(s)|AF)_19(s; ®,9)

as follows
(dim(ow—2)| det(s)|a,) " 6(s; 6, 9)
= [ olahg) 3 (@(s0)M) (g avhg) de

A}:\AAl\ a€Ap
H
S / Bleyikb) S (Qs1)M) (g~ acy;kb) d](c, k)];
Jj=1 . a€Ap
yj~hg T/~;

where nn € A}, b € OF are such that
nrd(hgyfl) = nrd(nb) . (5.3)

Note that when passing from A}L\A} over to T/ ~;, the argument xhg transforms into
necy;kb. But since ¢ is AL-invariant on the left and an runs through all of Ap if a does, we
can omit 7. Now we apply Lemma [5.3.6] and obtain

(dim(ok,2)| det(s)|AF) _19(5' b, 9)
H

= Z o, Z / <Z5Z/gkwb (Q(s1)M) (9 aykwb) dk . (5.4)

j= _ aCAr
ijhg (?!J lglyj)\gl
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Next, we will simplify the integral in (5.4). Consider a suitably integrable function h(k),
then

/Dlh(k)dk_ / / h(mk) dm dk = / / k) dm dk .

(y; 'Oly)\OL (y; 'Oly;) y; 'Oly;)\0L O

In particular, for h(k) = ¢(y;kwb) Y- ,c 4, (s1)M) (g~ ay;kwb),

/ ol ygkU)b (Q(s1)M) (g~ ay;kwb) dk

a€Ap

/ / &( myjkwb (Q(s1)M) (g™ amy; kwb) dm dk

RIS, e

/ / G(yjkwb) > (s1)M) (9" ay;kwd) dm dk

A
Dly_/ \Dl Dl acar

where, in the last equality, we make again use of the fact that the integrand is Aj-invariant
on the left. Now we see that the integrand does not depend on m, and hence

/ qbyjk'wb (Q(s1)M) (g™ " ay;kwd) dk
a€AR
— 40! . / olyskwd) S (Qs1)M) (g™ aykwb) dk

(v Oly\O} wedr
Inserting this expression into (5.4]) leads to

(dim(ow—o)| det(s >|AF)‘1 (s16,9)
= Z Z /¢ ygkUJb (Q(s1)M) (g~ ay,kwb) dk . (5.5)

wEW a€CAp
yJNhg

Now let us turn our attention to the term (Q(s1)M) (g~ ay;wk). Recall from Lemma
that g is of the form g = y;m for some i € {1,..., H} and some m € {mgi)7 e 7mSZ)} C AL.
Also gpOp = 4,y for all p < co. Using Lemma we can deduce that the archimedean
part of (Q(s1)M) (g™ ayjkwb) is

(Nl

(Q(sl)M)oo(gflayjk:wb) = (|C|711m(z)) Xk_2((g—1ayjkwb)°°) e(nrd(gilayjkwb) z) .
Recall that nrd(k) = 1, nrd(g*°) = 1, y° = 1 and
nrd(g~ ' ay;kwd) = nrd((hg)~y;b)nrd(aw)nrd(h) = nrd(n~")nrd(aw)nrd(h)

by equation (5.3). We have seen that nrd(h), = (det(s)sgn(u))v =1 at every archimedean
place. Hence (Q(s1)M) (g ay;kwb) simplifies to

(Q(s1)M) (97 " ay;kwb) = (|C|_1Im(z))% k-2 ((g~akwd)™)e(nrd(n™ " aw)z) .
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The non-archimedean part is

N(ave)? if g tayjkwb € (adeb™1O), for all p < oo,
0 else

(Q(sl)M)f(g_layjkwb) = {

B { N(ave)? ifa € adgb™ 115,

0 else

since kwb € O} by construction. We use these descriptions of (Q(s1)M)” and (Q(sl)M)f
to evaluate the integral in equation (5.5)):

a€EAR

/ o(yikwb) Y (Us1)M) (g ay;kwd) dk
o}

= (|§|_1Im(z)) %N(a0c1)2/¢(yjkwb)z e(nrd(n_law)z) Xk—_2 ((g—lakwb)oo) Laoe-11,, (a)dk
Dl

a€EAFR

= (|<|_1Im(z))%J\/'(abcl)2 Z e(nrd(n_law)z) /q’)(yjkwb)xk,z((g_lakwb)oo) dk .

a€adeb—11;; o1
A

We know that ¢ is [[,
the archimedean part (kwb)> of kwb. Hence

D;—invariant on the right, so the last integrand depends only on

/ S(yjkwb) > (s1)M) (g~ ay;kwd) dk

o1 acAr
= CIm(z)%~ Z e(nrd(n™'aw)z) /qﬁ(yj(kwb)"o)xk,z((g*lakwb)oo) dk>= , (5.6)
aEaDclbfllij Aéo
where

C = vol(AL\OL) [¢|~ 2 N (ade;)?

is a constant depending neither on s nor on ¢,g9. From now on we assume that the
archimedean part of w is

w™ = (V%, . .,1/%) € Z(AL) where v = nrd(w) .

