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Assignment 8
Hand in on Wednesday, 19.12.18, before the lecture.

Exercise 1 (10 points).

A free Poisson distribution u), with parameter A > 0 is defined in terms of cumulants by
the fact that all free cumulants are equal to A. Calculate from this the R-transform and
the Cauchy transform of p,. Use the latter to get via the Stieltjes inversion formula an
explicit form for p.

[Note that for A < 1 the distribution has atomic parts.|

Exercise 2 (10 points).
Let ¥y and x5 be free symmetric Bernoulli variables; i.e., z; and xy are free, 22 = 1 = 22,
and )

Pay = Hay = 5(0-1+ 041).

(i) Show directly, by using the definition of freeness, that the moments of x; + x5 are
given by
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(ii) Show that the moments from (i) are the moments of the arcsine distribution, i.e.,

show that )
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Exercise 3 (10 points).

(i) Let A > 0 and v be a probability measure on R with compact support. Show that
the limit in distribution for N — oo of

A A an
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has free cumulants (k,),>1, which are given by

Fn = A-my(v), where  m,(v) = /t”du(t)

is the n-th moment of v.



[A distribution with those cumulants is called a free compound Poisson distribution
(with rate A and jumb distribution v).]

(ii) Let s and a be two free selfadjoint random variables in some *- probability space
(A, ) such that s is a standard semicircular element and a has distribution p, = v.
Show the following. The free cumulants of sas are given by

Kn(sas, sas, ..., sas) = p(a") for all n > 1,

i.e., sas is a compound Poisson element with rate A = 1 and jump distribution v.



