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Einleitung

K -Theorie hat das Studium von Operatoralgebren revolutioniert.”

Bruce Blackadar

Es gibt eine topologische K-Theory (Atiyah-Hirzebruch, 60er Jahre des
letzten Jahrhunderts); diese verfolgt den Ansatz, Vektorbiindel mit algebrai-
schen Methoden zu untersuchen. Daraus entwickelte sich die K-Theorie fiir
C*-Algebren in den 70er Jahren des letzten Jahrhunderts. Parallel entwickelt
haben sich die Ext-Theorie und die K-Homologie-Theorie, die zusammen mit
der K-Theorie von Kasparov in den 80ern in die K K-Theorie zusammengefiihrt
wurden. Auflerdem gibt es noch die E-Theorie (Connes-Higson, 90er Jahre des
letzten Jahrhunderts), das ist bivariante oder auch equivariante K-Theorie mit
Gruppenwirkungen. Baum-Connes-Vermutung.

Die Idee, die der K-Theorie zugrunde liegt, ist

— K1 T
{C*-Algebren} {Abelsche Gruppen},

\M

der Funktor K, ,zahlt Projektionen®, der Funktor K, ,zdhlt Unitare®. Ist
A= B, soist K;(A) = K;(B) fur i € {0,1}.

Das Elliot-Programm stellt sich die Frage, wann man ,zuriickgehen kann®,
beziehungsweise wann man eine Klasse € C {C*-Algebren} mit der Eigenschaft,
dass wenn K;A = K;B auch gilt A= B fir A, B € €.

Klassifikationsresultate im Rahmen des Elliot-Programms sind:

Satz .1 (Tikcaisis, White, Winter): Seien A, B separable, unitale, einfache,
unendlich-dimensionale C*-Algebren mit endlicher nuklearer Dimension, die

die universelle Koeffizienteneigenschaft haben. Dann gilt A = B genau dann
wenn Ell(A) = Ell(B).

Satz .2 (Eilers, Restorff, Ruiz, Sgrensen): Seien I'y und I'y endliche Graphen.
Es gilt C*(T'y) = C*(T'y) genau dann, wenn EI'(C*T') = EIl'(C*Ty).



Inhaltsverzeichnis

Fir von Neumann-Algebren entspricht K-Theorie in etwa der Typenklassifi-
zierung; also mehr oder weniger ,nutzlos®.
Schone Eigenschaften der K-Theorie sind:

e Funktorialitéat: Ist ¢: A — B ein *~-Homomorphismus, dann ist ¢, : K;(A) —
K;(B) fir ¢ € {0,1} ein Gruppenhomomorphismus; es ist (¢ 0 1), = ¢, 0 ¥y,

e Homotopieinvarianz: Sind ¢,9: A — B homotope *~-Homomorphismen,
dann ist o, = 1),; ist A ~, B, dann ist K;A = K;B.

e Stabilitat: Es ist K;(M,(A)) = K;(A) und K;(A® K(H)) = K;(A), wenn
H ein separabeler Hilbertraum ist,

e Bott-Periodizitét: Man kann fiir n € IN auf nattrliche Weise K,,(A) defi-
nieren und zeigen, dass K,;2(A) = K,,. Es gibt also nur Ky und K.

e Ausschneidung: Ist

0—JT ‘3 A-2.B— 50

eine kurze exakte Sequenz, d.h. ¢ ist injektiv, ¢ ist surjektiv und ¢(I) = ker ¢,
also B~ A/I und I < A, dann ist

K()[ E— K()A —_— K()B

T |

KlB — KlA — K1[
exakt und gibt es ¢: B — A mit ¢ o1 = idp, so heifit die Sequenz split exakt.
In diesem Fall ist K;A = K;B @ K;I.
e Korrespondenz zum Klassischen: Es gilt K,(Cy(X)) = K™(X).

Ziele fiir die Vorlesung sind:

(a) Definiere Ky und K, weise obige Eigenschaften nach,

(b) Konkrete Berechnungen von K-Theorien von bestimmten C*-Algebren
(oft benotigt man dafiir lediglich Eigenschaften, nicht die Definition von K
und K;),

(¢) Blumige Bemerkungen.



Kapitel 1.

Aquivalenzrelationen auf Unitiiren

Definition I.1: Seien G eine topologische Gruppe und ¢;, g» Elemente von G.
Wir sagen, g; und g, seien homotop, in Zeichen g, ~, go, falls es einen stetigen
Pfad ~: [0,1] — G mit v(0) = g1, ¥(1) = g2 gibt.

Wir nennen G die Zusammenhangskomponente des neutralen Elements von
G,also Go:={g€G|g~ne} CG.

Lemma 1.2: Homotopie ist eine Aquivalenzrelation auf G und Gy C G ist eine
Untergruppe.

Beweis: Ist g € Gy, dann ist g~ homotop zum neutralen Element per (7; )efo,1);
d.h. g7' € Gy. Sind ¢; und g, homotop zum neutralen Element via (7, ):epo,1
beziehungsweise ('yf)te[Q”, dann auch ¢;¢s per (%1%2)156[071}. O

Definition I.3: Sei A eine unitale C*-Algebra. Dann ist
U(A) :={u € A unitér}

eine topologische Gruppe mit neutralem Element 1 mit Zusammenhangskom-
ponente des neutralen Elements Uy(A) := {u € U(A) | u ~y 1}.

Lemma 1.4: Seien A eine unitale C*-Algebra und uw € U(A).
(i) Gilt |1 —u|| < 2, dann gibt es ein selbstadjungiertes h € A mit u =
e ~p 1, d. h. u e Uy(A),
(ii) Es ist Uy(A) = {e1 ... ethn | hy, ... h, € A selbstadjungiert,n € N},

(iii) Ist B eine weitere unitale C*-Algebra und o: A — B ein unitaler surjek-
tiver *-Homomorphismus, dann gilt o(Uy(A)) = Uy(B).



Kapitel I. Aquivalenzrelationen auf Unitéren

Beweis: (i) Es gilt —1 ¢ Spu C $', da ||1 — u|| < 2 (Funktionalkalkiil).
Die Funktion €'": [0,27) — {m} — $' — {1} ist invertierbar mit stetiger Um-
kehrfunktion arg. Wegen des Funktionalkalkiils ist arg: Spu — A eine wohl-

definierte reell-wertige Funktion, d.h. h := arg(u) is selbstadjungiert. Es gilt
ih _ iarg(u) __
e"=e = u.

