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We recall some basic facts about the Fourier transform on R™ which can be used for the solution of the
following exercises without proof.

(i) Let A" be the Lebesgue measure on R™. For every function u € L'(R™, \"), we define its Fourier
transform 4 = Fu by

(F)©) = Gz [ Eul) (@) for each € € R,

(2m)"/2 Je

where (-,-) denotes the standard inner product on R”, i.e., we have (£, z) = Z;;l &z, for each
x=(21,...,2,) and £ = (&1,...,&,) in R™. It is known that Ff € Co(R").

(ii)) Let S(R™) be the Schwartz space, i.e., the space of all smooth functions f : R™ — C satisfying
sup (1 + [2]™)[(9°f)(z)] < o0
TER™

for each m € Ny and each multi-index o = (ay,...,a,) € Nj. The Fourier transform F, if
restricted to S(R™), has the remarkable property that it induces a bijection F : S(R™) — S(R™),
with inverse given by

(F ') (z) = W /Rn NPy (€) AN () for each = € R".

Exercise 1. Consider the Fourier transform F : S(R") — S(R") on the Schwartz space
S(R™). Prove the following properties:

(i) For each u € S(R™) and each multi-index o = (avy, ..., ) € N, we have that
0°(Fu) = (=) F(mau),
where m, denotes the function

me: R = C, (x1,...,2,) — x"---aom.

(ii) For each u € S(R") and each multi-index o € Njj, we have that

F(0%u) = il*myFu.
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Exercise 2. Let () # Q C R™ open. Consider a differential operator P : C*°(2) — C'*°(Q)
which is of the form
P=>" as(-i)"o"
|a|<m
for some integer m > 0 and with coefficients a, € C*(2) for each |a| < m. Let

P’ OxR" =R, (z,6) — Z Ao ()&

|| <m
be the complete symbol of P. Prove that for each v € S(R™) and every point z € )
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(Pulo)@) = 5y
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