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Exercise 1 (2 weeks , 20 points).

(i) Let AN be a GUE(N) andDN a deterministic N×N -matrix, such thatDN converges
to d where

µd =
1

2
(δ−1 + δ+1).

We know that then the eigenvalue distribution of AN + DN converges to µs � µd.
Check this by comparing the density of µs�µd with histograms of matrices AN+DN

for large N .

(ii) Let UN be a Haar unitary N ×N random matrix. Let AN and BN be deterministic
N ×N matrices such that AN converges to a and BN converges to b, where

µa =
1

2
(δ−1 + δ+1), µb =

1

4
(δ−1 + 2δ0 + δ+1).

We know that then the eigenvalue distribution of UNANU
∗
N + BN converges to

µa �µb. Check this by comparing the density of µa �µb with eigenvalue histograms
of matrices UNANU

∗
N +BN for large N .

Exercise 2 (10 points).
Calculate the ∗-cumulants of a Haar unitary u. (For this compare also Exercise 3 on
Assignment 6.)

Exercise 3 (10 points).
For permutations α, β ∈ Sm we define:

|α| := m−#α, d(α, β) := |βα−1|

(i) Show that |α| is equal to the minimal non-negative integer k such that α can be
written as a product of k transpositions.

(ii) Show that | · | satisfies: |αβ| ≤ |α|+ |β| for all α, β ∈ Sm.

(iii) Show that d is a distance (or metric).



Exercise 4 (10 points).
We put for γ = (1, 2, . . . ,m− 1,m) ∈ Sm

SNC(γ) := {α ∈ Sm | d(e, α) + d(α, γ) = m− 1 = d(e, γ)};

i.e., elements in SNC(γ) are those permutations in Sm which lie on a geodesic from the
identity element e to the long cycle γ. One can show that SNC(γ) is canonically isomorphic
to NC(m); hence one has an embedding from NC(m) into the permutation group Sm.
(i) Identify this embedding for m = 1, 2, 3, 4.

(ii) Check by a non-trivial example for m = 4 that under this embedding a pair σ, π in
NC(m) with σ ≤ π is mapped to a pair α, β in Sm with |α−1β|+|α|+|β−1γ| = m−1.