Fiir die Homotopie setzen wir «y, := e fiir t € [0, 1]; es ist also v(0) = 1 und
(1) =u

(ii) , D% Mit 7, 1= eltht ... elthn jgt elh ... elhn ) 1,

LC“ Fiir u ~p, 1 via (v¢)iejo,1) wahle eine Zerlegung 0 =t < --- < t, =1
mit || y(tir1) — 7(t:)]] < 2 (so eine Zerlegung gibt es wegen der Stetigkeit von
t — 7). Dann gilt

w=(1) = y(tn)V(tn-1) " Y (tno1)V(tne2) " Y (Etnzz) - - Y (E2)V(t0) " (t0),

wobei y(tj41)7(t;) " = exp'™, denn

11—~ (ta)y(ti) M = (v (1) = Y (E)Y (&) ] < Ily(tica) — ()| < 2.

(iif) ,C“: Esist o(el - elfn) = elo(h) ... ¢lolhn) € [ nach (ii).

,2% Sei v = elht ... el € Uy B. Da o surjektiv ist, existieren h/,..., ! € A
mit o(hi) = h;. Setze g; = (b} + hi). Es gilt weiter (g;) = h; und fiir
ui=e9 ... e ist o(u) = v. O

Lemma L5: (i) Es ist Uy(M,(C)) = U(M,(C)).
(ii) Ist A eine unitale C*-Algebra, so ist Uy(A) C U(A) eine normale Unter-
gruppe,
(iii) Sind u,v € U(A) mit ||u — v|| < 2, dann sind u und v homotop,

(iv) Die Zusammenhangskomponente Uy(A) des neutralen Elements ist offen
und abgeschlossen in U(A).

Beweis: (i) Fir u € M,(C) ist Spu endlich, also ist ein Zweig des Logarith-
mus stetig (sieche Beweis von Lemma 1.4).

(ii) Sei u € Up(A) mit der zugehorigen (7;)iejo,1), Weiter sei v € U(A). Dann
ist vuv* homotop zu 1 vermaége (vy:0* )01, also ist vuv* € Uy(A) und Uy(A)
ist normal in U(A).

(iii) Es gilt [|1 — u*v|| = ||u*(u — v)|| < |Ju —v|| < 2, nach (Lemma 1.4) ist
also u*v homotop zu 1 und damit ist v = u(u*v) homotop zu w.



(iv) Zur Offenheit: Sind v € Up(A) und v € U(A) mit ||u — v| < 2, dann
liefert (iii) dass v ~j u ~p 1, d.h. B(u,2) C Uy(A) fur alle u € U. Zur
Abgeschlossenheit: Sei (uy,)nen eine Folge in Up(A) mit Grenzwert u € U. Dann
gibt es eine natiirliche Zahl N mit ||juy — u|| < 2, nach (iii) also u ~, uy ~p 1,

Lemma 1.6: Sei A eine unitale C*-Algebra. Dann gilt in U(My(A)):

u uv vu v
v) " 1) 1) u)’
Insbesondere gilt (* ) ~n (11).

Beweis: Fiir ¢t € [0, 1], setze

Es gilt v, € U(M2(A)), da

. ) I S Y (O 1 R I (P |
() ()

via v, == €'"(* ), damit ist






Kapitel 11.

Aquivalenzrelationen fiir
Projektionen

Definition I1.1: Seien A eine C*-Algebra und p, ¢ € A seien Projektionen (d. h.
p=p'=pq=q=q")
(i) Die Projektionen p und ¢ heiflien Murray-von Neumann-équivalent, in
Zeichen p ~ ¢, falls es ein v € A mit v*v = p, vv* = ¢ gibt.

(ii) Die Projektionen p und ¢ heilen Unitar-dquivalent, in Zeichen p ~, g,
falls es u € U(A) mit upu* = q gibt,

(iii) Die Projektionen p und ¢ heiflen Uj-dquivalent,in Zeichen p ~, ¢, falls
es u € Up(A) mit upu™ = ¢ gibt,

(iv) Die Projektionen p und ¢ heiflen homotop, in Zeichen p ~;, g, falls es
einen stetigen Weg v: [0, 1] — A gibt, sodass v(0) = p, v(1) = g und ()
eine Projektion fiir jedes t € [0, 1] ist.

Bemerkung I1.2: Ein Element v € A ist eine partielle Isometrie (d. h. v = vv*v)
genau dann, wenn v*v eine Projektion ist, was genau dann gilt, wenn vv* eine
Projektion ist.

Fir v mit v = vo*v gilt (v*v)(v*v) = v*v. Ist v*v eine Projektion, so ist

lv—vv*o|]? = [|[(v—vv*v)(v—vv*V)|| = ||[v*v—v VvFV—v Vvt vt utor vt = 0.

Ist v € B(H) eine partielle Isometrie, dann ist v: (v'v)H — (vv*)H eine
Isometrie.

Beispiel I1.3: Ist H ein Hilbertraum mit dim H < oo, so ist A = M,(C) =
B(H). Zwei Projektionen p, g € A sind Murray-von Neumann-dquivalent genau
dann, wenn pH = ¢H; also wenn rank p = rankgq.

11



Kapitel II. Aquivalenzrelationen fiir Projektionen

Lemma I1.4: Die Aquivalenzbegriffe fiir Projektionen aus|Definition II.1| sind
in der Tat Aquivalenzrelationen.

Beweis: Fiir die Transitivitat: Seien p, ¢ und r Projektionen in A mit p ~ ¢ ~ r.
Dann sind p = v*v, ¢ = vv* = w*w = ww*. Mit z := wv ist

p:y*(vv*)vzz*zwzz*... O

Lemma I1.5: Sei A eine unitale C*-Algebra, p und q seien Projektionen in A.
Ist ||p—ql| <1, dann ist p ~,, q.

Beweis: Setze x :=2p—1,y := 2¢—1. Dann gelten x = 2*, y = y*, 22 = 3> = 1,
d.h. z und y sind Symmetrien, insbesondere also Unitédre. Damit ist zy € U(A)
und es gilt

11— 2yl =[xz —y)|| < |lz—yll =2]p—ql <2

Nach (Lemma 1.4) (i) gibt es ein selbstadjungiertes h € A, sodass zy = e und
yr = ( y) —1h‘
Die Abbildung
a: A— A, a — rar”

ist ein *~Homomorphismus, da z unitar ist. Des Weiteren ist arg(zy) = h,
arg(yx) = —h, wobei arg die Funktion aus dem Beweis von (Lemma 1.4) (a) ist.
Da gilt a(ry) = 2*yx =y, ist a(h) = (arg(l’y)) = arg(a(zy)) = arg(yz) =
—h. Setze jetzt u := e~(/2h ¢ Uy(A). Fiir die Funktion g definiert durch
g(t) = e~/ haben wir a(u) = a(g(h)) = g(a(h)) = g(—h) = e~ 12", also
ist uru* = r(rur)u* = ra(u)u* = ve@/Dhel/2h = pry = 4 was

x (35 + 1) .yt
upu* =u =" =yq.
P 2 2 1 o
Proposition I1.6: Sei A eine unitale C*-Algebra und p,q seien Projektionen in

A. Dann gilt
P~ <P~y q=—=P~q=DP~(.

Beweis: ,p ~;, ¢ = p ~y, ¢“: Sei p ~}, ¢ durch die Homotopie (7;)icpo,1]. Wegen
der Stetigkeit von t +— 7, finden wir eine Zerlegung 0 = tq < --- < t,, = 1,
sodass ||v(ti—1) —v(t:)]| < 1. Wegen (Lemma IL.5) gibt es u; € Uy(A), sodass
wiry(ti—1)uf = y(t;). Setze u =y ---u, € Uy(A). Dann ist

upu® = Uy - - - ury(to)uy - un = y(tn) = q.

