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Abstract

For symmetric random matrices with correlated entries, which are functions of independent
random variables, we show that the asymptotic behavior of the empirical eigenvalue distribution
can be obtained by analyzing a Gaussian matrix with the same covariance structure. This class
contains both cases of short and long range dependent random fields. The technique is based
on a blend of blocking procedure and Lindeberg’s method. This method leads to a variety
of interesting asymptotic results for matrices with dependent entries, including applications to
linear processes as well as nonlinear Volterra-type processes entries.

1 Introduction

The limiting spectral distribution for symmetric matrices with correlated entries received a lot of
attention in the last two decades. The starting point is deep results for symmetric matrices with
correlated Gaussian entries by Khorunzhy and Pastur [13], Boutet de Monvel et al [6], Boutet
de Monvel and Khorunzhy [5], Chakrabarty et al [7] among others. On the other hand there
is a sustained effort for studying linear filters of independent random variables as entries of a
matrix. For instance, Anderson and Zeitouni [I] considered symmetric matrices with entries that
are linear processes of finite range of independent random variables. Hachem et al [12] considered
large sample covariance matrices whose entries are modeled by a short memory linear process
of infinite range with independent Gaussian innovations. Bai and Zhou [3], Yao [18], Banna and
Merlevede [4] and Merlevede and Peligrad [14], among others, treated large covariance matrices
based on an independent structure between columns and correlated random variables in rows.
In this paper we consider symmetric random matrices whose entries are functions of inde-
pendent and identically distributed (i.i.d.) real-valued random variables. Such kind of processes
provide a very general framework for stationary ergodic random fields. Our main goal is to
reduce the study of the limiting spectral distribution to the same problem for a Gaussian ma-
trix having the same covariance structure as the underlying process. In this way we prove the
universality and we are able to formulate various limiting results for large classes of matrices.
We also treat large sample covariance matrices with correlated entries, known under the name
of Gram matrices. Our proofs are based on the large-small block arguments, a method which,
in one dimensional setting, is going back to Bernstein. Then, we apply a variant of the so-called
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Lindeberg method, namely we develop a block Lindeberg method, where we replace at one time
a big block of random variables with a Gaussian one with the same covariance structure. Lin-
deberg method is popular with these type of problems. Replacing only one variable at one time
with a Gaussian one, Chatterjee [8] treated random matrices with exchangeable entries.

Our paper is organized in the following way. Section[2lcontains the main results for symmetric
random matrices and sample covariance matrices. As an intermediate step we also treat matrices
based on K-dependent random fields, results that have interest in themselves (see Theorem [ITI
in Section [A1)). In Section B we give applications to matrices with entries which are either
linear random fields or nonlinear random fields as Volterra-type processes. The main proofs are
included in Section [l In Section Bl we prove a concentration of spectral measure inequality for
a row-wise K-dependent random matrix and we also mention some of the technical results used
in the paper.

Here are some notations used all along the paper. The notation [z] is used to denote the
integer part of any real x. For any positive integers a, b, the notation 0,; means a matrix with
0 entries of size a x b, whereas the notation 0, means a row vector of size a. For a matrix A,
we denote by AT its transpose matrix and by Tr(A) its trace. We shall use the notation || X]||,
for the L"-norm (r > 1) of a real valued random variable X.

For any square matrix A of order n with only real eigenvalues A\ < --- < ), its spectral
empirical measure and its spectral distribution function are respectively defined by

1< Ly
vy = EE 0y, and Fyl(z) = - > 1{n<a)-
i—1 k=1

The Stieltjes transform of F4 is given by

1 1
Sa(z) = dF4(z) = ~Tr(A — 2L,) 7"
4 = [ i) = ST L)
where z = u+iv € CT (the set of complex numbers with positive imaginary part), and I,, is the
identity matrix of order n.

The Lévy distance between two distribution functions F' and G is defined by

L(F,G)=inf{e >0 : Flx—¢)—e<G(z) < F(x+¢e)+e}.

It is well-known that a sequence of distribution functions F),(x) converges to a distribution
function F'(x) at all continuity points = of F' if and only if L(F,, F') — 0.

2 Main results

2.1 On the limiting distribution for a large class of symmetric matrices with
correlated entries

Let (Xk,f)(k,e)eﬁ be an array of real-valued random variables, and consider its associated sym-
metric random matrix X,, of order n defined by

(Xn);; =Xijif1<j<i<nand (X)), =X;;if 1<i<j<n. (1)

)

Define then
X, :=n"2X,, . (2)

The aim of this section is to study the limiting spectral empirical distribution function of the
symmetric matrix X,, defined by (2)) when the process (X k7g)(k7g)622 has the following dependence
structure: for any (k, /) € Z2,

X = 9(Eiv—j; (3,)) € Z%), (3)



where (& ;)i j)eze is an array of i.i.d. real-valued random variables given on a common proba-
bility space (€2, K, P), and g is a measurable function from R% to R such that E(Xo,0) =0 and
| Xo,0ll2 < co. A representation as (B) includes linear as well as many widely used nonlinear
random fields models as special cases.

Our Theorem [ below shows a universality scheme for the random matrix X,, as soon as the
entries of the symmetric matrix \/nX,, have the dependence structure ([B]). It is noteworthy to
indicate that this result does not require rate of convergence to zero of the correlation between
the entries.

Theorem 1 Let (Xk,f)(k,z)eﬁ be a real-valued stationary random field given by [Bl). Define the
symmetric matriz X, by @). Let (Gre) @, 0cz2 be a real-valued centered Gaussian random field,
with covariance function given by

E(Gk,gGiJ’) = E(ijXLj) fOT' any (k,g) and (Z,j) mn Z2 . (4)

Let G, be the symmetric random matrix defined by (G")z‘j =G if1 <j<i<nand

(Gn)i’j =Gj; if1 <i<j<n. Denote G, = ﬁGn. Then, for any z € CT,

lim |Sx, (2) —E(Sg,(2))| =0 almost surely.

n—oo

Theorem [ is important since it shows that the study of the limiting spectral distribution
function of a symmetric matrix whose entries are functions of i.i.d. random variables can be
reduced to studying the same problem as for a Gaussian matrix with the same covariance
structure. The following corollary is a direct consequence of our Theorem [ together with
Theorem B.9 in Bai-Silverstein [2] (see also the arguments on page 38 in [2], based on Vitali’s
convergence theorem).

Corollary 2 Assume that X,, and G,, are as in Theorem [l Furthermore, assume there exists
a distribution function F such that

IE(FG" (t)) = F(t) for all continuity points t € R of F .

Then
P(L(F*@) F) - 0)=1. (5)

For instance, Corollary 2] above combined with the proof of Theorem 2 in Khorunzhy and
Pastur [I3] concerning the asymptotic spectral behavior of certain ensembles with correlated
Gaussian entries (see also Theorem 17.2.1 in [I5]), gives the following:

Theorem 3 Let (Xk,f)(k,z)eﬁ be a real-valued stationary random field given by [Bl). Define the
symmetric matriz X,, by @). For any (k,£) € 72, let Vo = E(Xo,0Xk). Assume that

> kel < o0, (6)

k,tez

and that the following holds: for any (k,t) € 72,

Vet = Yok 5 (7)

Then () holds, where F is a nonrandom distribution function whose Stieltjes transform S(z) is
uniquely defined by the relations:

S(z) = /0 h(w, 2)da (8)

3



where h(z,z) is a solution to the equation

1 —1 . .
h(z,z) = (— z —i—/o f(z,y)h(y, z)dy) with f(x,y) = Z ’yhje_z’r‘(kxﬂy). 9)

k,jEZ

Equation (@) is uniquely solvable in the class F of functions h(z,z) with domain (x,z) €
[0,1] ® C\R, which are analytic with respect to z for each fixed x, continuous with respect to x
for each fixed z and satisfying the conditions: lim, o, v Im h(z,iv) < 1 and Im(z) Im h(zx, z) > 0.

