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Assignment 5
Hand in on Wednesday, 21.10.18, before the lecture.

Exercise 1 (10 points).
Let f,g: N — C be functions and define the Dirichlet convolution by

n
= d)g(=).
f * g(n) d§|jf< )9(=)
We call a f: N — C multiplicative if f(mn) = f(m)f(n) for all n,m with ged(n,m) =1
and define functions y: N — C by x(n) =1 foralln € Nand § : N — C by

1 =1
5(71):{0’ 27&1;

furthermore, we define the (number theoretic) Mobius function p: N — C by
o u(l)y=1
e 1(n) =0 if n is has a squared prime factor.
o u(n) = (=1)Fif n = p;---pp and all primes p; are different.
Note that y, 0, and p are multiplicative. Show the following.
(i) Let f and g be multiplicative, show that f x ¢g is multiplicative.
(ii) Show that u solves the inversion problem
g=I*x = [=g*p
[Hint: Show that p* x = d.]

(iii) Show that Euler’s phi function satisfies ¢ = f * u, where f is the identity function,
i.e., f(n) =n for all n.
Remark: the only information you need about Fuler’s phi function is that

> pld)=n

din

Exercise 2 (10 points).
Let P = B, be the poset of subsets of [n] = {1,...,n}, where 7' < S means that 7' C S.
(Note that 7" C S includes also the case T'=S.)

bitte wenden



(i) Show that the M&bius function of this poset is given by
u(T,8) = (=1)*>~#1 (T'c S cnl).

(ii) Conclude from Mobius inversion on this poset B,, the following inclusion-exclusion
principle: Let X be a finite set and Xi,...,X,, C X. Then we have

n

#XU-UX) =) (D YT (X NN X))

k=1 1<iy <-<ig<n

[Hint: Consider the functions

f([)z#(ﬂXZ) and g(l)=#{reX|zeX;Viel;o g X;Vj &I}
iel
You might also assume that X = X; U--- U X,,.|

Exercise 3 (10 points).

In this exercise we want to introduce another example of an *-probability space containing
a semicircular random variable, namely the full Fock space. Let (V ,(-,-)) a inner product
space over C and €2 € V be a unit vector, called vacuum vector. Then we define the full
Fock space by

F(V)=coePver
n=1

and an inner product by extension of
(M@ @V, w1 @ -+ @wj)Fvy = 045 (V1, Wr) - .. (v, W;).
Defining the vacuum expectation
p: A:=End(F((V)) = C, a~ (Q,aw)rw)

makes (A, ¢) into a *-probability space Let v € V' be a non-zero vector, then we define a
linear operator on F (V') by

[(V)Q=v, (VMR QU,=VRV X Ry,
and its adjoint by
Fo)2=0, )@ - Qu, = (v,01)v3 ® -+ R vy.
(i) Show that xz(z) = l(v)+1*(v) is a semicircular element in (A, ¢), if v is a unit vector.

(ii) Let U; L Uy orthogonal subspaces in V' and u; € U; unit vectors. Show that [(u)
and [(uy) are x-free, i.e. alg(1,l(uy),*(u1)) and alg(1,l(ug), [*(uz)) are free.

Exercise 4.
Let (A, ¢) be a s-probability space.

(i) Assume that ¢ is a trace, show that k,, is invariant under cyclic permutations, i.e.
Kn(ay,ag, ... an) = K(ag,...ap, a1)
for all ay,...,a, € A.
(i) Assume that ¢ is invariant under all permutations, i.e. p(a; ... an) = @(as() - - - Ao(n))

for all o € S,, and n € N. Are the free cumulants x,, invariant under all permutati-
ons?