12



WD ~Uy 4 = P~ ¢ Fir u € Up(A) mit upu® = ¢ haben wir eine Familie
(Ve)eeqo,1) in Up(A) mit vy = u, v = 1. Via ;1= ppy; ist nun p ~y, .

»D ~uy, ¢ = p ~u ¢“: Das ist klar, da Uy(A) eine Teilmenge von U(A) ist.

WD~y ¢ = p~q“: Sei u € U(A) mit upu* = ¢q. Das Element v := up leistet
v*v = p und vv* = ¢, was wir zeigen wollten. ]

Proposition IL.7: Betrachte A= (4 ) C My(A) als C*-Unteralgebra. Ferner
seien p und q Projektionen in A. Dann gilt p ~, q in My(A) genau dann, wenn
pr~qin A.

Beweis: ,=“: Nach (Proposition 11.6) gibt es u € Uy(Mz(A")) mit upu* = ¢,
wobei A" eine Unitalisierung von A ist. Setzen wir v := up so ist

v = up = (upuYup = qup = (q O) u (p O) c (A 0) C My(A) € My(A)

und v*v = p, VV* = q.
,<"*: Sei v € A mit v*v = p und vv* = ¢. Dann ist

A

das gesuchte Unitare, denn

w0 Y
(0-n 278 TR -6)

Wegen u ~y, I, wissen wir

s )l

durch
cos(t
A\ —sin(e
Schliellich ist

IMEINIE

(") ~n (") in Ma(A). N

13



Kapitel II. Aquivalenzrelationen fiir Projektionen

Lemma I1.8: Seien A eine unitale C*-Algebra, p,q,p’,q Projektionen in A,
sodassp L q,p L ¢ (d-h.pg=0,p'¢ =0), p~p undq~ q. Dann gilt
pra~p +d.

Beweis: Seien v, w € A mit v*v = p, vv* =P, w*w = ¢, ww* = ¢’. Dann ist
w'v = wrww vy =0 = wo’,

d.h. (v4+w)*(v+w) = viv+wrw = p+q, (v+w)(v+w)* = v +ww* = p'+q¢ .0

14



Kapitel I1I.

Definition of K

Definition III.1: For a C*-algebra A consider the embedding

My(A) — Myi(4), @ (’03 8)
and put Moo (A) := Upew Mn(A) = {(a;;)ijen | aij € A, only finitely many a; ; # 0}.

Bemerkung II1.2: (i) If Aisa C*-algebra, then also M, (A) := {(a;;)1<ij<n |
a;; € A}. Indeed: Let m: A — B(H) be a faithful representation and
define

7 My(A) — B(H") = My(B(H)),  (aig) — (n(aiy)).

Then 7™ is a faithful representation. Put ||(a; ;)| = |7 (ai ;)| p@rny. With
this norm, M,,(A) becomes a C*-algebra and we have

n
12[}3.?;””%3'” < |[(aiy)]l < zIJZIHCMJW

(ii)) We have M,(A) C My (A), i.e., we have a C*-norm on M (A) via
2|l = ||| as,a) for @ € M, (A) = My (A), but M, (A) is not complete
with respect to this norm, i.e., M (A) is not a C*-algebra itself.

Definition III.3: For a C*-algebra A put
H(A) = {[p]~ | p € M(A) is a projection}.

Lemma IT1.4: (i) [-] is the equivalence class with respect to ~, ~p, ~y, ~y,.

(ii) H(A) is an abelian semigroup via [p|+[q| == [p'+ ], where p ~p', g ~ ¢
with p" L ¢ (i.e., p'¢ =0). The neutral element is [0].

15



Kapitel III. Definition of Ky

Beweis: (i) Let p,q € M (A), i.e., p,q € M,(A) for some n € N. If p ~ ¢
in M, (A) we have p ~, ¢ in My, (A) C My (A) via [Proposition I1.7|

If now p ~p, q in M, (A), then p ~p, q in My(M,(A)) = My, (A) C My (A)
and thus via [Proposition I1.6| we have p ~ ¢ in My, (A) C My (A).

(ii) There are p/, ¢’ such that p = p' := (7)), ¢ := (°,) ~ ¢ and independent
of the choice of p’ and ¢ let p, ', p”, q, ¢, ¢’ be projections in M (A) with
P~ p/ Np”, g~ q/ ~ q// and p/ s q/’ p// 1 q//'

NOW gives p/ + q/ ~ p// + q//’ thus [p/ + q/] — [p// + q//]‘

Associativity and commutativity are easily checked, just like the fact that
[0] is the neutral element. O

Definition ITL.5: Let H be an abelian semigroup and let A := {(z,z) | v € H}.
Then G(H) := H x H/A is called the Grothendieck group of H. Here
(a1,b1) ~ (ag,b2) <= F21,20 € H : (a1 + 21,b1 + 21) = (a2 + 22, ba + 23).

In the following, we write (a,b)® for elements in G(H).

Lemma II1.6: Let H be an abelian semigroup and G(H) be its Grothendieck
group. Then G(H) is indeed an abelian group with neutral element (x,x)* and
inverse element (b,a), given (a,b)*.

Beweis: We have (a,b)*+(z,2)* = (a+x,b+x)* = (a,b)® and (a, b)*+(b,a)* =

(a+b,a+b)* is the neutral element. Furthermore, since H already was abelian,
we have

(a,0)* + (¢,d)* =(a+c,b+d)°* = (c+a,d+b)* = (c,d)* + (a,b)®,

thus G(H) is an abelian group. O

Beispiel II1.7: If we take the abelian semigroup (IN, +), the Grothendieck group
G(IN) is nothing else but (Z, +).

Lemma IIL.8: (i) The Grothendieck map
p: H— G(H), a— (a+z,2)°

is a semigroup homomorphism. It is neither injective nor surjective.