Remark 4 If condition (D) of Theorem [3 is replaced by: vo 1, = V(£)V (k) where V is an even
function, then its conclusion can be given in the following alternative way: the convergence (3)
holds where F is a nonrandom distribution function whose Stieltjes transform S(z) is given by

the relation ~ ()
v
S(z) = /0 —z— Ah(z)

where v(t) = Mz € [0,1]; f(z) < t}, X is the Lebesque measure, for x € [0,1], f(z) =
S kez V(K)e*™ R and h(z) is solution to the equation

© Adu()N)
h(z):/o Lo FEOR.

This equation is uniquely solvable in the class of analytic functions in C\R satisfying the con-

ditions: limy o0 zh(iz) < 0o and Im (h(2)) Im(z) > 0 for z € C\R. (See Boutet de Monvel and
Khorunzhy [5]).

2.2 On the limiting distribution for large Gram (sample covariance) matrices
with correlated entries

Adapting the proof of Theorem [Il we can also obtain a universality scheme for large sample
covariance matrices associated with a process (X ¢)(x,¢ez2 having the representation (3). So,
all along this section (Xg ) )ez2 is assumed to be a random field having the representation
@). To define the Gram matrices associated with this random field, we consider two positive
integers N and p, and the N X p matrix

Xnp = (Xi,j)1gz‘§N,1§jSp' (10)

Define now the symmetric matrix By of order N by

1 1<
BN = —XNWXJI‘GJ) = - Z I‘kl‘g, (11)
p p —1
where ry, = (X1 4, - ,XN,k)T is the k-th column of Xy .

The matrix By is usually referred to as the sample covariance matrix associated with the
process (Xp,¢)(x,0)ez2- It is also known under the name of Gram random matrix.

Theorem 5 Let By be defined by (I1l) and let Hy = %gMpg]Tmp be the Gram matrixz associated
with a real-valued centered Gaussian random field (Gk7g)(k,g)622, with covariance function given
by {{)). Then, provided that N,p — oo such that N/p — ¢ € (0,00), for any z € C*,

li_>m |SBy (2) — E(Suy(2))| =0 almost surely. (12)

Therefore, if N,p — oo such that N/p — ¢ € (0,00) and if there exists a distribution function
F such that
E(FHN (t)) = F(t) for all continuity points t € R of F

then
P(L(FE~@) ) 5 0)=1. (13)



Theorem [B] together with Theorem 2.1 in Boutet de Monvel et al [6] allow then to derive
the limiting spectral distribution of large sample covariance matrices associated with a process
(Xk,0) (k,0)cz2 having the representation @) and satisfying a short range dependence condition.

Theorem 6 Let (Xk,f)(k,e)eﬁ be a real-valued stationary random field given by [B)). Assume that

@) holds. Then, provided that N,p — oo such that N/p — ¢ € (0,00), P(L(FB¥@) F) - 0) =1
where F is a nonrandom distribution function whose Stieltjes transform S(z), z € C* is uniquely
defined by the relations:

S(z) = /01 h(z,z)dx ,

where h(x,z) is a solution to the equation

_ ' f(z,s) -
il 2) = < o +/0 1+ cfol f(u, s)h(u, z)dud8> ’

(14)

with f(x,y) given in (9).

Equation (4] is uniquely solvable in the class F of functions h(z,z) as described after the
statement of Theorem ().

We refer to the paper by Boutet de Monvel et al [6] regarding discussions on the smoothness
and boundedness of the limiting density of states. Note that condition (@) is required in the
statement of Theorem [6l only because all the estimates in the proof of Theorem 2.1 in [6] require
this condition. However using arguments as developed in the paper by Chakrabarty et al [7],
it can be proved that if the process (X k7g)(k7g)622 admits a spectral density then there exists a
nonrandom distribution function F such that P(L(FE~N®) F) - 0) =1 (if N/p — ¢ € (0,00)).
Unfortunately the arguments developed in [7] do not allow, in general, to exhibit the limiting
equation (I4]) which gives a lot of information on the limiting spectral distribution. Notice
however that if we add the assumption that the lines (resp. the columns) of Xy, are non
correlated (corresponding to the semantically (resp. spatially) ”"patterns” studied in Section 3
of [6]), condition (@]) is not needed to exhibit the limiting equation of the Stieltjes transform.
Indeed, in this situation, the lines (resp. the columns) of Gy, become then independent and the
result of Merlevede and Peligrad [14] about the limiting spectral distribution of Gram random
matrices associated to independent copies of a stationary process applies. Proving, however,
Theorem [ in its full generality and without requiring condition (@) to hold, remains an open
question.

3 Examples

All along this section, (§k7g)(k74)ezz will designate a double indexed sequence of i.i.d. real-valued
random variables defined on a common probability space, centered and in L2.
3.1 Linear processes

Let (ak,e)(r,0ez2 be a double indexed sequence of numbers such that

Z lage| < oo. (15)
kEZ
Let then (Xj ;) j)ez2 be the linear random field in L2 defined by: for any (4, j) € Z2,

X ;= Z g, o€ k4i 04 - (16)
koleZ



Corollary 2 (resp. Theorem [B]) then applies to the matrix X,, (resp. By) associated with the
linear random field (X; ;) jyez2 given in (2).

In case of short dependence, based on our Theorem [6] we can describe the limit of the
empirical spectral distribution of the Gram matrix associated with a linear random field.

Corollary 7 Assume that X;; is defined by (I8) and condition (I3) is satisfied. Let N and
p be positive integers, such that N,p — oo, N/p — ¢ € (0,00). Let Xy, = (Xivj)lsigN,lstp
and By = N*IXN,I,Xﬁp. Then the convergence (13) holds for FBN | where F is a nonrandom
distribution function whose Stieltjes transform satisfies the relations given in Theorem [6 with
Vkj = HS0,0H% Zu,vez Qo Q-0 +5 -

Concerning now the Wigner-type matrix X,,, by using Remark 4l we obtain the following
corollary, describing the limit in a particular case.

Corollary 8 Let (ap)necz be a sequence of numbers such that

Z\ak\ < 0.

keZ

Define X;; = Zk,@ez apr€ptiory for any (i,7) € Z?. Consider the symmetric matriz X,
associated with (X ;) jyezz and defined by [@). Then (3) holds, where F' is a nonrandom
distribution function whose Stieltjes transform satisfies the relation given in Remark [4] with

(@) = léoolle Yez Sjez ajajne™ ke,

3.2 Volterra-type processes

Other classes of stationary random fields having the representation (3] are Volterra-type pro-
cesses which play an important role in the nonlinear system theory. For any k = (k1, ko) € Z2,
define a second-order Volterra expansion as follows:

Xk = Z augk—u + Z bu,vgk—uék—va (17)

ucz? u,vez?

where a, and by v are real numbers satisfying

bu7v:0ifu:v, Za121<oo and Z b1217v<00- (18)

ucz? u,vez?2

Under the above conditions, the random field Xy exists, is centered and in L%, and Corollary
(resp. Theorem[H]) applies to the matrix X,, (resp. By ) associated with the Volterra-type random
field. Further generalization to arbitrary finite order Volterra expansion is straightforward.

If we reinforced condition (I8]), we derive the following result concerning the limit of the
empirical spectral distribution of the Gram matrix associated with the Volterra-type process:

Corollary 9 Assume that (Xx)xezz is defined by (I7) and that the following additional condi-
tion is assumed:
1/2

Z lay| < oo, Z ( Z bav)l/2 < oo and Z ( Z b3,7u) < 0. (19)

ucz?2 VEZ?2 u€Z? vEZ2 u€Z?