This assumption is indeed possible because by construction of the set W, the elements w can
be chosen arbitrarily in O} provided that their norms form a complete set of representatives
of 03" /032, On this assumption,

- . o
Xi-2 (97 Takwh)*) = nrd(w) = yic—2((g~Takb)™)
by Lemma Moreover,

¢ (y; (kwb)>) = ¢(y; (kb)>)
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by part (i) of Lemma With these formulae together with Lemma and a change
of the integration variable k> — (bkb~=1)>° equation ([5.6) becomes

/¢(yjkwb) Z (Q(sl)M)(g_layjk‘wb) dk

o1 a€AF

= CIm(z)% Z e(nrd(n_law)z)nrd(w)¥ /qb(yj(kb)"o)xk,z((g—lakb)‘”) dk™>
a€adeb—11;; Al

oo

= CIm(z)% Z e(nrd(n_law)z)nrd(w)¥ /qb(yj(bk)oo)xk,g((g—labkz)‘x’) dk>
a€adeb—11;; Al

= S @)Y efardir aw)e) () (7))

a€adeb—11;;

where ®(y;) = nrd(- )% (p(+)¢)(y;) € Harmk_»[Xo,..., X3 is the harmonic polynomial
associated to ¢. By Lemma m part (iii), the polynomial expression can be rewritten as

®(y;b>) ((9~Tab)™) = nrd(g~'ab) " ¢(y;b>b™ (9~ 1a)>)

= urd(0) = nrd(g 1) 7 ¢(y;(97Ta)™) = nrd(b) 7 ©(y,) (9~ a)™) .

We insert this expression into equation ((5.5) and use that nrd(w) = v to get

0(s;9,9)
H k
=y, Gl At S g Y @) (57T )e(ordly aw)a)
jz}ll J weW a€adc b= 11;;
Yyj~ng

H k
I 2|d Her S @) ST @) (7)) e vmrd(a)s)

vEoL /032 a€n~lade b1,

j=1
yj~hg

Recall that j(7vee,1)* = Im(z)~ % and | det(s)|s, = |N§(€)| N (vag) ™. Thus we have

7 (Yoo 1) ¥0(s; ¢, )

u mrd(b)kz;2
k—2 .
-G Z e Z v Z (I)(yj)((9717711)00)e(l/nrd(a)z)7
j:}11 ! veoyt /o3 a€n—lave b—11;;
yj~hg

where
vol(AL\O}) [N (¢)] N (ac)
2/¢|*

is again a constant that depends neither on s nor on ¢, g.

1=

Finally recall that ¢ and g, on which 6(-;¢,g) depends, are chosen as in Lemma So
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if we write ¢ = ¢;jm and g = yimq(f) then

k=2 . .
Co Z V2 Z Pim(y;) (97 'na)®)e(vard(a)z) if y; ~ hyg,
- veoyt /o2 a€n~lade b=l
’ else

Co > v T Y (o) s(yy)) ((70) ) e(vnrd(a)z) if y; ~ hy,

veoyt /o2 a€nTlade b1

0 else

where . -
o nrd(b)“z° ¢, nrd(b)" = vol(AL\O}) NG (O)| N (vac;)
2 = = K
€j 2e5/¢|2

depends only on ¢jm, on yimgf) and, via b, on the determinant of s. Recall that although s

depends on the element z € H", the determinant det(s) does not. So for each choice of ¢jm

and yimgf ) we obtain a theta series

2z~ > v 3 (pmD)Pjm(y))) (7@)7)e(vrd(a)z) (5.7)

veopt /ox? a€n~lave b= I,

which is a constant multiple of the above function. The polynomials (p(m&f ))tIDjm(yj)) are

clearly harmonic and for fixed i, j there are

n

< (#{m|m=0,... k-2})" =]k, —1)?

v=1

of them (Lemma [5.3.2)).