16



(ii) The Grothendieck group has the following universal property: If : H — G
is a semigroup homomorphism, where G is a group, there is one and only
one group homomorphism

a:GH) — G

with a((a,b)®) = ¥(a) — ¥(b) and a o ¢ = 1. In particular, G(H) =
{v(a) —¢(b) [a,bc H}.

(iii) We have functoriality, i.e., for all semigroup homomorphisms «: H — H’
there is one and only one G(«): G(H) — G(H') such that the diagram

18 commutative.

Beweis: (i) We have

o(a+b) = (a+b+z,z)* = (a+bt+a+z, x+2)* = (atx,2)*+(b+z,2)* = p(a)+p(b).

(ii) The map « is indeed a group homomorphism, since

a((a,b)® + (¢, d)®)

a((a+c¢,b+d)*)
Y(a+c)—P(b+d)
P(a) =9 (b) +¥(c) — P(d) = a((a, b)*) + al(c, d)*).

Furthermore it holds

(a0 9)(a) = al(a +2,2)°) = bla+2) — ¥(x) = ¥(a).
Suppose there was ' such that o’ o ¢ =), then
a((a,0)*) = ¥(a) = ¢(b) = o'(p(a)) — /(b))
"((a+x,2)%) — ' ((b+z,2)°%)
"((a+z,2)*) + ' ((z,b+ x)°)
"(a+z+z,b+z+2)°) =d((ab)*)

and ¢(a) — ¢(b) = (a,0)*.

17



Kapitel III. Definition of Ky

(iii) Using (ii), we define ¢ := ¢’ o & and thus get a map G(«) such that it
holds G(a) o p = ¢p = ¢’ 0 @, i.e., we are in the situation

H— 5 H

l\w\. |#
G(H) > G(H)

¥

0

Definition II1.9: Es sei H(A) = {[p] | p € Unenw Mn(A) Projektion}, H(A)
ist eine Halbgruppe und die Aquivalenzklassen sind beziiglich ~, ~;, ~p,, ~p.
Dann ist

=
=
!
«Q
=
=
!

H(A) x H(A)/diagonal.

Berechnung II1.10: (i) K,({0}) = {0}.

(i) Ko(C) = Z.
We have H(C) = {[p] | p € M (C) is a projection} = Ny, since
projections p, q € M, (C) are Murray-von Neumann equivalent if and only
if rank p = rank q.

18



Kapitel 1V.

Functoriality, additivity, finite
stability, homotopy invariance and
the standard picture of K

Eigenschaft IV.1: The map
Ky: {unital C*-algebras} — {abelian groups}
is functorial, i.e.,

(i) If p: A — B is a unital *~homomorphism, then there is a group homo-
morphism Ko(¢) = p.: Ko(A) — Ko(B),

(ii) If we have unital *~homomorphisms ¢: A — B and ¢: B — C, then it
holds Ko (3 0 @) = Ko(¥) © Ko(¢).

Beweis: (i) Given a unital *-homomorphism ¢: A — B, a — ¢(a), we get
homomorphisms

Moo(p): Moo(A) — Moo(B), (ai5) — (p(aiy))
H(p): H(A) — H(B), [Pl — (Moo () ()]
Ko(p): Ko(A) — Ko(B),  ([p],[4])*) — ([Moo(9) (P)], [Mos () (0)])

Eigenschaft IV.2: The functor Ky is additive, i.e., Ko(A®B) = Ko(A)® Ko(B).

Beweis: The direct sum A@ B = {(a,b) | a € A,b € B} is a unital C*-algebra
via the pointwise operations and the norm ||(a, b)|| := max{||al|, ||b] }.
It holds

{((aij, bij)h<ijent = Mu(A®B) = M, (A)®M,(B) = {((ai;)i<ij<n: (bij)i<ij<n}s

thus M (A @ B) = My (A) ® M (B), HA® B) = H(A) ® H(B) and thus
via [Lemma I11.8| (ii), we get Ko(A @ B) = Ko(A) & Ko(B). O

19



Kapitel IV. Functoriality, additivity, finite stability, homotopy invariance and the
standard picture of K

Eigenschaft IV.3: The functor K is finitely stable, i.e., Ko(M,(A)) = Ky(A).

Beweis: We have injections
j: A— M,(A), :El—)(sy 0),

thus Moo (7): My(A) = Mo (M, (A)) = M, (A) is a bijection. Hence H (M, (A)) =
H(A) and Ky(A) = Ko(M,(A)). O

Berechnung IV.4: (i) K((M,(C)) = K(C) = Z,
(i) Ko(C") = Ko(DiL, C) = @iy Ko(C) = 2.

(iii) If A is a finite-dimensional C*—algebr, then A = @F | M,,,(C) and
thus Ko(A) = Z*.

Definition IV.5: Let A and B be unital C*-algebras

(i) If @ and f: A — B are unital *~homomorphisms and there are unital
*-homomorphisms (¢¢)cjo1], Wwhere ¢;: A — B for t € [0,1], such that
t — ¢i(a) is continuous for all @ € A, o = a and ¢, = 3, we call a and
B homotopic and write a ~y, 3.

(ii) If there are unital *~homomorphisms a: A — B, §: B — A such that
aofl ~yp,idpg, Boa ~y, idy, we call A and B homotopic and write A ~;, B.

(iii) If A ~, 0, we call A contractible.

Bemerkung IV.6: Two unital *-homomorphisms «,  are homotopic if and
only if there is a map ¢: A — C([0,1], B) :={f: [0,1] — B continuous} with
poevyg=a, poevy = [, where

ev,: C([0,1],B) — B, fr— f(x).

Lemma IV.7: Let A be a unital C*-algebra.

(i) We have A ~j, C(]0,1], A),
(ii) We have Cy((0,1], A) ~ 0, CA := Cy([0,1), A) ~4, 0.

!Those are always unital.
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Beweis: (i) The set C([0,1],A) := {f: [0,1] — A continuous} is a C*-

algebra with pointwise operations and || f|lo := sup,ejo1jlf(?)[oo- Consider
the maps
a: A— C([0,1], 4), ar— (t—a),
5: 00,1, 4) — A F s £(0),

pe: C([0,1], 4) — C([0,1], 4), @u(f)(s) = [(ts).

Then foa = idya, o = aoB and ¢, = idg(o,1),4), i-e., it holds Boa = id4 ~p idg
and « o B ~j idC([O,l}),A)-

(ii) The set Cy((0,1], A) = {f: (0,1] — A continuous | f(0) = 0} is a non-
unital C*-algebra with pointwise operations. Similarly as above, consider the
maps

a: 0 — C([0,1], A), 0+ (t+—0),
B:C([0,1],4) — 0, f— £(0),
e C([0,1], A) — C([0,1], A),  @u(f)(s) = [(ts).
Then foa =idy and 0 = a o B ~y, idgy((0,1],4)- ]

Eigenschaft IV.8: The functor Ky is homotopy invariant, i.e.,

(i) If o ~p, B, then Ko(a) ~p Ko(5),
(ii) If A ~, B, then Ky(A) ~j Ko(B).