Let N and p be positive integers, such that N,p — oo, N/p — ¢ € (0,00). Let Xy, =
(Xig)icicn 1<j<p N BN = N*IXN7PX§7P. Then (I3) holds for FBN | where F is a nonrandom
distribution function whose Stieltjes transform satisfies the relations given in Theorem [@ with

= 1%0l3 D auturk+ €005 > buv(buskvik + byskusk) for anyk € Z*. (20)
ucz? u,vez?



If we impose additional symmetric conditions to the coefficients a, and by, defining the
Volterra random field (I7)), we can derive the limiting spectral distribution of its associated
symmetric matrix X,, defined by ([@)). Indeed if for any u = (u1,us) and v = (v1,v) in Z2,

Gy = Ayy Ayy bu,v = bul,vl bug,vz ) (21)

where the a; and b; j are real numbers satisfying

bi,j:0ifi:j,2]a,~]<oo and Z ]bi,j]<oo, (22)
i€ (1,5)€2?

then (vy,¢) satisfies (@) and (@) . Hence, an application of Theorem [3 leads to the following
result.

Corollary 10 Assume that (Xx)xeze s defined by (17) and that conditions 1) and 22) are

satisfied. Define the symmetric matriz X, by ). Then (d) holds, where F is a nonran-

dom distribution function whose Stieltjes transform is uniquely defined by the relations given

in Theorem [3 with v = A(s)A(t) + B1(s)B1(t) + Ba(s)Ba(t) with A(t) = [[£o,0ll2 D icz @ittt
Bi(t) = (160,013 X(i.myeze birbistre and Ba(t) = 10,015 X ryeze birbrtite-

4 Proofs of the main results

The proof of Theorem [l being based on an approximation of the underlying symmetric matrix
by a symmetric matrix with entries that are 2m-dependent (for m a sequence of integers tending
to infinity after n), we shall first prove a universality scheme for symmetric matrices with K-
dependent entries. This result has an interest in itself.

4.1 A universality result for symmetric matrices with K-dependent entries

In this section, we are interested by a universality scheme for the spectral limiting distribution

of symmetric matrices X,, = [X I%)]Zézl normalized by y/n when the entries are real-valued

random variables defined on a common probability space and satisfy a K-dependence condition
(see Assumption Ag). As we shall see later, Theorem [I1] below will be a key step to prove
Theorem [J .

Let us start by introducing some assumptions concerning the entries (X li g), 1<i<Ek<n).

A For all positive integers n, E(Xling)) =0foralll </ <k<n,and

n k
nQZZ |X,M ) < C < oo.
1¢0=1

Ao For any 7 > 0,

n k

(n)2
ZE(‘Xk,z ‘ 1|X;in4)|>ﬁ/ﬁ) —n—oo 0.
k=1 ¢=1 ’

Ly(1) ==

3[\3 —

A3 There exists a positive integer K such that for all positive integers n, the following holds:
for all nonempty subsets

ABc{(kt)c{l,....n}*|1<t<k<n}



such that

min mln max(|: — k -4 > K
Join min, (1 s 17 —£]) >

the o-fields

U(X;y,(i,j)eA) and o (X ,gg,ug ¢) € B)

are independent.

Condition Aj states that variables with index sets which are at a distance larger than K are
independent.

In Theorem [1] below, we then obtain a universality result for symmetric matrices whose
entries are K-dependent and satisfy A; and the traditional Lindeberg’s condition As. Note that
A, is known to be a necessary and sufficient condition for the empirical spectral distribution of

n~1/2X,, to converge almost surely to the semi-circle law when the entries X, ™) are independent,
centered and with common variance not depending on n (see Theorem 9.4. 1'in Girko [9]).
Theorem 11 Let X,, = [X,gz)];;’g:l be a symmetric matriz of order n whose entries (X,g K)’ 1<
¢ < k < n) are real-valued random variables satisfying conditions A1, A and As. Let G, =

[G(Z)] _1 be a symmetric matrixz of order n whose entries (Gy ¢)1<e<k<n are real-valued centered

Gaussmn random variables with covariance function given by
E(G)GY) =BG x (7). (23)
Then, for any z € CT,

lim {SX z) — E(Sg, (2 | =0 almost surely, (24)

n—oo
where X, = n~Y2X,, and G,, = n~1/2G,,.

The proof of this result will be given in Appendix.

As we mentioned at the beginning of the section, this theorem will be a building block to
prove that in the stationary and non triangular setting the K-dependence condition can be
relaxed and more general models for the entries can be considered. However, the above theorem
has also interest in itself. For instance, for the matrices with real entries, it makes possible to
weaken the conditions of Theorems 2.5 and 2.6 in Anderson and Zeitouni [I]. More precisely,
due to our Theorem [I1], their assumption 2.2.1 (Ib) can be weaken from the boundness of all
moments to the boundness of moments of order 2 only plus Ay. Furthermore their result can be
strengthened by replacing the convergence in probability to almost sure convergence. Indeed,
our Theorem [[I] shows that if their assumption 2.2.1 (Ib) is replaced by A; plus Aj, then
to study the limiting spectral distribution we can actually assume without loss of generality
that the entries come from a Gaussian random field with the same covariance structure as the
initial entries. If the X" Z) are Gaussian random variables then boundness of all moments means
boundness of moments of order 2.

4.2 Proof of Theorem [

For m a positive integer (fixed for the moment) and for any (u,v) in Z? define

X = E(Xuo| FW), (25)

U,V

Where]i(tfz) =0 ju—m<i<u+m, v-—m<j<v+m).



Let X be the symmetric random matrix of order n associated with (XQ(LT)))(MU)EW and

defined by (Xslm)) Xi? if1<j<i<mnand (X%m))ij = Xj(»;n) if 1 <i<j<n. Let

i
X(m) = p=1/2x(m) (26)
We first show that, for any z € CT,

lim limsup |Sx, (z) — S (z)| =0 as. (27)

M—00 n—oo X
According to Lemma 2.1 in Gotze et al. [10] (given for convenience in Section 5, Lemma [I4)),

1
n2v

‘an(z) — S

X;w)(Z)F <

(X = X))

where v = Im(z). Hence

2
n2yt

|, (2) = S, (2)|* <

m)\ 2
¢ S (Ko - X007

1<t<k<n

Since the shift is ergodic with respect to the measure generated by a sequence of i.i.d. random
variables and the sets of summations are on regular sets, the ergodic theorem entails that

1

. (m)\2 (m)\ 2 .1
nh_)rrgom Z (Xk‘,é — Xl:z ) = E((XQO — XO?S ) ) a.s. and in L." .
1<k <n
Therefore )
limsup [ S, (2) — Syom (2)|° < 2074 Xo0 — X713 as. (28)
n—00 n

Now, by the martingale convergence theorem
1X0,0 — X35 |2 — 0 as m — oo, (29)

which combined with (28]) proves (27).

Let now (G,gng))(k,g)ezz be a real-valued centered Gaussian random field, with covariance
function given by

E(GY Gy = B(X)X™) for any (k,¢) and (i,j) in Z*. (30)

7/7]

Note that the process (Gi(ng))(k,ﬁ)eZQ is then in particular 2m-dependent. Let now GSZ”“) be
the symmetric random matrix of order n defined by (G,(lm)). .= GE?) if1 <j<i<mnand

i\j
(m)yy _ ~(m) . L (m) _ @(m)
(Gn )” =Gy, if 1 <i<j<mn. Denote Gn~’' =Gy’ /v/n.
We shall prove that, for any z € CT,
lim |Sx(m)(z) — E(SG(m)(z))| =0, almost surely. (31)

n—oo

With this aim, we shall apply Theorem [IT] and then show in what follows that (X ,gn;) , 1 <0<
k < n) satisfies its assumptions.

