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We recall some basic facts about the Fourier transform on Rn which can be used for the solution of the
following exercises without proof.

(i) Let λn be the Lebesgue measure on Rn. For every function u ∈ L1(Rn, λn), we de�ne its Fourier
transform û = Fu by

(Fu)(ξ) := 1

(2π)n/2

∫
Rn

e−i〈ξ,x〉u(x) dλn(x) for each ξ ∈ Rn,

where 〈·, ·〉 denotes the standard inner product on Rn, i.e., we have 〈ξ, x〉 =
∑n
j=1 ξjxj for each

x = (x1, . . . , xn) and ξ = (ξ1, . . . , ξn) in Rn. It is known that Ff ∈ C0(Rn).

(ii) Let S(Rn) be the Schwartz space, i.e., the space of all smooth functions f : Rn → C satisfying

sup
x∈Rn

(1 + |x|m)|(∂αf)(x)| <∞

for each m ∈ N0 and each multi-index α = (α1, . . . , αn) ∈ Nn0 . The Fourier transform F , if
restricted to S(Rn), has the remarkable property that it induces a bijection F : S(Rn) → S(Rn),
with inverse given by

(F−1v)(x) = 1

(2π)n/2

∫
Rn

ei〈ξ,x〉v(ξ) dλn(ξ) for each x ∈ Rn.

Exercise 1. Consider the Fourier transform F : S(Rn) → S(Rn) on the Schwartz space
S(Rn). Prove the following properties:

(i) For each u ∈ S(Rn) and each multi-index α = (α1, . . . , αn) ∈ Nn
0 , we have that

∂α(Fu) = (−i)|α|F(mαu),

where mα denotes the function

mα : Rn → C, (x1, . . . , xn) 7→ xα1
1 · · ·xαn

n .

(ii) For each u ∈ S(Rn) and each multi-index α ∈ Nn
0 , we have that

F(∂αu) = i|α|mαFu.
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Exercise 2. Let ∅ 6= Ω ⊆ Rn open. Consider a di�erential operator P : C∞(Ω)→ C∞(Ω)
which is of the form

P =
∑
|α|≤m

aα(−i)|α|∂α

for some integer m ≥ 0 and with coe�cients aα ∈ C∞(Ω) for each |α| ≤ m. Let

pP : Ω× Rn → R, (x, ξ) 7→
∑
|α|≤m

aα(x)ξα

be the complete symbol of P . Prove that for each u ∈ S(Rn) and every point x ∈ Ω

(Pu|Ω)(x) =
1

(2π)n/2

∫
Rn

ei〈ξ,x〉pP (x, ξ)û(ξ) dλn(ξ).