So we have finally brought the integrals in Shimizu’s Theorem into the shape of quaternionic
theta series. Our proof of Theorem [5.2.1] is now complete.

O
Remark 5.3.7. Consider the theta series
O(z;Q) := Z v Z Q(a>)e(vnrd(a)z)
y€0;+/0}2 a€n~tade b 1I;;
for some harmonic polynomial @ € Harmy_2[Xo, ..., X3], which is the essential part of the

series in equation (5.7)). It is easily verified that nrd(n~'ade,b™11;;) = a?02c?b~2nrd(n~11;5)
where

nrd(n~'1;) = Fn ﬂ opnrd(n_lyiyjl) =Fn ﬂ opnrd(h'b)

p<oo p<oo

=Fn () op¢(dats)™" = ¢(vac,) !

p<oco
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by equation (5.3 and the fact that nrd(b), € o;. Hence
nrd(n_laaclb_llij) = aaclb_QC = ag

since 9¢ = b2 by construction. By Corollary we conclude that ©(z; Q) is a Hilbert
modular form of weight k and character 1 for the group I'g (o.clb7 Dng). O



Chapter 6

Explicit computations and

results

Not only does Theorem provide a set of generators of the spaces Sik (Fo(clmn), 1) of
Hilbert modular forms, these generators also have the advantage of being explicit enough
for computational purposes. In this final chapter we would therefore like to present some
examples and results of our computations, all of which have been carried out with the help
of the computer algebra system Macma, V.2.13-1 [13].

We fix a constant C' > 0, which we will call the approzimation level. Then the results of our

computations will be of the form

where a runs through all elements in F' such nrd(a)® < C for all embeddings i = 1,...,n
and such that the Fourier coefficient ¢(a) # 0.

6.1 Sketches of the algorithms

Most of the algorithms that we make use of are either straightforward or based on functions
that are already included in the MAGMA-package. However, for the sake of completeness
we will still sketch those parts of our program that seem to require a few more words of

explanation.

99
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6.1.1 Algorithms concerning the number field

MAGMA provides the functions UnitGroup and RayClassGroup with which we are able to
compute the units and the narrow class group of the number field F'.

Algorithm 6.1.1 (Computing 0;‘+/0}2). Given a totally real number field F, return a
complete set of representatives of the totally positive units of F' modulo squares.
1. Determine 0% and find a set U C 0% of representatives for the classes 0% /0%

2. Delete from U all elements that are not totally positive. Return U.

O

Algorithm 6.1.2 (Computing (). Given a number field F, compute a number { € F*
and an integral ideal b of F' such that the different d of F' can be written as (0 = b?.

1. Compute the different 0.

2. Compute representatives a;, i = 1,..., h of all ideal classes of F.

3. For i =1,...,h check whether a?0~! is a principal ideal. If so, compute a generator ¢
and put b := a;. Return ¢ and b and terminate. Else continue with the next 3.

6.1.2 Algorithms concerning the quaternion ideals

We make use of the numerous algorithms that MAGMA provides for computations with
quaternion algebras. Among these there are algorithms for finding quaternion algebras of
given discriminant as well as computing a maximal order therein. Most of the algorithms
were implemented by J. Voight and D. Kohel, some are explained in [75].

Algorithm 6.1.3 (Finding a quaternion order). For a given squarefree integral ideal
m=p; ... p, return an order O in a suitable quaternion algebra A of level (D1, D) such
that D1D2 =m.

1. If » = n mod 2 then compute a quaternion algebra A of discriminant m and return a
maximal order 9 of A.
2. If r Zn mod 2 and m = (1) then terminate with an error message.

3. If r # nmod 2 and m # (1) then compute a quaternion algebra A of discriminant
p2 ... pr. Compute a maximal order M; in A and put I := p;901;.
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4. Choose a random element x € My. If X? — tr(x) X + nrd(z) has a root a modulo p;
then continue. Else repeat this step.

5. Put J := 9 (z — a), compute the right order My of I + J. Use [12, Algorithm 1.5.1]
to compute O := My N M.

6. If the level of O is (D1, Dy) then return 9. Else go back to step 4.

It is clear that Algorithm returns the correct result if » = n mod 2. It is also clear
that no order with the desired property can be found if m = (1) and r #Z n mod 2 because
in this case n is odd so that there exists no quaternion algebra of discriminant Dy = (1). In
particular, D1 Dy = (1) cannot be true.

