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über das Thema:

Mixed Boundary Value Problems for the Laplace Beltrami Equation

Abstract: Let C be a smooth hypersur-
face in R3 with a smooth boundary decompo-
sed into two connected ∂C = Γ = ΓD ∪ ΓN
and non-intersecting ΓD ∩ ΓN = ∅ parts. Let
ν(ω) = (ν1(ω), ν2(ω), ν3(ω)), ω ∈ C be the
unit normal vector field on the surface C .
Let us consider the Laplace-Beltrami opera-
tor written in terms of the Günter’s tangent
derivatives ∆C := D2

1 + D2
2 + D2

3 , Dj :=
∂j − νj∂ν , j = 1, 2, 3, ∂ν =

∑3
j=1 νj∂j. Let

νΓ(t) = (νΓ,1(t), νΓ,2(t), νΓ,3(t)), t ∈ Γ, be the
unit normal vector field on the boundary Γ,
which is tangential to the surface C and direc-
ted outside of the surface. We study the fol-
lowing mixed boundary value problem for the
Laplace-Beltrami equation

∆Cu(t) = f(t), t ∈ C ,

u+(τ) = g(τ), τ ∈ ΓD,

(∂νΓu)+(τ) = h(τ), τ ∈ ΓN ,

∂νΓ :=
3∑
j=1

νΓ,jDj.

(1)

Lax-Milgram Lemma applied to the BVP (1)
gives that the BVP (1) has a unique soluti-

on in the classical setting f ∈ H̃−1(C ), g ∈
H1/2(Γ), h ∈ H−1/2(Γ). But in some pro-

blems, for example in approximation methods,
it is important to know the solvability proper-
ties in the non-classical setting

f ∈ H̃s−2
p (C ), g ∈Ws−1/p

p (Γ),

h ∈Ws−1−1/p
p (Γ), 1 < p <∞, s >

1

p
.

(2)

To this end we prove the following.

THEOREM. Let 1 < p < ∞, s >
1

p
. The

BVP (1) is not Fredholm in the non-classical
setting (2) if and only if:

p 6= 4

3
, 2, 4 and s >

1

p
is arbitrary,

p =
4

3
, s 6= 1

p
+

1

4
+ k, k = −1, 0, 1, . . .

p = 2 and s 6= 1

p
+ k, k = 0, 1, . . . ,

p = 4, s 6= 1

p
+

3

4
+ k, k = −1, 0, 1, . . . .

In particular, the BVP (1) has a unique solu-
tion u in the non-classical setting (2) if

4

3
< p < 4 and

1

p
+

1

4
< s <

1

p
+

3

4
.
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