Note that the sigma-algebras ]:1%) =o0(&j;u—m<i<u+m, v-m<j<v+m)and
.7:,5”;) are independent as soon as |u— k| > 2m or |v —¢| > 2m. From this consideration, we then

infer that (Xlgnz) , 1 <€ <k <n) satisfies the assumption Ag of Section LI with K = 2m.



On another hand, since X} ¢ is a centered random variable, so is X ,(C"Z). Moreover, || X ,gn;) ll2 <

| Xk.ell2 = || X1,1]]2- Hence (X,gr?) , 1 <0 <k <n) satisfies the assumption A; of Section A1l
We prove now that the assumption Ay of Section 1] holds. With this aim, we first notice
that, by Jensen’s inequality and stationarity, for any 7 > 0,

E(X)))"1 E(X?,1

X ryi) < Xy

Notice now that if X is a real-valued random variable and F a sigma-algebra, then for any € > 0,

E(X?1g(x|7)>2:) < 2B(X°1x5c) -

Therefore,
E((Xlg?;))21|X£TZ)|>T\/ﬁ) < 2E(X12,11\X1,1|>T\/ﬁ/2)

which proves that (X, (m) , 1 <€ <k <n) satisfies Ay because E(Xl 1) < oo.

Since (ngg)7 1< 6 < k < n) satisfies the assumptions Aj, Ay and Ajz of Section A.T]
applying Theorem [IT], (B1]) follows.

According to 7)) and (BI)), the theorem will follow if we prove that, for any z € C*,

lim hmsup |E(SG,(2)) — E(SG(m) z))[=0. (32)

m—00 s

With this aim, we apply Lemma [I6] from Section which gives
E(SGR(Z)) — E(SGSLM)(Z))
Z Z / E(Gy,eGij) — (G](;;)Gz(?)))E(akzaijf(g(t))) ;

1<£<k<n 1<j<i<n

where f is defined in ([@9)) and , for ¢ € [0, 1],

g(t) = (VtGre+ V1 - G(m))lgzgkgn-

We shall prove that, for any ¢ in [0, 1],

S (BGriGig)  BIGL) G E (00 (1)

1<l<k<n 1<j<i<n
< C|X5% = Xoollzl Xoollz - (33)

where C' does not depend on n and ¢. After integrating on [0, 1] and then by taking into account
that || Xo0 — X(m) |3 — 0 as m — oo, [B2) follows by letting n tend to infinity and then m.

To prove (IBB]) using ([B0) and (), we write now the following decomposition:
E(GreGig) — BIGY) L) = BN, X,) — RO X
= E(Xe (X = X570 ~ BUX - Xe)X(5) (34)

Z7j

We shall decompose the sum on the left-hand side of (B3] in two sums according to the de-
composition (34) and analyze them separately. Let us prove that there exists a constant C' not
depending on n and ¢ such that

SN R - X XU)E (9kedis £ (8(1) | < CIXTE — Xooll2l Xoollz - (35)

1<0<k<n 1<j<i<n

10



To prove ([Bh]), we first notice that without loss of generality g(t) can be taken independent of
(Xk,¢) and then

(X = Xeo) X7VE (000 (8(1))) = E (XL} = Xi) X[ 0es f (1)) ) -

Next Lemma [I3] from from Section applied with ay , = (X,gr;) — Xp¢) and by = X,gr;) gives:
for any z = u + iv € CT,

SN (XY - X)X (0105 £ (8(1)) ‘

1<b<k<n 1<j<i<n

> (X,ﬁ?—xkﬁ)m( > (XZ{T))Q)”?

v3n? -
1<t<k<n 1<5<i<n

Therefore, by using Cauchy-Schwarz’s inequality, we derive

Y Y R - X )XE Gy 8))

1<0<k<n 1<j<i<n
2 (m) 2\ /2 (m)\2
<un( X BT -xe?) (X EEE))
1<4<k<n 1<j<i<n

1/2

Using stationarity it follows that, for any z = u +iv € C* and any ¢ in [0, 1],

Y B - X)X EGud fe)| < 207X — Xoolla| Xl
1<6<k<n 1<j<i<n

Similarly, we can prove that for any z = u + iv € C* and any ¢ in [0, 1],

> E(XKedXig — XNEOkdif @(0)] < 207X — Xoolla| Xoollz-

1<<k<n 1<j<i<n

This leads to (33]) and then ends the proof of the theorem. O

4.3 Proof of Theorem 3

In order to establish Theorem B it suffices to apply Theorem [ and to derive the limit of
E(Sg, (2)) for any z € C*, where G,, is the symmetric matrix defined in Theorem [Il With this
aim, we apply Proposition 20| given in Section Proposition 201 is a modification of Theorem
2 in Khorunzhy and Pastur [I3] (see also Theorem 17.2.1 in [15]) since in our case, we cannot
use directly the conclusion of their theorem: we are not exactly in the situation described there.
Their symmetric matrix is defined via a symmetric real-valued centered Gaussian random field
(Wk.0)k e satisfying the following property: Wy = Wy, for any (k, ¢) € Z* and also (2.8) in [13].
In our situation, and if () is assumed, the entries (g ¢)1<ke<n Of n'/2G,, have the following
covariances

E(gi,jgk,0) = Viekj—t(Lisjrze + Lisiosk) + Yieoj—k(Lisjesk + Lisik>e) » (36)
since by () and stationarity
Ikt = Gax(k,0)min(k,e) and E(Gij, Gre) = Yr—ip—j -

Hence, because of the indicator functions appearing in (B6l), our covariances do not satisfy the
condition (2.8) in [I3]. However, the conclusion of Theorem 2 in [I3] also holds for Sg, (2)
provided that (6l) and (7)) are satisfied. We did not find any reference where the assertion above
is mentioned so Proposition 20l is proved with this aim. O

11



4.4 Proof of Theorem

Let n = N + p and X, the symmetric matrix of order n defined by

T
X, = L Opvp XN,p
" Xnp OnnN /-

Notice that the eigenvalues of X2 are the eigenvalues of p~1 XY XN p together with the eigen-
values of p~1 X NWXJF‘\F,p. Since these two latter matrices have the same nonzero eigenvalues, the
following relation holds: for any z € C*

p—N

SN, (37)

Sty (2) = 2712 =S, (M%) +
(See, for instance, page 549 in Rashidi Far et al [16] for additional arguments leading to the
relation above). A similar relation holds for the Gram matrix Hy associated with the cen-
tered Gaussian random field (G, ¢)(z,¢)cz2 having the same covariance structure as (X, o) (x,0)ez2;
namely: for any z € C*

p—N

_ n
Sty (2) = 277 57586, (M%) +

5N (38)

where G, is defined as X, but with Gy, replacing X .
In view of the relations ([B7) and (B8], and since n/N — 1 + ¢!, to prove ([2), it suffices to
show that, for any z € CT,

lim |Sx, (2) —E(Sg,(z))| =0 almost surely (39)
n—o0
Note now that X,, := n_1/2[ Z(?)]” | Where 3: \/7XZ —pjlizpr1licj<p if 1 < j <i < n, and
xgjn) = gz) if 1 <i < j < n. Similarly we can write G,, := n~1/2 [gl(?)]” 1 Where the ggj) s are

defined as the xgj) s but with X;_,, ; replaced by G;_p, ;. Following the proof of Theorem [, we
infer that its conclusion holds (and therefore ([B9]) does) even when the stationarity of entries of
X, and G, is slightly relaxed as above. O

4.5 Proof of Theorem

In view of the convergence (I2), it suffices to show that When N P —> oo such that N/p — ¢ €
(0,00), then for any z € C*, E(Su,(2)) converges to S(z fo x, z)dz where h(z,z) is a
solution to the equation (I4]). This follows by applying Theorem 2.1 in Boutet de Monvel et al
[6] . Indeed setting Hy = KHy, this theorem asserts that if ([6) holds then, when N,p — oo
such that N/p — ¢ € (0,00), E(SHN(Z)) converges to m( fo x,2)dz, for any z € CT,
where v(z, z) is a solution to the equation

_ e f(m,s) -
v(x,z)—(—z—l—c 1/0 1+f0 s)v(u, z)dud8> '

This implies that E(Sw, (z)) converges to S(z) as defined in the theorem since the following
relation holds: S(z) = ¢ tm(z/c).