We claim that the algorithm returns an Eichler order of level Dy = p; in the remaining case.
Let us briefly explain why this is indeed true. For any prime ideal p # p; the localizations
of I and M, at p coincide, i. e. I, =My . It follows that (I + J), = My, = My p, so that
£ is maximal at p. By construction

0 =a® —tr(z)a+ nrd(z) = (z — a)(z — a) = nrd(z — a) mod p; ,

$0 vp, (nrd(z — a)) > 1. It can be shown that if vy, (nrd(z — a)) = 1 then the right order of
I+ Jis My = (z —a)'Mi(z —a) and O = My N My is of level Dy = py. In this case the
algorithm terminates with the correct result, otherwise it will go back to find a different x.

Algorithm 6.1.4 (Computing the ideals I;; and orders O;). Given an order O in
a quaternion algebra A, compute the orders ©; and ideals I;; defined by the local data
(Oi)p = yiDpyi_l and (I;;)p = yiDpyj_l, respectively. Here {y1,...,yn} denotes a complete
set of representatives of the double cosets A%\ A% /Oa.

1. Use the MAGMA-function RightIdealClasses to obtain a complete set {I1,...,Ix}
of representatives of the O-right ideal classes.

2. For each ¢ =1,...,H and each j = 1,..., H compute I;; := Iin_l.

3. Return the ideals I;; and the orders O, := I;;. (A type conversion is necessary to
interpret 9, correctly as quaternion order.)

A formula for the class number of an Fichler order in a definite quaternion algebra can be
found in [72] Prop. 1.3]. Many examples of these class numbers have been computed and
tabulated in [68, Anhang A]. We used these tables to double-check the return values of the



102 Chapter 6. Explicit computations and results

function RightIdealClasses. Unfortunately, there were cases in which RightIdealClasses
returned fewer ideal classes than predicted by [68]. Sometimes it was not even able to find
any classes at all but stopped with an error message. Apparently, this problem has been
fixed in the latest MAGMA-release. If not, one could also use a different approach of finding
all ideal classes by using Kneser’s method of neighbouring lattices, which is explained in
[47, Kapitel IX]. An implementation of this method has been sketched in [59], following the
ideas in [61].

However, in the examples that we present in the next two sections, no discrepancies occurred
between the class numbers computed by MAcMA and [68].

Algorithm 6.1.5 (Finding short vectors in a quaternion ideal). Given a quaternion
ideal I and S, T € R™ determine all z € I such that S; < nrd(:c(i)) < T; for all embeddings

i=1,...,n.

Here we follow the enumeration algorithm described in [26] § 3]. For the step “Enumerate
one coefficient” contained therein we use the Fourier-Motzkin elimination (see for example
[701). O

We also need to be able to compute O* /0% for a quaternion order O*. This factor group
is finite and we need an explicit list of representatives. Although MAGMA provides an
algorithm to compute the unit group, this algorithm leads to unexpected error messages for
a number of orders, in particular for non-maximal orders. The error messages apparently
result from MAGMA being unable to determine the exact group structure of O* /0%, but this
bug might have been fixed in the current MAGMA-release. For our purposes, however, the
group structure of D% /0% is not relevant, we are only interested in the elements themselves.
Therefore we decided to adopt the MAGMA-algorithm in the following way:

Algorithm 6.1.6 (Computing the units in a quaternion order). Given a quaternion
order O return all elements in O* modulo o07.

1. Use Algorithm to compute the set U of representatives of 0% /0%2.

2. For each u € U use Algorithm with § = T = (ard(u™),...,nrd(u(™)) to
compute all x € O such that nrd(z) = u. Return the set of all such z.

Recall that for fixed I;;, a, ¢; we also need an element n € A} which is defined by a condition
on the norm of the quaternion ideal n~'adb~1I;;. At a second glance we see that it is enough
to know nrd(n), and this is easily obtained:
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Algorithm 6.1.7 (Computing nrd(7;;)). Given a pair of indices ¢,j € {1,..., H} decide
whether there exists an element 7;; € A% that satisfies nrd(n~tade,b711;;) = ac;, and if so
return nrd(n;;).

1. Compute I := nrd(f;;)¢ " oac;.

2. If I is trivial in CI* then return true and a totally positive generator of I. Else return
false.

6.1.3 Algorithms concerning the harmonic polynomials

The harmonic polynomials

Cim(yi) = {or2()Py, Y. Ak2a(r)Pm)) fori=1,...,H, m=0,. .. k-2
reD’ /o

from Lemma [5.3.2] can be constructed in a straightforward way. We only need to compute
the unit group OF /0%, first, which can be achieved by Algorithm In our examples we
always used the index j = 0, so P; = X k=2 The result will be a collection of

#{m|m=0,.. k-2}=][(k -1

harmonic polynomials in 4n variables, which are not necessarily linearly independent. In
fact, it may even happen that all of them are 0.

