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Exercise 1. Check that the following functions are primitive recursive.

(a) + : N× N→ N, (a, b) 7→ a+ b and · : N× N→ N, (a, b) 7→ ab

(b) sg : N→ N and sg : N→ N and pd : N→ N with

sg(0) := 0, sg(x+ 1) := 1, sg(0) := 1, sg(x+ 1) := 0, pd(0) := 0, pd(x+ 1) := x

(c) − : N× N→ N, (a, b) 7→ a− b if a ≥ b and (a, b) 7→ 0 otherwise. (Use pd.)

(d) For P ∈PRPn+1 the function µbP : Nn+1 → N given by

µbP (k, x1, . . . , xn) :=

{
min{y ≤ k; | P (y, x1, . . . , xn)} if such a y exists
k + 1 otherwise

Exercise 2. Prove Thm. 1.10 of the lecture: The class PRP is closed under the following.

(a) If P,Q ∈PRP, then ¬P, P ∩Q,P ∪Q ∈PRP. (Use Ex. 1(b).)

(b) If P ∈PRPn+1, then ∃bP, ∀bP ∈PRPn+1. (Use Ex. 1(d).)

(c) If P ∈PRPm and f1, . . . , fm ∈PRFn, then {x ∈ Nn | P (f1(x), . . . , fm(x))} ∈PRPn.

Exercise 3. The Ackermann function f : N× N→ N is defined by:

f(0, y) := y + 1, f(x+ 1, 0) := f(x, 1), f(x+ 1, y + 1) := f(x, f(x+ 1, y))

Just for fun, try to find the value f(4, 2) in the internet (but not in the universe).

(a) If you want, check:

1. f(1, y) = y + 2 and f(2, y) = 2y + 3

2. f(x, y) > x+ y and f(x, y + 1) > f(x, y) and f(x+ 1, y) ≥ f(x, y + 1)

3. For all x1, . . . , xn there is an x such that for all y:
∑n

i=1 f(xi, y) ≤ f(x, y).

(b) Prove that for any g ∈PRF, there is an x with g(x1, . . . , xn) < f(x,
∑n

i=1 xi).

(c) Check that fn := f(n, ·) ∈PRF for any n ∈ N, but f /∈PRF.

Hints: Use (a) and the inductive definition of PRT for (b); use Thm. 1.14 for fn ∈PRF;
use (b) for f /∈PRF.