0
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5 Technical results

5.1 Concentration of the spectral measure

Next proposition is a generalization to row-wise K-dependent random matrices of Theorem 1
(ii) of Guntuboyina and Leeb [11].

Proposition 12 Let (X]gng))lgggkgn be an array of complex-valued random variables defined on
a common probability space. Assume that there exists a positive integer K such that for any
integer u € [1,n — K], the o-fields

o(x", 1<j<i<u) and o(XY), 1<0<k,u+K+1<k<n)

i,J
are independent. Define the symmetric matriz X, by (2)). Then for every measurable function

f: R —= R of bounded variation, any n > K and any r > 0,

P(‘/fduxn—E/fdan‘ 27’) §26Xp(—$}{2‘/f2), (40)

where V; is the variation of the function f.

Application to the Stieltjes transform. Assume that the assumptions of Proposition
hold. Let z = u +iv € CT and note that

Si,(2) = [ v, (@) = [ v, @)+ [ oo, @),

where fi(z) = —%5—% and fa(x) = % Now

(z—u)2+0v2 z—u)2+0v? "’

2 P
Vi =il = = and Vp, = 1l = =3

Therefore, by applying Proposition 012/ to f1 and fy, we get that for any n > K and any r > 0,

2,,2

P(|Sx, (2) — ESx, (2)| > r) §4exp(— %) (41)

Proof of Proposition It is convenient to start by considering the map A which ”con-
structs” symmetric matrices of order n as in (2)). To define it, let N = n(n+ 1)/2 and write ele-
ments of R as x = (rq,...,r,) where 7; = (7, j)1<j<;. Forany x € RY let A(x) = A(r1,...,7m0)
be the matrix defined by

1

(Ax)); = { VN f(r}; if i < j )
n N AR J

For 1 <i<mn,let R; = (Xi(,r;))lﬁjﬁi' By definition, we have that X,, = A(Ry,...,Ry). Let then
h be the function from CY to R defined by

h(Rl, N ,Rn) = /deA(Rl,...,Rn) .

13



Let n > K. Denoting by Fy = o(Ry,...,Rg) for kK > 1, and by Fy = {0, Q}, we then write the
following martingale decomposition:

/fdl/xn—E/fdl/xn:h(Rl,...,Rn)—Eh(Rl,...,Rn)
[n/K]

= > (B(h(Ry,... R Fikc) = E(h(Ry, ... Ro) Fnic) )

=1
E(h(R1,...,Ry)|Fn) —E(h(Ry, ..., Rn)|Fxin/K])
[n/K]+1

> dip.
=1

Let
R, = (Ry,...,R,) and R* = (Ry,... Ry,0,...,0,Rp1,..., Ry).

Note now that, for any i € {1,...,[n/K]},
E(h(Rg—l)K,(H—l)KM]_—iK) _ E(h(Rg—l)K,(iH)K)|}-(i_1)K> . (43)

To see this it suffices to apply Lemmal[[3 with X = (R yx41,---,Rn), Y = (R1,. .., Ri—1)K)
and Z = (Ry,...,Rik). Therefore, by taking into account (3], we get that, for any i €

{1,...,[n/K]},

E(h(Rn)|Fir) — E(h(Rn)[Fi1)x)
= E(h(R,) — h(RUVEEDEY 10) —E(R(R,) — h(RGVEEDEY 7, ) (44)

‘We write now that

( HK,(i+1)K )
(i+1)K iK
Z < BRI h(RzT'LK,j)) n Z <h(RZL,(i+1)K) _h(R?;L(iJrl)K))’ (45)
j=iK A1 j=(i-1)K+1

since R, = Ry, But if Y,, and Z,, are two symmetric matrices of size n, then

| [ i, = [ save, | < vl - P2

(see for instance the proof of Theorem 6 in [11]). Hence, from Theorem A.43 in Bai and
Silverstein [2],

‘ / Fdvy, — / fduzn‘ < %rank(Ym — 7).

With our notations, this last inequality implies that for any 0 < k<l <nand 0<:<j<n

B(RE) — h(R3)| < T rank(ARE) ~ ARSY) . (a0

Starting from (45]) and using (46]) together with
rank(A(RiLK’j_l) — A(R%K’j)) <2

and

— )

rank (AR, TVE) — ARy VD)) <2

14



we get that
|A(R,,) — h(RGDEGDE) | < (47)
n
Starting from (44]) and using (@7, it follows that, for any ¢ € {1,...,[n/K]},

E(h(Rw)|Fik) ~ B(A(R)|Fpy)| < >V

K[n/K]n

On another hand, since Ry, is Fx[n/K)-measurable,

E(h(Rn)|Fn) — E(h(Ry)| Fnyx)) = E(h(Ry) — h(REM/EL) | F,)
—E(h(R,) — h(REW/EI™) | Frer k) -

Now
n

M(Rw) = (RIS = 57 (R(RE") — h(RY) )
j=K[n/K]+1

So, proceeding as before, we infer that

E(h(RW)IE) — E(h(R)| Fiiom)| < =V

So, overall we derive that ||d; ,[|c0 < 2V forany i € {1,..., [n/K]} and i/ k1+1,nllo0 < Ky,
Therefore, the proposition follows by applying the Azuma-Hoeffding inequality for martingales.
O

5.2 Other useful technical results

Lemma 13 If X, Y, Z are three random vectors defined on a probability space (2, IC,IP), such
that X is independent of 0(Z) and o(Y') C o(Z). Then, for any measurable function g such
that ||g(X,Y)[1 < oo,

E(g(X,Y)|Z) =E(9(X,Y)|Y) a.s. (48)

The following lemma is Lemma 2.1 in Gétze et al. [10] and allows to compare two Stieltjes
transforms.

Lemma 14 Let A, and B, be two symmetric n x n matrices. Then, for any z € C\R,

|84, (2) — Sa,, (2)|* < Tr((An — Bn)?)

1
2T (z)
where A,, =n~Y2A,, and B,, = n"1/?B,,.
All along the proofs, we shall use the fact that the Stieltjes transform of the spectral measure

is a smooth function of the matrix entries. Let N = n(n 4 1)/2 and write elements of RV as
x = (z45)1<j<i<n. For any z € CT, let f(-) := f,..(-) be the function defined from R to C by

flx) = %TI‘(A(X) - zIn)_1 for any x € RV, (49)

where A(x) is the matrix defined in ([@2]) and I,, is the identity matrix of order n. The function
f admits partial derivatives of all orders. In particular, denoting for any u € {(7,7)}1<j<i<n,
Ouf for Of,/0xy, the following upper bounds hold: for any z = x + iy € C* and any u,v,w in
{(i, ) h<i<icn,

3 x 25/2
yind/2

2
|auf| 2 3/2 Y |a a f| < and |auavaw| S (50)

(See the equalities (20) and (21) in [§] together with the computations on pages 2074-2075). In
addition, the following lemma has been proved in Merlevede and Peligrad (2014):
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Lemma 15 Let z = z + iy € CT and f, := fn. be defined by [@I). Let (a;j)1<j<i<n and
(bij)1<j<i<n be real numbers. Then, for any subset I, of {(i, )} <j<i<n and any element x of

Y abude ()] < 3n2(z sz)”z.

uel, vel, uel, vEl,

7

Next lemma is a consequence of the well-known Gaussian interpolation trick.