Now recall that these polynomials are not exactly what we need in order to evaluate the
theta series

Yo (pm)2jm(y;) @) e(vurd(n~"a)z)

acade b= 11;;

in equation (5.7)). What we are really interested in are the polynomials

p(mgj)) ((bjm(yj))
where the elements mSj ) and the indices u, m are chosen as explained in Lemma m

Algorithm 6.1.8 (Finding elements m,(j)). Given a set {Py, ..., Py} of linearly indepen-
dent complex homogeneous polynomials in 4n variables, compute elements my, ..., mg € AL
such that det (Pi(mj))l,j # 0.

1. For each P; and each monomial X7*--- X " (e; > 0) appearing in P; construct the
vector e = (e, ..., e4,). Collect all these vectors in a set E.
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2. Pick d random vectors eV, ... e® ¢ E. Forall j=1,...,dand v =1,...,n put

—1
A ol e et and ) ) 0.
Put m; == (mgj), e ,mg)).

3. If det (Pi(mj))ij # 0 then return my, ..., my. Else go back to step 2.

The reason that we choose elements of that particular form is that we prefer elements
whose coefficient vector with respect to the quaternion basis 1,1i,j,# contains many zeros
and small other coefficients. By restricting ourselves to those elements that correspond
to the monomials appearing in the FP;’s we avoid testing m;’s for which we trivially have
P;(m;) = 0 for all 4. Since the polynomials P, ..., P; are linearly independent it is clear
that by picking random elements my, ..., mg we will eventually find some that satisfy the
determinant condition det (Pi(mj))m, # 0.

6.2 First example over Q(v/5) explained in detail

To illustrate how the different steps of the algorithm work we will explain an easy but
non-trivial example in detail. Consider the situation

F:@(\/g)v n:(2)7 k:(4’4)
and choose the approximation level to be C = 5. In this setting

1+45

op = Zw] , w=—, Rt =1, 0= (1-2w).
Algorithm yields

(=(1-2w)™" :%(1—260) and b= (1).

For n = (2) we need to consider the divisors m = (1) and m = (2) together with the ideals
ae€{(1),(2)} and a = (1), respectively. This leads to quaternion orders of the levels

(D1,D2) = (1,1)  and  a=(1),
(Dl,DQ) = (1, 1) and a= (2) y
(Dl,Dg) = (1,2) and a= (1) .

For each level we use Algorithm to determine a suitable quaternion algebra A, namely

A=(1,i,j,8) where ?=j>=-1 and {j=—ji=¢t,
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and a maximal (or Eichler) order O. Then we have to construct all right O-ideals and all
orders ;. In this particular situation it turns out that for every level under consideration
the class group is trivial, i. e.

H=Hp, p,)=1.
So there is only one order O; = O, and it follows that I;; = O for each of the levels.

Next, we construct the harmonic polynomials

{o(2,2)(+)Po, Z A@2)(r)Pm)) for  m=0,... k-2=(22),
TED*/U}

where Py, = X¥~2-mY™ 55 earlier. To this end we need to compute the unit group of
© using Algorithm Note that since k = (4,4) we will obtain (4 —1)(4 —1) = 9
polynomials, but they are not necessarily linearly independent.

For (D1, Dy) = (1,1), we find #9* = 120. All 9 polynomials turn out to be 0. Consequently,
there are no new forms of level m = 1, and we may terminate at this point.

For (D1, D3) = (1,2) we have #9O* = 24. The 9 polynomials span a 1-dimensional space
generated by P, say. According to Algorithm we choose an element g € AL such that
P(g) # 0. In our case the choice fell on

:(,71+e e[[4 =

v|oco

so that

p(g)P =—2((6—2w) — (34 w)i) X2XZ + 2(1 — (24 w)i) X2 X5 X6

—2(24w)+ ) X7XsX7 — 3((B4w) + (6 — 2w)i) X7 X5 X5 + 3 (1 + w)iXE X2
+ 21+ w) X X6 X7+ 2(2+w) +1) X7 X6 Xs — 2(1 + w)iX7X?
+5(1-(2+w)i)X{X7Xs + (91 further terms) .

