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The propositional parts PP (F ) of an L-formula F are:

• If F is an atom formula F = Pt1 . . . tn, then PP (F ) = {F}.

• If F = ¬G, then PP (F ) = {F} ∪ PP (G).

• If F = G1 ◦G2, with ◦ ∈ {∧,∨}, then PP (F ) = {F} ∪ PP (G1) ∪ PP (G2).

• If F = QxGu(x), with Q ∈ {∀,∃}, then PP (F ) = {F}.

Let PA be the set of all formulas F with PP (F ) = {F}. A Boolean interpretation is a
map B : PA→ {false, true}. For F /∈ PA, we put:

• If F = ¬G, then B(F ) = ¬B(G).

• If F = G1 ◦G2, with ◦ ∈ {∧,∨}, then B(F ) = (B(G1) ◦ B(G2)).

• If F = G1 → G2, then B(F ) = (B(G1)⇒ B(G2)).

If B(F ) = true for all Boolean interpretations, we write �b F .

Exercise 1. (a) If S and Φ is an L-interpretation, show that BS
Φ(F ) := F S [Φ] defines

a Boolean interpretation.

(b) Using (a), prove that �b F implies � F .

(c) Give examples of formulas F with �b F , and counter examples for the converse
direction in (b).

Exercise 2. Let ϕ : S1 → S2 be an embedding (Def. 6.6). Let LS1 be the extension of
the language L by adding symbols s for all elements s ∈ S1. Let F be an LS1 theorem.

(a) Let F be quantifier free. Show: S1 � F (s1, . . . , sn)⇐⇒ S2 � F (ϕs1, . . . , ϕsn)

(b) Let ϕ be an elementary embedding. Show: S1 � F (s1, . . . , sn)⇐⇒ S2 � F (ϕs1, . . . , ϕsn)

Exercise 3. Ask questions about some details of Gödel’s Incompleteness Theorems.