Beweis: (i) Take (¢1)ico], where ¢o = av and @1 = 3. Then [M(¢1)(p)] =
[Ms(¢0)(p)], since [-] is with respect to ,,~,%, i.e., H(y;) is contant and thus
Koy(p;) is constant.

(ii) Let a: A — B, 5: B — A with ao 8 ~}, id, S o« ~y, id. By (i), we thus
have

Ko(a) o Ko(B) = idky(B), Ko(B) o Ko(a) = id(a) - [

Berechnung IV.9: (i) It holds Ky(C([0,1],A)) = Ko(A) via (4.7), (4,8); in
particular it holds Ky(C(]0,1])) = Z.

(i) If Ais contractible, then Ky(A) = 0. In particular it holds Ky (Cy((0,1], A)) =
Ko(CA) = Ko(Co((0,1]) = 0.
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Kapitel IV. Functoriality, additivity, finite stability, homotopy invariance and the
standard picture of K

Definition IV.10: Let A be a not necessarily unital C*-algebra. Then we define

K{(A) :==ker K{(c) C Ky(A), where
o: A—C, (a,\) — A
and A is the unitalisation of A. Here Kj(o): Kj(A) — Z

Lemma IV.11: Let A be a unital C*-algebra. Then the definitions (4.10) and
(3.9) coincide.

Beweis: If A is unital, then A = A@C as C*-algebras. Then K)(A) = Ky(A)®
K| (C) and ker K{|(0) = K((A), since

c: AeC— C, (@, A) —> A

and kero = A< A. O

[14

Since K|, and K, coincide, we omit the ,,’“ in the following.

Bemerkung IV.12: K (from Definition (4.10)) has all properties (4.1), (4.2),
(4.3), (4.8) also for non-unital C*-algebras.

Proposition IV.13 (Standard picture):

(1) Ko(A) = {(p], [1)* | [p], [1] € H(A),0(p) ~ 1n € Mo(C)}, 02 A = C,

(i) 1t holds ([p], [1.])® = 0 if and only if there is some natural number k such
that ("1, ) ~ lpsx,

(iii) 1t holds (([p], [1n])® = ([q], [1m])® if and only if there is some natural
number k such that ("1, )~ ("1,,,).

Beweis: (i) , 2% Let [p], [1,] € H(A), o(p) ~ 1,. Then

Ko(o)([p], [1a])* = (lo(p)], [o(1n)])* = ([1a], [1a])* = 0,

i.e., ([p], [1n])® € ker Ko(0) = Ko(A). )
»C“ Let ([pl, [q])* € Ko(A) = ker Ko(o) and let p,q € M,A. Put v :=
170 '5") € Ma, A. Then v is unitary and it holds v(?;_,)v* = (') and thus
(*1.4) ~ (' ). Now this implies

]

st = ([ )) = (O L))
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(i) ,<*“: We have

whl = (|(7 )] ) = (i sl =0

([pl, [1n])® = 0, then there is some projection g € Mk(fl) such that

()] =[(" )] e,

D 1n
1, —q 1 —¢q

(iii) ,,<=*: It holds

kb= (|7 g )| emend) = ([(4 )] eme) =

,=“: Suppose there are projections r, s € M, A such that ([p] + [r], [L.] + [r]) =
(lg) + [s]; [Lm] + [s]). Then (7 ,.) ~ (?5), (') ~ (') and thus

p q
p
( 1 >~ - ~ |
b Li—y Ly

which concludes the proof. [l
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Kapitel V.

Continuity and stability of K,

Proposition V.1: Let

P1 p2 2
Al A2 Ag An*n>14n+1*>

be an ,inductive system“ of objects (A,)nen and morphisms (on)nen, here

(i) A, be C*-algebras and ¢, be *-homomorphisms,

(ii) A, be groups and ¢, be group homomorphisms.

There exists a unique element (up to unique isomorphism) ligwn A,, the ,in-
ductive limit“ and morphisms @, A, — lim A,, in the cases (i) and (i) with
the following universal property: For all (,) and B there is one and only one
B that renders commutative the following diagram:

¥n lim A,
e
¢n+l
-
An e An+1 B
~
:Bn+l
Bn é

In general, the inductive limit does not exist in arbitrary categories.

Beweis: We define 2 := {(z,)nen | n € A, IN € NV > N 201 = @rn
an equivalence relation on sequences via (2, )nen ~ (Yn)nen if there is a natural
number N such that for all n > N it holds z, = y,“, a norm on 2/~ via
[[(@n)nen]|| = lim[[zy|[a, for [(zn)nen] € A/~, lim Ay = A/~ /{[(2n)nen] |
1[(Enuen] | = 0} and 2,(@) = [(0,- -, 0,2, 9u(x), @nis (0ala)), ... )] for & €
A,.
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Kapitel V. Continuity and stability of K

Then we have the following properties: ,,~“ is an equivalence relation, for a
sequence (Z,)pen € A and N € N with x,.1 = p,(x,) for all n > N it holds
that for all n > N we have ||zp414,,, = [|€n(@n)]| 4y < |20l a,, i€, lim]jz,||
exists.

Il is & C*-seminorm on 2/~ lim A4, is a C*-algebra, ,(z) € lim A, and
P, A, — lim A, is a *~homomorphism.

Now to the construction of 5: Let [(z,)nen] € lim A,,, i.e., there is a natural
number N such that for all n > N it holds z,,+1 = ¢n(x,). Thus for n > N it
also holds 5, (x,) = Bnt1(¥n(xn)) = Bas1(xns1). This allows us to define

Bll(@nnen)) = lim Bu(2,) = Bu(ew).

and now it holds 5p, = (,, the uniqueness can be seen from the diagrams.
For the uniqueness of lim A,,: If we had two limits lim A,,, A’, the universal
properties of each of them granted that the homomorphisms § and 5 were
inverse isomorphisms, i.e., 5o 3 = idjn 4, -
For groups, we don’t need norms and can do a similar construction. 0

Korollar V.2: If we have a chain of C*-algebras Ay C Ay C --- C A, then
lim A,, = cl(U,ew An) C A is the direct limit where @, A, — Apy1, ©— .

Beweis: We have to show that cl(U,cn An) has the universal property from
IProposition V.1 Define 8: cl(Upew An) — B via (|a, = fn and extend. O

Proposition V.3: Let (A, ¢,) be an inductive system.
(i) For x € lim A, there is a sequence (xn)new with x, € Py (An,) and
Ty — x, t.e., lim A, = cl(Unew @, (40)).