This is the polynomial that we have to evaluate at @* in order to compute the series

S (pm)@im(yy)) @) e(nrd(na)z) = > (p(g)P) (@ )e(nrd(n 'a)z) .

a€adeb—11;; acoO

Here
nrd(n) = nrd(00) =02 = (5) .

As we want to compute the theta series up to an approximation level C' = 5, we need to
determine all a € 09 such that

nrd((n~'a)™) <5, iLe. mrd(a”) <25  for all embeddings v .

To this end we apply Algorithm with I =09, .5 = (0,0) and T = (25,25).
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We summarize these results in the following table:

lin. independent

(D1, D2) || Hp,,p,) | #9F ) a | #short vectors
polynomials
0 1 120 0 . N
(1,1) (2) —
1,2) 1 24 1 1) 3121

After evaluating the polynomial at each short vector we obtain the theta series

O(z) =e(z) + e((1+w)z) +e((2—w)z) —4e(2z) — 10e((2 4+ w)z) — 28¢((3 + w)z)
—10€e((3 —w)z) +50¢(3z) + 16 e(4z) — 28¢((4 — w)z) — 25€¢(52) + ... .

As we know by our main theorem that this series must generate Si4.4)(To(9,(2)),1)

and as it is obviously non-zero, we can conclude that

dimg S4,4)(To(0,(2)),1) = 1.

In general, we will not be able to determine the precise dimension of the given space of
cusp forms. As we can only compute a finite number of terms in each theta series we will
not be able to detect any linear independencies that occur at a later point. In particular,
if all computed coefficients in a series are 0 we cannot conclude that the series itself is 0,
unless the number of computed terms is large enough. In [79] the question of how many
terms need to be calculated to determine whether a given series is indeed 0 is addressed
and solved. As the number of necessary terms turns out to be rather large we do not make
use of this bound. Instead we contend ourselves with truncating the computed theta series
after a certain term, which is determined by the chosen approximation level, and test those
truncated series for linear dependencies. Thus we obtain a lower bound for the dimension
of the respective space. However, we have to keep in mind that the true dimension might
be larger.

But note that we do know an upper bound for the dimension of Sk (To(d,n),1): If d is the
number of linearly independent polynomials for a certain level, as given in the fourth column
of the table above, then d? is the maximal dimension of the space of newforms in this level.
We may thus obtain an upper bound for the dimension of the whole space Sk (I‘O(D7 n), 1),
by adding all these d?’s up, here

dimg Sig,4)(To(0,(2)),1) <0+ 0+ 12 =1.

In all the examples that we present in the following section we will not only list the theta
series that we found but also mention the maximal possible dimension of the respective
space.

With the methods introduced in this thesis an exact determination of the true dimension is
not possible.
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6.3 Further results

After this detailed example we conclude this chapter by listing some results that were com-
puted with the help of the algorithm sketched above. As always, we consider

To(co,n) , lZl,...,th.

The tables are organized in the following way:

e The number field, certain invariants and the weight k are given in the caption. Here
we use the symbol w for an element that generates the ring of integers in F, i. e.
op = Z[w].

e In the first column we list all small elements nrd(a) that contribute to the theta series
in the sense that the coefficient of e(nrd(a)z) does not vanish. The size of these
elements is restricted by the approximation level, which we always choose to be 5.

e The first row lists the different levels n that were considered, the second row their
respective norms N (n).

e The third row shows an upper bound for the dimension of the space Sk (Fo(cl, n), 1).
This bound is obtained by counting the linearly independent polynomials for each
subspace of newforms and adding the squares of these numbers up, as was explained
in the detailed example.

e Each column underneath an ideal n belongs to a single theta series that was found
for the level n. The number in the i-th row of each of these columns is the Fourier
coefficient of the the term e(nrd(a)z) where nrd(a) is the element given in the i-th row
of the leftmost column.

6.3.1 Theta series for Q(y/5)

We saw in Remark and in Lemma that the space of cusp forms is {0} if the weight
k does not meet the condition

sgn(d)k =1 for all Jeoy.

A fundamental unit of Q(v/5) is w = 1+2‘/5. Since the conjugates of w have opposite sign,

the above condition is satisfied if and only if
ki =ko=0mod 2.

So we only have to compute theta series of even weight. We will restrict ourselves to the
cases
ke {(474)7 (4a6)7 (676)} :
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An approximation level of 5 means in this case that the first twelve terms of each series will
be computed.

The third column of Table summarizes the results of the previous section. Note that the
coefficients in this table corroborate the results given in [I5 Table 2] as far as they can be
compared.