Lemma 16 Let (Yi )k yezz and (Zgo)(roez2 be two centered real-valued Gaussian processes.
Let Y, be the symmetric random matrixz of order n defined by (Y ) =Y;if1<j<i<n

and (Yn)ij =Y, if1 <i<j<n. Denote Y, = ﬁYn. Define szmzlarly Zy. Then, for any
z=x+iye CT,

/o (E(Yi,eYij) — E(ZroZi ;) ) E(Oreij f (u(t))) di (51)

where, fort € [0,1], u(t) = (\/%Yk,g + V1 —tZy o) 1<e<k<n and

|E(Syn (Z)) — E(Szn( S Z Z Yk gY; j E(Zk,gZi,j)] . (52)

1<<k<n 1<j<i<n

Proof. Using the definition of f, we first write

E(Sy,(2)) = Ef (Vi) 1<t<k<n) and E(Sz,(2)) = Ef ((Zie)1<i<i<n) -

Equality (5I) then follows from the usual interpolation trick (for an easy reference we cite
Talagrand [I7] Section 1.3, Lemma 1.3.1.). To obtain the upper bound (52), it suffices then to
take into account ([B0). O

Below we give a Taylor expansion for functions of random variables of a convenient type for
Lindeberg’s method.

Lemma 17 Let f() be a function from R™™ to C, three times differentiable, with continuous
and bounded third partial derivatives, i.e. there is a constant Lg such that

|0;0;0f(x)| < L3 for alli,j,k and x.

Let X,Y,Z be random vectors defined on a probability space (2, IC,P), such that X and Y
take their values in R, and Z takes its values in R™. Assume in addition that X and Y are
independent of Z, and that X and Y are in L3(R?), centered at expectation and have the same
covariance structure. Then, for any permutation 7 : R4T™ — RT™  we have

d

) d
Ef(x(X,2) ~ Ef (r(Y, 2))| < 220 (3RO + SOB(YE)).
j=1

j=1

The proof of this lemma is based on the following Taylor expansion for functions of several
variables.

Lemma 18 Let g(-) be a function from RP to R, three times differentiable, with continuous third
partial derivatives and such that

0;0;0,9(x)| < Lg for all i,j,k and x.
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Then, for any a = (a1,...,ap,) and b = (by,...,b,) in RP,

DO | =
]~

g(b) —g(a) = (b — a;)9;9(0) +

k=1 j

(bjbk — ajak)aj(?kg(O) + Rs(a,b).
1
p 2 p
with |R3(a,b)| < %((Z\aj\)3+( 1b;]) > < 3P <Z!aj!3+!bj\3)-

J=1 J=1 Jj=1

T

M@

Proof of Lemma [I8. We use Taylor expansion of second order for functions with bounded
partial derivatives of order three. It is well-known that

g(a) —g(0,) = Zajajg(op) + % Z a;ax0;0kg(0p) + R3(a)

jk=1
. )P < Lsp
where |R3(a Z la;])” < Z| a;|?.
By writing a similar expression for g(b) — ¢(0,) and substracting them the result follows. [

Proof of Lemma [I7l For simplicity of the notation we shall prove it first for f((X,Z)) —
f((Y,Z)). We start by applying Lemma [I8 to real and imaginary part of f and obtain

d
Y (XiXj = YiY)0;0,f (04, Z) + Ry,
7,k=1

d
1
f(X.2) - ]le ~Y))9; (04, Z) + 5

with |Rs| < =2— Lyd” (Z|X |3+Z|Y| )

By taking the expected value and taking into account the hypothesis of independence and the
fact that X and Y are centered at expectations and have the same covariance structure, we
obtain, for all 1 < j <d

E((X; —Y;)9;f(04,2)) = (EX; — EY;)ED; f (04, Z) = 0
and, for all 1 < k,j < d,
E(XyX; — Y3Y;)0;0, f (04, Z) = (E(X)X;) — E(Y3Y;))EO;0, f (04, Z) = 0.
It follows that

Ef(X, Z)—Ef(Y Z) = R3,
with |Rs| < =2— Lyd” (Z|X |3+Z|Y| )

It remains to note that the result remains valid for any permutation of variables (X,Z). The
variables in X,Z can hold any positions among the variables in function f since we just need
all the derivatives of order three to be uniformly bounded. The difference in the proof consists
only in re-denoting the partial derivatives; for instance instead of 9; we shall use dy; where k; ,
1 < kj < d+ m denotes the index of the variable X in f(z1,z2, ..., Zgym)- O

We provide next a technical lemma on the behavior of the expected value of Stieltjes trans-
form of symmetric matrices with Gaussian entries. In Lemma [I9 and Proposition 20 below, we
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consider a stationary real-valued centered Gaussian random field (Gy.¢)(x,¢)cz2 With covariance
function given by: for any (k,¢) € Z? and any (i, j) € Z2,

E(GreGij) = Yi—i—j

satisfying (@) and (7). We define then two symmetric matrices of order n, G, = n~" 2[gk,g]g7£:1
and W,, =n~1/ Q[Whg]z s—1 Where the entries g, and W}, 4 are defined respectively by

1
= Grax min and Wiy=—=(Gre+ Grp) -
ke (k,£),min(k,£) k0 \/5( k0 Z,k)

Lemma 19 For any z € C\R the following convergence holds:

lim ‘E (Sg, (2)) —E(Swn(z))| =0.

n—oo

As a consequence of this lemma and Theorem 2 in [I3], we obtain the following result
concerning the limiting spectral distribution of both G,, and W,.

Proposition 20 For any z € C\R, Sg, (2) and Sw, (z) have almost surely the same limit, S(z),
defined by the relations (8)) and (@).

Proof of Lemma According to Lemma [I6] for any z € C\R,

|E(Sg,(z)) — E(Sw, (2))| < 5 > D |Cov(Ghy,Gij) — Cov(Wie, Wij)|.

n2|Im(z) Im
1<€<k<n 1<j<i<n

Taking into account (7)), we get

E(WhkeWij) = Ve—ij—j + Ye—jo—i - (53)

Hence,

IE(Sg, (2)) — E(Sw,(2))| < nzum > > el

1<Z<k<n 1<5<i<n
Using (7)) and noticing that by stationarity 7, = v—u,—, for any (u,v) € 72, we get
Yoo el <2 > D kel
1<0<k<n1<j<i<n 1<0<k<n 1<j<i<k

By simple algebra, we infer that, for any positive integer m,, less than n,

(56, () ~ E(5,)| < s (2230 3 ol + 3 3 )

p=0g=-n p>mn qEZ
for any z € C\R. The lemma then follows by taking into account (6l) and by selecting m,, such
that m,, — oo and m,/n — 0. O
Proof of Proposition The Borel-Cantelli lemma together with Theorem 17.1.1 in [15]
imply that, for any z € C\R,

lim |Sg,(2) — E(Sg,(2))| = 0 and nh_)rrgo |Sw, (2) — E(Sw, (2))| =0 a.s.