(i) If Unen Bn(A,) C B is dense, then [ is surjective. If all 3, are injective,
so is [3.

(iii) If all A,, are simple, so is lim A,

(iv) Also {™: M, (An) = Myi1(Anya), (aij) = (on(aiy)) is an inductive
system and lim M,,(A,)) = M,,(lim A,,).

(v) It holds lim A, = lim A,

Beweis: (i) Let « € lim A, = clj(&/~/{|l[(z»)]]| = 0}). Then there are
sequences (y*)rew C A/~ with y* — z and y* = [(y*)nen]. For y* there is
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a natural number Nj such that for all n > Ny it holds y*., = ¢,y*. Put
Tk = Pp, (?JJkVQ € Py, (An,). Then

T = [(07 cee 7Oa yjlifkv @Nky]’ifkv QONk-i-l‘:ONky;ﬂVka cee ]7

yk = [(Z/f? s 7y5€\/k717 y?\fka @Nkyjk\f,c? PN+1P N5 - - ']7

ie., z, =y* = .

(i) Since Upen fn(A,) C B(lim A,,) and S(lim A,,) is closed, § is surjective.
If all g, are injective, we have: If 0 = B([(z,)]) = By (zn), then zx = 0 since
B is injective and thus

[(xn)] = [(T1, - -, TN, PNTN, PN 1ONTN, - - )] = [0].
Assertions (iii) - (v) are left as exercises for the reader. O

Definition V.4: Let (A,,¢,) be an inductive system where all A, are finite-
dimensional. Then lim A,, is called an approximately finite-dimensional algebra.

Beispiel V.5: (i) The family (M,(C))pen with M,,(C) — M, 1(C),z — x
has inductive limit lim M, (C) = K(H), where H is a separable Hilbert space
over C.

(ii) The family (Ms,(C))nen with the inclusions

My (C) — M3, (C),  x+— (‘5 2)

has inductive limit lim My, (C) =: My~ (C), a so-called UHF algebra.

Eigenschaft V.6: The functor K is continuous, i.e., it holds
KO(@ A, = hgq Ko(A,).

$n Ko(cpn)

Beweis: We are in the situation

A
wn+1
Ko(¢n) -
? KO(AH) ? An+1 B
~
Ko(®Ppt1)
~ ~
Ko(®n) Ko (hm An)
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Kapitel V. Continuity and stability of K

Making the simplifying assumptions that all A, are unital and that all @, are
injective, we have lim A,, = clU,en An-

Let ([p], [1.])® € Ko(lim A,,) where

nelN

is a projection. Then there is (z,)nen, where z,, € My A,, such that z,, — p.
Put h, := z}x,; then h, — p*p = p and h2 — h, — p* —p = 0, i.e., there is
some natural number N and some 0 < h € M (Ay) with ||[p — k|| < 1/2 and
|h? — h|| < 1/4. Consider the function

Fo00,1/2)U(1/2,3/2] — R, f(t) = {(; iii %/12/23)/,2].

Then [|id — f|ooc < 1/2. We have 1/2 ¢ Sph C [0,3/2] since ||h]] < ||h — p|| +
Ipl <1/24 1 and h >0 and [[idg, , —idspl|o= ||h? — A|| < 1/4.

Hence, f is continuous on Sp h and ¢ := f(h) € M(Ay) is a projection with
lp = qll < llp = Al + lh = f(R)} <1/2+1/2 =1, thus by (IL5), p ~y, ¢ and
thus by (I1.6), p ~ q.

Thus Ko(@y)([a) [L])* = ([a) [L])* = ([P [L])* and thus § is sujective.
Assume B([p], [1.])* = B([q], [1m])® € Ko(lim A,,). Then, by (IV.13), we have

()= ()

Thus, by I1.6 and I1.7 there is some unitary u € M, lim A, with () ~y (7).
By functional calculus as above there is some unitary u' € M, Ay such that
(") ~u (%), hence by IV.13 we conclude ([p], [1.])® = ([q], [Ln])®. O

Eigenschaft V.7: The functor K| is stable, i.e., Ko(A ® K) = Ky(A), where
K = K(H) for some separable Hilbert space.
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Beweis: We can consider the sequences

C—— M, (€C) —— M,.1(C) K
x> (" o)

s M(A) ——— My(A) — ... — ARK
z (")

s Ko(My(A)) — Ko(M, 1 (A) — ... — Ko(A)

I I
o Ko(A) —— Ko(4) —— ... — Ko(4) 0

Berechnung V.8: (i) Ky(K) = Ky(C) =7,
(i) For the family (M2, (C))nen from [Beispiel V.5| (ii) we have the diagram

Ko(My(C)) —— Ko(My(C)) —— Ko(Ms(C)) — ...

| ! !
v v v
Z 2 z 2 Z 2

and thus Ko(My=(C)) = Z[1/2], where
Z[1)2] :={m/2" |m € Z,k € N} C Q.

(iii) For a separable Hilbert space H, we have Ky(B(H)) = {0}.

To see this, let p € M, (B(H)) = B(H") be a projection. Then p = (¥ ) L
(°,) in M,41(B(H)), but (?,) ~ (°,) since both are infinite projections.
Hence [p] +[(° )] = [(* 1] = [(° )], hence

([pl: [aD)* = (Il + [(" D) [g] + 171 D) = (L LI D) = 0.

(iv) If M is a factor of type I, Il or III, then Ky(M) = 0 as in (iii).
Adding (9 ) yields equivalent infinite projections.

(v) If M is a factor of type Iy, then Ky(M) = R. We have the dimension
function D: {projections in M} — R and thus a function

D*: H(M) — R,  [p| — Du(p),
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Kapitel V. Continuity and stability of K

where p € M, (M) is a projection, which is well-defined since ,If p ~ ¢, then
D, (p) = D,(q)“ holds by construction and it is a semigroup homomorphism,
since

D*([p] + [q]) = D*([p + ¢']) = D*([¢']) + D*([¢']) = D*([p]) + D*([q])-

By the universal property there is one and only one group homomorphism
a: Ko(M) — R such that

This map « is surjective, since for r € R there are some natural number n
and ¢ € [0, D(1)] such that nt = |r|. For said ¢, we find a projection p; with
D(p,) =t and thus D*([diag(py,...,p:)]) =n and D(p;) = |r|. Now

a([(diag(pe, .., p)],0)" = Irl, (0, [diag(pe, ..., p)])* = —[r|.
This map « is injective, since we can calculate
Dn(p) — Dn(q) = a([pl, [q])* = a([r], [s])* = Dn(r) = Du(s),
i.e., D,(p'+5)=D,(r'+¢) and thus p' + s’ ~ ' 4+ ¢'. Hence we have
([P, [a])® = ([p] + [s], [q] + [s])* = (Ip"+ &L [a] + [s])® = ([a] + [r]. [a] + [s])" = ([r], [s])*.