For weight k = (6,6), we could only compute theta series of level n = 1. For all other levels
up to norm 30, one of the errors occurred that we explained in Section

Table 6.1: F =Q(V5), ht=1, w=15  k=(4,4)

n| ()| 2 || (2+w) (3) B+w)
Nm) || 1 4 5 9 11
max. dimension || 0 1 1 4 1
0 — 0 0 0 0 0
1| — 1 1 1 0 1
14w || — 1 1 1 0 1
2—w | — 1 1 1 0 1
21 — || —4 0 0 1 4
24w || — || —10 -5 10 | -2 4
34wl — || —28 32 —28 | 2 —11
3—wl| — | —10 -5 10 | =2 4
31 — | 50 —50 -9 0 -2
4 — 16 —64 16 7 —48
4—w || — || —28 32 —28 | 2 —10
5 — || —25 25 295 | —12|| —109
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Table 6.2: F=Q(V5), ht=1, w=115 k=(4,6)

n | (1) (2) 2+w) (3)

N(n) 4 5
max. dimension || 0 1 1

0 — 0 0 0 0

1 — 1 1 1 0
14wl| — 2—w 2—w 2—w 0
2—w | — 14w 14w 14w 0

2| — 8 10 0 2
24w || — —18 + 6w 15 — dw 3—w 3—w
34w || — 48 — 132w || =192 4 108w || 68 — 47w | —4 4+ Tw
3—w || — 12 4 6w 10 + 5w 24w 24w

31| — —-90 30 12 3

4| — 64 —156 4 —32
4—wl| — || 84 +132w || -84 — 108w || 21 +47w | 3 —Tw

51 — —445 125 —295 —30

Table 6.3: F=Q(/5), ht=1, w=E5 k=66

n (1)
N(n) 1
max. dimension 1
0 0
1 1
1+w 1
2—w 1
2 20
24w | —90
34w || 252
3—w| —90
3 90
4| —624
4—w| 252
51| 4975
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6.3.2 Theta series for Q(v/3)

The field Q(v/3) has narrow class number h* = 2, the two ideal classes are represented by
¢; = (1) and ¢; = (w), where w = v/3. For each weight k and level n we will therefore obtain
two spaces of cusp forms, namely Sy (I‘o (o,n), 1) and Sy (I‘o (wd,n), 1).

A fundamental unit of 0o* = Z[w] is ¢ = 2 + w, which is totally positive. The condition
sgn(8)k =1 for all § € 0% then amounts to

k1 + ko =0mod 2 .

If it is not satisfied then the respective space of cusp forms will be {0}. Therefore we consider

only
ke {(3,3), (3,5), (4,4), (5,5)},

levels of norm up to 3 and an approximation level of 5, which gives us the first ten terms in
each theta series.

Some coefficients in Table could not be computed correctly (indicated by “?”). It is very
likely that this is due to some rounding errors that occurred when handling the complex
harmonic polynomials, the coefficients of which are internally represented as floating point
numbers. We would need a closer analysis of this problem in order to fill the remaining gaps
in the table, but this is still in progress.

Table 6.4: F=Q(v3), ht=2, w=+v3, k=(3,3)

n| ()| 14+w) | (3—2w)
Nm) || 1 2 3
max. dimension || 0 0 1
0 — — 0
1| — — 1
2 — — -8
2—w || — — 1
= (1): 24w || — —
31 — — -3
3—w | — — 6
3+w | — — 6
4 — — 16
51 — — —46
max. dimension || 0 0 0
2 = (w): — — —
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Table 6.5: F=Q(v3), ht=2, w=+3, k=(3,5)
n| (1) (1+w) (3 —2w)
Nm) || 1 2 3
max. dimension || 0 1 1
01 — 0 0
1] — 16 83
2| — —64 ?
2—w | — 24w 83(2 + w)
cp = (1) 24w | — | 16(31 — 15w) || 6(29 — 15w)
31 — ? —54(13 — w)
3—w| — | —64(3+w) | —36(18 + 5w)
34w || — ? ?
4| — ? —264(13 — w)
51 — —1760 ?
max. dimension || 0 0 0
Cy = (w) : — — —
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Table 6.6: F = Q(v/3) ,

N(n)