n—oo

Therefore, the proposition follows by Lemma [I9] combined with Theorem 2 in [I3] applied to
E(Swn (z)) Indeed the entries (Wy, ¢)1<k ¢<rn of the matrix nl/2W,, form a symmetric real-valued
centered Gaussian random field whose covariance function satisfies (53)). Hence relation (2.8)
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n [I3] holds. In addition, by (@) , condition (2.9) in [I3] is also satisfied. At this step, the
reader should notice that Theorem 2 in [I3] also requires additional conditions on the covariance
function ~y ¢ (this function is denoted by B(k, ) in this latter paper), namely vi ¢ = Yo, = Ve, —k-
In our case, the first holds (this is (7)) but not necessarily v, = v/,—x since by stationarity we
only have v, = v_¢ ;. However a careful analysis of the proof of Theorem 2 in [13] (and in
particular of their auxiliary lemmas) or of the proof of Theorem 17.2.1 in [I5], shows that the
only condition required on the covariance function to derive the limiting equation of the Stieljes
transform is the absolute summability condition (2.9) in [I3]. It is noteworthy to indicate that, in
Theorem 2 of [13], the symmetry conditions on the covariance function -y, , must only translate
the fact that the entries of the matrix form a stationary symmetric real-valued centered Gaussian
random field, so i ¢ has only to satisfy v, = ver = v—¢,— for any (k, /) € 72, ]

6 Appendix: proof of Theorem [11]

By using inequality (41]) together with the Borel-Cantelli lemma, it follows that, for any z € C*,

nh—>Holo |Sx,.(2) —E(Sx,(2))| =0 almost surely.

To prove the almost sure convergence (24)), it suffices then to prove that, for any z € C™,

lim |E(Sx,(z)) —E(Sg,(2))] =0. (54)

n—oo

We start by truncating the entries of the matrix X,,. Since Ag holds, we can consider a decreasing
sequence of positive numbers 7, such that, as n — oo,

Tn =0, Ly(7,) = 0 and 7,v/n — oo. (55)

Let X,, = [X l(ctlﬁ)mlzl be the symmetric matrix of order n whose entries are given by:

54 = X

(n)
: < ~ B

X0 <ry)

Define X,, := n~1/2X,,. Using (B5), it has been proved in Section 2.1 of [10] that, for any z € C*,
nh_)ngo |E(Sx,(2)) —E(S%,(2))| =0.

Therefore, to prove (54]) (and then the theorem), it suffices to show that, for any z € C*,
Tim [E(Sg, () ~ E(S5, ()| = 0. (56)

The proof of (B6]) is then divided in three steps. The first step consists of replacing in ([B6l), the
matrix G,, by a symmetric matrix G,, of order n whose entries are real-valued Gaussian random
variables with the same covariance structure as the entries of X,,. The second step consists
of "approximating” X,, and G,, by matrices with ”big square independent blocks” containing
the entries spaced by ”small blocks” around them containing only zeros as entries. Due to the
assumption Ag, the random variables contained in two different big blocks will be independent.
The third and last step consists of proving the mean convergence (56) but with X,, and G,
replaced by their approximating matrices with independent blocks. This step will be achieved
with the help of the Lindeberg method.

Step 1. Let G, = [G,(gng]zézl be the symmetric matrix of order n whose entries (G,(gng, 1<
¢ < k < n) are real-valued centered Gaussian random variables with the following covariance
structure: for any 1 </ <k <nandany 1l <j<i<n,

E(G)G) = B(X{) X)) (57)

n
2¥)
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There is no loss of generality by assuming in the rest of the proof that the o-fields a(é,(g 2 1<
¢ <k <n)and O’(X]gng) , 1 <0 <k <n) are independent.
Denote G,, = ﬁ@n. We shall prove that, for any z € CT,
lim |E(Sg,(2)) —E(Sg,(2))] =0. (58)
Applying Lemma [T, we get
E(Ss,(2) —ESe,(0)| < o S Y [EGIG) - BGNG™)) (59)
Gn Gn = 0302 ke ™i,j AN AR

1<0<k<n 1<j<i<n

where v = Im(z). Recall now that E(Gl&né)GEZ)) = E(X,gnZ)X(n.)) and E(Gl&né)é(-@) = E(X,gnZ)X-(m .

Hence, setting b, = 7,,4/n, we have

E(G")GY)) —E(G)GN) = Cov(x)7), X)) — Cov (X1 X"

X7 I<bn X |<bn )-

Note that

n) n n
Cov (X, x (™) —COV(XIEJ)I‘X(”)'%” X )1|X<n)|<,, )

— COV(XIgZ)l\X,g’;?|<bn’Xz‘(z)1|x.(’%)|>b ) + Cov (X Igz)1|X,§f’Z\>bn X(j)l\xff;)bbn)
—}—COV(XIEK)].' |55, ,X( )ll ™|<h, )
implying, by Cauchy-Schwarz’s inequality, that
|Cov (X1, xV) —Cov(X,if‘g)l‘Xm o X >1|X(n)|<b )|
< (X |1\X§Z~)\>bn) + 25, E(| X} |1\X£’,}?\>bn) + 2||Xz‘(3)1|x§f})|>bnH2||X/£TL€)1|X£’,’Z\>bn||2

(n))24 (n))2
<3E(|1X;}[*1 f;)\>bn) +3E(|1 X, 1IX,§?€)I>%) .
Note also that, by assumption Ag,

|C°V(X’gt?1lxli%§bn’X@'(Z)I\Xf?\gbn) Cov (X, X,7)|

- 1ie[’“‘K”“+K11j€V—W+K]‘COV(XIE?Z)I\X,E?ISWXi(g)lwxf?lsz;n) Cov (X7, X7
So, overall,
+ 3E(|X 11 n€)|>bn)1z‘e[k—K7k+K}1je[£—K,£+K]-

Hence, starting from (59) and taking into account the above inequality, we derive that

n

12 i (
2 ZE |ang 21X(,})|>bn).
=1¢=1 ’

[E(Sg, (2)) — E(Sg,(2))

which converges to zero as n tends to infinity, by assumption As. This ends the proof of (G8]).
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Step 2: Reduction to matrices with independent blocks. Let p := p,, such that p,, — oo, p,/n — 0,
and 7,p — 0. Clearly we can take p, > K, p, + K <n/3, and set

=q, = —1. 60
a=m=|—7] (60)
Let

Ii=[tp+K)+1,lp+K)+p| NN and &= {(u,v) € I, x Ip_1}. (61)
For any k=1,...,q, and any ¢ = 1,...,k, we define now real matrices By, ; of size p x p whose

entries consist of all the Xf[,i? for (u,v) € & . More precisely,

Byg = {bre(i-5) }; ,, where by (i, j) = X;i?;m)ﬂ,(zq)(mmﬂ- (62)
Similarly, we define real matrices Bj , of size p x p whose entries consist of all the G‘% for
(u,v) € Ek . Therefore,

BZ,Z = {bz,é(zaj)}ijzl Where blt:,é(zaj) = GS(LZ);JFK)JFL(gfl)(pJFK)JFj N (63)

Using the blocks By, we construct now a n X n matrix, }N(n, by inserting 0’s. Actually we start
from the matrix X,,, keep the blocks By, and B,{K and replace all the other variables by 0’s.

For the sake of clarity we describe the south-western part of the matrix f(n below, the other
part being constructed by symmetry.

Oxp Oxr i

Bl 1 0p7K Op,p

Oxp Orxrkx Oxp Oxx

o~ Bs1 0px  Bap 0O, 0y

X, = ’ ’ , (64)
By11 Opr Byg-12 Oprx Bg-13
OKJ, OKJ( OK,p OK,K OKJ, OK,K
Bq,l 0, K Bq72 0p,x Bq,3 Bq,q 0p,p
Om,p Om,K Om,p Om,K Om,p Om,K Om,p Om,m

where m =m,, =n—q(p+ K) — p. (~}n is constructed as )~(n with the B} , in place of the By, .
In what follows, we shall prove that, for any z € CT,
11113010 |E(5%, (2)) — E(Sggn(z)ﬂ =0 and nlgr;() IE(Sg, () — E(S@n(z)ﬂ =0, (65)
with §§n = n’1/2)~(n, ([N}n = n’l/zén.