Satz V.9: Let A and B be approximately finite-dimensional algebras. Then
A= B holds if and only if

(Ko(A), K5 (A),T(A)) = (Ko(B), K¢ (B),I'(B)).

Here, K§(A) = H(A) ordered per [p] < |q] if and only if p ~ ¢ < q and
L(A) ={[p| | p is a projection in A}.

Beispiel V.10: We have Ky(M,(C)) = Z, Kj(M,(C) = N, I'(M,(C)) =
{1,...,n} and Ms(C) 2 M,(C) due to I'.
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Kapitel VI.

Half exactness and split exactness of
Ko

Definition VI.1: Let ... —— A,, —¥n > A, 1 -#n+1- ... be a system of objects
and morphisms.

(i) The sequence is exact, if for all natural numbers n it holds ker ¢, .1 =
im @,

(ii) The sequence 0 —— [ —t— A —=— B —— 0 is exact if and only if
¢ is injective, 7 is surjective and ker 7 = im¢; then called a short exact
sequence.

(iii) The sequence

0——1—= A" 5T B—0

is split exact, if in addition 7 o o = idg. The map ¢ is then called split
(map).
Lemma VI.2: The sequence 0 —— I —1— A —n— B —— 0 is a short ex-
act sequence of C*-algebras if and only if [ <A and B = A/I.
Beweis: If ¢ is injective, we have I C A and I = im: = kerm < A, thus, as 7 is

surjective, B = Akerm = A/I. O

@
Lemma VI.3: If0 —— [ —.— A~r—= B —— 0 is a split exact sequence

of abelian groups, then A= 1 @ B.

Beweis: The map a: I&B — A, (x,y) — t(x)+¢(y) is a group homomorphism.
The homomorphism « is injective, since if a(x,y) = 0, then y = 7(¢(z)+p(y) =
0, i.e., t(x) = 0. Since ¢ is injective, this means z = 0 and thus (z,y) = 0.
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Kapitel VI. Half exactness and split exactness of K

Furthermore « is surjective: Let z € A. If we put x := 2z —p(7(2)) € ker(m) =
im(:) and y := 7(z) € B, then a(t"(z),y) = 2. O

Bemerkung VI.4: The statement in [Lemma VI.3|does not hold for C*-algebras,
ie., A2 I & B. For instance

0 A A=—=C 0

but A2 A® C.

Lemma VL5: [f the sequence 0 1 A—r—7 —— 0 isan ex-
act sequence of groups, then it is also split exact

Beweis: For 1 € Z we find b € A with 7(b) = 1. Put ¢: Z — A, n— >, b
(or n— > (=b) if n < 0). O

Eigenschaft V1.6 (K| is half-exact): If 0 —— [ —+— A —r— B ——0 is
a short exact sequence of C*-algebras, then

Ko(t) Ko(m)

Kol —5 Ko(A) —= Ky(B)

is an exact sequence of groups, i.e., ker Ko(m) = im Ko(¢).

Beweis: ,C“: Since mot = 0 and K is a functor, we have im K(¢) C ker Ky(m).

2% Lot ([p) [L])* € Ko(A) with Ko(m)(p), [1)* = (fr(p)], [1.)* = 0.
Via V.13, there is some natural number k such that (™, ) ~ 1,4 Put
p = ("1,) € My(A), then 7(p') ~ 1,44 € My(B). By I1.6 and 1.7, we find
u € UO(MQN(B)) with um(p')u* = 1,1 and since 7 is surjective, via 1.4 we find
w € Uy(May(A)) such that w(w) = u.

Now m(wp'w* — 1,4x) = un(p)u* — 1,4 = 0, hence wp'w* — 1,1 € kerm =
im¢. Thus there are a,b € I with t(a) = wpw' — Loy, ¢(b) = lpx. Put
q:=a+bel Then ((q) = wp'w*, where ¢ is a projection, since i(q) is a
projection and ¢ is injective. We thus can calculate

([p], [1a])* = ([P], (lna])® = ([(@)); [Lnk])* € im Ko (e). O
Eigenschaft VI.7 (K is split exact): If

0——T——5 A" 5TB—0

is a split exact sequence of C*-algeras, then

Koy

0 —— Kol =" KoAkyr 5 B —— 0

is split exact, i.e., KoA = Kol ® KyB.
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Beweis: Since Ko(7) o Ko(p) = Ko(id) = idg, 5, Ko(p) is a split and Ky(r) is
surjective. Hence, by [Eigenschaft VI.6| we need to show that Ky(¢) is injective.

Let therefore ([p], [1.])® € Ko(I) with Ko([p],[1.])® = 0 and p € My,
ie, p—1, € Myl. By IV.13, there is some natural number £ such that
({®) 1)~ Ingk Put pf = (74,) € My;(I); then ¢(p') ~ 1pis.

By I1.6 and I1.7, there is some u € Uy(MypA) with ue(p/)u* = 1,44 Put
v = pru*u € Myy(A) with 7(v) = 1. Then v — 1 € ker 7 = im ¢, i.e., we have
w € My (I) with t(w) = v (in fact there is wy € Mypd with o(wg) = v — 1;
put w = wg + 1).

Since v is a unitary and ¢ is injective, also w is unitary and

(mou)(p) = (o) ((p 1k> N <1n 1k>>

= (mo)(p—1n) + (mot)(Insk) = 04 Lnps.

Thus t(wp'w*) = vi(p')v* = pr(u*)uc(p)u*pr(u) = er(u*l, 1 pu) = emi(p’) =
©(1nsk) = t(1,41), which means —since ¢ is injective— that wp'w* = 1,44,
hence (* 1, ) ~ 1,14 By IV.13, we then get ([p], [1,])® = 0 in KoI. O

Berechnung VI.8: Let A := {f € C([0,1],M,(C) | f(1) € D, C M,(C)} C
C([0,1], M,,(C)), where D,, denotes the square matrices whose non-diagonal
entries are zero. Then A is a C*-algebra since it is a closed *-subalgebra. The
sequence

0 —— Cp([0,1), M, (C)) A= D, 0
is split-exact, thus

Ko(A) = Ko(Co([0,1), M, (C)) & Ko(Dy) = Ko ® Ko(C") = {0} & Z".
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Kapitel VII.
Ky

Definition VIL1: Let U®(A) := U,en U(M,A),
UOGU) > Ud), o (7))

and Ug(A) := Upnen Ug(Mn(fl). Then u ~ v if v'u € U A defines an equiva-
lence relation on U*(A) and we call K1(A) :=U>®(A)/U(A).

