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Exercise 1. Let (V, 〈·, ·〉) be a �nite dimensional real Hilbert space and let (VC, 〈·, ·〉C) its
complexi�cation. On the �nite dimensional complex Hilbert space F−(VC) :=

⊕
p≥0

∧p
C VC,

called the antisymmetric Fock space, we introduce for each v ∈ VC the linear operators

a(v) : F−(VC)→ F−(VC), w 7→ vxw

and
a∗(v) : F−(VC)→ F−(VC), w 7→ v ∧ w.

Prove the following assertions:

(i) For each v ∈ VC, we have that a(v)
∗ = a∗(v).

(ii) For v1, v2 ∈ VC, we have that

a(v2)a
∗(v1) + a∗(v1)a(v2) = 〈v1, v2〉C idF−(VC) .

(iii) For each v ∈ VC, the operator

x(v) := i(a∗(v)− a(v))

satis�es x(v)∗ = x(v). If v ∈ VC is real (i.e., if v = v holds), the operator x(v) is
selfadjoint and has the norm ‖x(v)‖ = ‖v‖.
How does x(v) for v ∈ VC relate to the Cli�ord multiplication from the left with v?

Hint: For the statement about the operator norm, compute x(v)2 for real v ∈ VC.


