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Assignment 10
Hand in on Wednesday, 23.01.2019, before the lecture.

Exercise 1 (2 weeks , 20 points).

(i)

(i)

Let Ay be a GUE(N) and Dy a deterministic NV x N-matrix, such that Dy converges

to d where 1

Hd = 5(571 +641)-

We know that then the eigenvalue distribution of Ay + Dy converges to s B jig.
Check this by comparing the density of usH g with histograms of matrices Ay + Dy
for large N.

Let Uy be a Haar unitary N x N random matrix. Let Ay and By be deterministic
N x N matrices such that Ay converges to a and By converges to b, where

1 1
Ha = 5(5—1 +641), Mo = Z<571 + 200 + 041).

We know that then the eigenvalue distribution of UyAnUj} + Bx converges to
1t BB p1p. Check this by comparing the density of u, H 1, with eigenvalue histograms
of matrices UyANUR, + By for large N.

Exercise 2 (10 points).
Calculate the x-cumulants of a Haar unitary w. (For this compare also Exercise 3 on
Assignment 6.)

Exercise 3 (10 points).
For permutations «, 5 € S,,, we define:

(i)

(i)
(i)

la| :=m — #a, d(a, B) == [Ba™"|

Show that || is equal to the minimal non-negative integer k such that « can be
written as a product of k£ transpositions.

Show that | - | satisfies: |af| < |a| + |B] for all «, B € Syp,.

Show that d is a distance (or metric).



Exercise 4 (10 points).
We put for v = (1,2,...,m —1,m) € S,

Sne(y) i={a € S, | d(e,a) +d(a,y) =m —1=d(e,V)};

i.e., elements in Syc(y) are those permutations in S, which lie on a geodesic from the
identity element e to the long cycle . One can show that Syc(7) is canonically isomorphic
to NC(m); hence one has an embedding from NC(m) into the permutation group S,.

(i) Identify this embedding for m = 1,2, 3, 4.

(ii) Check by a non-trivial example for m = 4 that under this embedding a pair o, 7 in
NC(m) with o < 7 is mapped to a pair «, 8 in S, with a7 8| +|a|+|87 ] = m—1.