C1 :(1):

max. dimension

0
1
2
2—w
2+w
3
3—w
34w
4
5

170

= = O = O

—16
—16
—64
170

170

o O O O O

O O = =

o = (w):

max. dimension

0
1
2
2—w
24w

3—w
3+w

O O = B O O O O O O

O O O O = OO O o o
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Table 6.7: F = Q(v/3) ,

n

(3—2w)

N(n)

max. dimension

10

0

1

2

2—w

a=(1): 24w
3

3—w

34w

4

5

256
—1054

= O = O

—111
32
32

128
290

—_ = O = O

33

256
—798

O OO W o o+ O o

|
_
o

max. dimension

0

1

2

2—w

o = (w): 24w

3—w
34w

S O B B O O O O o O

S O O O OO o o o
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6.3.3 Theta series for Q(v/2)

The narrow class number is h™ = 1, so there will only be one space Sk (FO(D, n), 1) for each
level n, as in the case Q(v/5).

The ring of integers is 0 = Z[w] where w = v/2, and a fundamental unit of 0% is ¢ = 1 +w,
which has a positive as well as a negative real conjugate. As in the case Q(v/5) we only need
to consider weight vectors k that satisfy

klszEOmon.
We choose to restrict ourselves to

k e{(4,4), (4,6), (6,6)} .

Table 6.8: F=Q(v2), ht=1, w=+v2, k= (4,4)

n | (1) (w) (1—2w)
Nm) || 1 2 7
max. dimension 1 6 11
0 0 0 0 0 [0]0] O
1 1 1 1 |]0l0] O
24w | -2 0 1 0 [1]0]| O
21 —4 || -8 ] -2 0 [2]0]| O
2—w | -2 0 1 0 [1]0]| O
34wl -8 | -8 0 [0]1] O
31 26 26 | O 2 10]0| -3
3—wl| -8 | -8 0 0 |00 1
4| =16 32 | 24 || -48 0|0 | —4
51 138 | 138| 0 || =700 |0 | —26
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Table 6.9: F=Q(v2), ht=1, w=+v2, k=(4,6)

n () (w)

Nm) || 1 2
max. dimension || 0 1

0 — 0

1| — 1
24w || — 4—2w

2| — 8
2—w || — 4+ 2w
34w || — || =24+ 40w

31 — —114
3—wl| — || 244 40w

4| — 64

51 — 178

Table 6.10: F =Q(v2), ht=1, w=+v2, k=(6,6)

n (1) (w)
N(n) 1 2
max. dimension 4 33
0 0 0 0 0 00
1 1 1 0 00
24w 0 1 0 1 010
2 40 -2 0 0 1] 0
2 —w 0 1 0 1 00
34w 8 —16 0 0 0|1
3| 234 32 250 0 0|—-2
3—w 8 —16 0 0 0|1
4| —416 | —104 | —864 | —144 | 12 | —4
51 3194 | —320 || 3034 0 0|20
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6.3.4 Theta series for Q[X]/(X? — X2 —2X +1)

As a final example we consider a number field that is not quadratic but of degree 3. The
cubic field of smallest discriminant that is moreover totally real is Q[X]/(X? — X% —2X +1).
It has discriminant 49.

Denote by ¢ a primitive element of F i. e.
F=Q(), where (3 —(?—20(+1=0.
We find that the unit group of F' is
op = {1} x 1+¢ - ) x (1-¢) .

With respect to the three real embeddings F' <— R, the elements 1 4+ ¢ — ¢? and 1 — ¢ have
signs (+——) and (+—+), respectively. It follows that o}, contains elements of every possible
sign pattern. Hence the condition sgn(§)¥ = 1 for all § € 0%, is satisfied if and only if

ki =ko=k3=0mod 2.
We will contend ourselves with k = (4, 4).

Recall that forms of level 1 and their translates are not included in the spaces that we

compute! (Cf. again Theorem part (ii) and Remark )
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Table 6.11: F=Q(¢), ht =1, op=2Z[C], k= (4,4)

n| (1+2¢-¢%) (2)
N(n) 7
max. dimension 1
0 0 0 0
1 1 1 0
¢? 1 -2 | —17
1+4¢? 28 —24 | —1
1—-¢+¢? -7 1 0
2—¢ 1 1 0
2—-(C+¢? —110 110 | 1
2 23 0 2
2+¢ -7 —24 | —1
3 154 180 | 25
3¢ 28 -2 | —17
3+¢—¢2 1 1 0
3+¢ —110 110
4 17 64 | 0
44+¢—¢? 28 -2 | —17
4—(? -7 —24 | —1
5— (2 —110 110 | 1
5 —1904 182 | 616
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