Lemma VIL.2: The following are equivalent:

(i) [u] = [v],
(ii) There is some natural number n and there are u,v € M, A with w ~, v
m Uo(MnA) (7;.6., Ve € MnA)
(iil) u ~p v in UP(A) (ie., v € M, A).

The set K1(A) turns into an abelian group via [u)[v] := [uv], [u]™" = [u*],
e =[1].

Beweis: ,,(i) = (ii): If [u] = [v], then v*u € UA, ie., v*u € Uy(M,A) for
some n € IN. Hence, there is a path (v,) in U(M,A) with vy = v*u, 7, = 1. Put
3 = vy Then 49 = u, 41 =)v, hence u ~p, v in M,A.

L(ii) = (1)“: For (v) in U(M,A) with 7o = u and v, = v, put 5; = v*7, thus
v*u ~yp, 1 and hence [u] = [v].

(i) = (iii)“ is clear.

For ,(iii) = (i) let (v,) in U(M,,A) with 7 = u and 7, = v. Choose a
partition 0 =ty < t; < -+ < t, = with ||9,,, — | < 2. By 1.4, we have
U= Yo ~h Vi, ~h ' ~h Y, = U via a new path in U(Mmax{mo ,,,,, ntn}fl).

Finally, we want to show that K;(A) is an abelian group. We have by Lemma

1.6 that
[ -
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Kapitel VII. K,

Eigenschaft VII.3: K is a functor and it is homotopy invariant.

Beweis: The homotopy invariance is clear by Lemma VIL.2. If we have a mor-
phism ¢: A — B, we get a homomorphism ¢: A — B and thus homomorphisms
U*A — U>®B and U°A — U§°B, i.e., a morphism K;(A) — K;(B). O

Definition VII.4: Let A be a C*-algebra. Then SA := Cy((0,1), A) := A(0,1),
where Cy((0,1), A) is the set of continuous functions f: (0,1) — A with
f(0) = f(1) =0, is called suspension of A.

*

Lemma VIL.5: The suspension S is a functor, i.e., if p: A — B is a *-
homomorphism, then S,: SA — SB defined via

is a *-homomorphism with S oy = S, 0 Sy.
Lemma VII.6:

(i) SA={f:0,1] 2 A|f=A—+g, A eC,gecSA}, ie, SA=Cl.
(ii) M,(SA) = {f:[0,1] = M,A | f=2+g,z € M,(C), g€ M,(SA)}.

Satz VILT: It holds Ko(SA) = K,(A).

Beweis: (1) Construction of a: K(A) — Ko(SA): Let u € U(M,A). Hence,
by Lemma 1.6, (“ ,+) ~ 1 via a path (7)o of unitaries. Put

p: [07 1] _>M2n(A)’ t'_>7t(10)’7:;

this gives a path of projections with p(0) = p(1) = (1), hence p € My, (SA).
Now put a([u]) := ([p], [1.])* € Ko(SA).

(2) Construction of 8: Ko(SA) — K1(A): Let ([p], [1.])® € Ko(SA), hence
p € M,,SA is a projection and without loss of generality, p(0) = p(1) = 1,,. Thus,
p(0) ~p, p(1) via (p(t))tepo,]- By 116, there is some unitary w € M,,(SA) with
wp(0)w* = p(1). Then w(' ;) = wp(0) = p(w = (' ,)w, Le, w = (¥9).
Put 5([p], [1n])® = [u] € K1(A).

Now one can show that indeed o and [ are inverse to each other as maps
which gives the assertion. 0

Korollar VII.8: The functor K has the same properties as K.
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Berechnung VIL.9: (i) K,(C) = U*(C)/US*(C) = {0} (in Lemma 1.5, we
have already shown that U(M,(C)) = Uy(M,(C)).
(ii)) Let M be a von Neumann-algebra. Then K;(M) =0 (if u € M is a

unitary, then u = exp(ih) for some selfadjoint A by the measurable functional
calculus and 7; := exp(ith) does the trick).

(iii) K(C(S')) = Z, since the sequence

constant fcts.

0—— C(S' - {1}) —— sy — ¢ 0

fr—f)
is exact and thus, by Eigenschaft VI.7, we have
Ko(C(S")) = Ko(SC) & Ko(C) = K1(C) ® Ko(C) = Z.

(iv) As a small overview over our recent accomplishments and future goals:

Ky K
@le MHZ<C) Zk 0
K(H) Z 0
Approximately finite-dimensional algebras | depends 0
C([0,1]) Z 0
A0, 1] Ko(A) | Ki(A)
Co((0,1]) 0 0
CA 0 0
Co((0,1)) 0 ?
SA K (A) ?
Type I, I, III factors 0 0
Type II; factors R 0
{f € C([0,1], Mo (C)) | (1) diag} z" 0
C(8h) Z ?
Q(H) = B(H)/K(H) ? ?
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Kapitel VIII.

Long exact sequences

Definition VIIL.1: Let A be a C*-algebra and X be a locally compact space.
Then we denote AX = Cy(X, A).

Lemma VIIL2: The ,X-functor® is exact, i.e., if0 - 1 5 A5 B — 0 is
exact, then 0 — IX — AX — BX — 0 is exact.

Beweis: The map IX — AX, f+— (t — «(f(t))) is injective.

Now for ker mx = im ¢tx: Some function f is in the image of vy if and only if
for all ¢ it holds f(t) € im¢ = kerm, i.e., if and only if f € ker7x.

For the surjectivity of mx: Let f € Co(X), © € B and y € A with w(y) =«
(this is possible because 7 is surjective). Put g(t) := f(t)x and h(t) := f(t)y.
Hence g € BX, h € AX and im(7x) > mx(h) = ¢g. By some partition of unity
argument, we find that such functions g are linearly dense in BX which gives
that 7x(AX) C BX is dense, hence mx(AX) = BX. O

Definition VIIL.3: Let A, B be C*-algebras and a.: A — B be a *~homomorphism.
Then we put

Co = {(w,y) € A B(0,1)) | alx) = y(0)},
Zo = {(z,y) € A® B([0,1]) [ a(z) = y(0)}.
The set C, is called mapping cone, the set Z, is called mapping clyinder.

Lemma VIIIL.4: Let a: A — B be a *-homomorphism.

(i) If v is surjective, then the sequences 0 — keraw — A — B — 0 and

0 —— kera Cq B([0,1)) —— 0
x —— (z,0)

(xﬂy) Y
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Kapitel VIII. Long exact sequences

are exact.

(i) If « is injective, then C, = {f € B(]0,1)) | f(0) € a(A)}.

(iii) If «v is surjective, then

0 SB c, A 0
y — (0,y)
(I,y) — T

18 exact.
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