To prove it we first introduce two other symmetric n X n matrices Xn = [)? ;i"g)]ﬁ +—; and

~

én = [Glgng) 1% oy constructed from X,, and G,, respectively, by replacing the entries by zeros in
square blocks of size p around the diagonal. More precisely, for any 1 <1i,j < n,

X" =0 if (i,5) € U oEesr and XY = X otherwise

and

GEZ) =0 if (1,7) € UZZOEMH and GEZ) = C_JEZ) otherwise
where we recall that the sets £ ¢,1 have been defined in (&Il). Denote now X, = ﬁf(n and
G, = LG,
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By Lemma [I4] we get, for any z = u +iv € CT, that

B (S5, (2)) ~ B(Sg, () < E(|5, () — 5z, (2)]") < 7 B(Tr((Xy — X))
Therefore,
E(S5,(2)) ~ (S5, )/ < =5 E(X% )

But HX'Z(Z)HOO < 27,v/n. Hence,

4

n2vt

4
(g + Dppran < — e ToDn -

2
£(55, () ~E(Sg, () <
By our selection of p,, we obviously have that 72p, — 0 as n — oo. It follows that, for any
z€CT,
Jim |E(S%, () —E(Sg (2))| =0. (66)
With similar arguments, we get that, for any z = u +iv € CT,

[E(Sg, (2) — E(Sg,(2)]" < n2v4 Z Z

0 (4,5)€E,0

But HG ||2 = ||X ||2 So, as before, we derive that for any z € CT,

lim |E(Sg, (2)) —E(Sg (2))| =0. (67)

n—oo

From (66) and (67)), the mean convergence (65]) follows if we prove that, for any z € C*,

lim [E(Sg (2)) —E(S% (2))| =0 and JLI&O‘E(S(@”(Z)) —E(Sz, (2))| =0, (68)

n—o0

For proving it, we shall use rank inequalities. Indeed, notice first that, for any z = u +iv € CT,

1S5 (2) = Sz ()] = (/xizdpfin(x)—/xizdﬁ?n(x)(
<| [P e T

v

Hence, by Theorem A.43 in Bai and Silverstein [2],
7'(' o~ ~
!Sgn(z) — Sf&n(z)‘ < %rank(Xn —X,) .

But, by counting the numbers of rows and of columns with entries that can be different from
zero, we infer that

rank(Xn - §~§n) < 2(q K +my) < 2(np 'K +p+ 2K).

Therefore,
2
S5 (2) = 55 (2)] < %(Kpfl +pn~l42KnY).

With similar arguments, we get
|5z (2) — Sz (2)] < —QW(K L rpnt42KnY)
G, g, () = —-(Kp~ +p :
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Since p = p,, — oo and p,/n — 0, as n — oo, (68) (and then (G3])) follows from the two above
inequalities. Therefore, to prove that the mean convergence (B6]) holds, it suffices to prove that,
for any z € CT,

lim |E(Sg (2)) —E(Sg ()| =0. (69)

n—oo

This is done in the next step.

Step 3: Lindeberg method. To prove (69]), we shall use the Lindeberg method. Recall that the
o-fields O'(G](:g, 1 <?¢<k<n)and O'(X]S}), 1 < ¢ <k < n) are assumed to be indepen-
dent. Furthermore, by the hypothesis Aj, all the blocks (By,) and (Bj,) 1 < ¢ <k < g are
independent.

The Lindeberg method consists of writing the difference of expectations as telescoping sums
and using Taylor expansions. This method can be used in the context of random matrices since
the function f, defined in (49), admits partial derivatives of all orders (see the equality (17) in
Chatterjee [8]). In the traditional Lindeberg method, the telescoping sums consist of replacing
one by one the random variables, involved in a partial sum, by a Gaussian random variable.
Here, we shall replace one by one the blocks By, by the ”Gaussian” ones B,’;g with the same

covariance structure. So, starting from the matrix )~(n = f(n(O), the first step is to replace its
block By, 4, by By, .., this gives a new matrix. Note that, at the same time, Bg;,qn will also
be replaced by (B;mqn)T. We denote this matrix by )Nin(l) and re-denote the block replaced by

B(1) and the new one by B*(1). At the second step, we replace, in the new matrix X, (1),

the block B(2) := By, 4,—1 by B*(2) := B, , 1, and call the new matrix X,,(2) and so on.
Therefore, after the g,-th step, in the matrix X,, we have replaced the blocks B(g, — ¢+ 1) =

By, ¢, ¢ =1,...,q, (and their transposed) by the blocks B*(¢, — ¢+ 1) = By, 0=1...,qn

(and their transposed) respectively. This matrix is denoted by in(qn) Next, the ¢, + 1-th step
will consist of replacing the block B(g, + 1) = By, ~1,4,-1 by By, 1,1 and obtain the matrix

)Nin(qn +1). So finally after ¢, (g, + 1)/2 steps, we have replaced all the blocks By, and Bg’z of
the matrix X,, to obtain at the end the matrix Xy, (¢n(gn + 1)/2) = Gn.

Therefore we have

kn

E(S; (2)) —E(Sz (2) = (E(Sggn(kfl)(z)) - E(Sggn(k)(z)» . (70)

k=1

where k;, = gn(qn +1)/2. _ N

Let kin {1,...,k,}. Observe that X,,(k — 1) and X,,(k) differ only by the variables in the
block B(k) replaced at the step k. Define then the vector X of RP? consisting of all the entries
of B(k), the vector Y of RP® consisting of all the entries of B*(k) (in the same order we have
defined the coordinates of X). Denote by Z the vector of RN-7* (where N = n(n + 1)/2)
consisting of all the entries on and below the diagonal of X,,(k — 1) except the ones that are in
the block matrix B(k). More precisely if (u,v) are such that B(k) = By, then

X = ((buw(iy5))j=1,pr i=1,...,p) and Y = ((b},(4,4))j=1,..p, i =1,...,p)

where by, (,7) and b}, (i, 7) are defined in (62]) and (G3]) respectively. In addition,

where &, , is defined in (6Il). The notations above allow to write

E(Sz, 41y (2) —E(Sg, ) (2) = Ef(n(X,Z)) - Ef (n(Y,Z)),
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where f is the function from R to C defined by @) and 7 : RY — R¥ is a certain permutation.
Note that, by our hypothesis A3 and our construction, the vectors X, Y and Z are independent.
Moreover X and Y are centered at expectation, have the same covariance structure and finite
moments of order 3. Applying then Lemma [I7] from Section [l and taking into account (B0), we
derive that, for a constant C' depending only on Im(z),

Cp4 >(n ~(n
[B(Sz, () ~E(Sz, ) < 25 > (BOXS P +E(GET ) -

(4,5)€Eu,v
So, overall,
kn
Z’E(S?gn(k—n(z)) _E(Ssin(k) n5/2 Z Z < +E(’G ’ )) (71)
k=1 1<l<k<q (i ,])egw

By taking into account that
E(X[) < 2 /rE(X[7 )
and also
~(n ~(n 3/2 (n 3/2 n
E(IGT ) < 2 (BIGE )Y =2 (BOXTP)*? < dm /B X5P)
it follows from (70)) and (7T)) that, for a constant C” depending only on Im(z),
1,4

E(S5, () ~ E(Se, ()] < T2r S0 B(XSP)

1<j<i<n

which converges to 0 by A; and the selection of p,,. This ends the proof of (69) and then of the
theorem. O
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