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Exercise 1 (10 points).
Prove the second item from the proof of Lemma 3.6: Let f be a non-commutative function,
then we have for z1 ∈Mn(B), z2 ∈Mm(B) that

∂f(z1, z2)](w1 + w2) = ∂f(z1, z2)]w1 + ∂f(z1, z2)]w2

for all w1, w2 ∈Mn,m(B).

Exercise 2 (10 points).
Let r ∈ N and b0, b1, . . . , br+1 ∈ B be given and consider the monomial f

f(z) = b0zb1zb2z · · · brzbr+1.

(i) Show that f = (fm)m∈N is a non-commutative function. (For this, also give first the
precise definition of all fm : Mm(B)→Mm(B).)
(ii) Calculate the first and second order derivatives of f , i.e.,

∂f(z1, z2)]w, and ∂2f(z1, z2, z3)](w1, w2).

Exercise 3 (10 points).
For a non-commutative function f we define the mappings ∂k−1(z1, . . . , zk)](w1, . . . , wk−1)
by

f




z1 w1 0 . . . 0
0 z2 w2 . . . 0
...

... . . . . . . ...
0 0 . . . zk−1 wk−1
0 0 . . . 0 zk





=


f(z1) ∂f(z1, z2)]w1 ∂2(z1, z2, z3)](w1, w2) . . . ∂k−1f(z1, . . . , zk)](w1, . . . , wk−1)
0 f(z2) ∂f(z2, z3)]w2 . . . ∂k−2f(z2, . . . , zk)](w2, . . . , wk−1)
...

... . . . . . . ...
0 0 0 . . . ∂f(zk−1, zk)]wk−1
0 0 0 . . . f(zk)





Show that for each N ∈ N we have the expansion

f(z + tw) =
N∑
k=0

tk∂k(z, . . . , z, z)](w, . . . , w) + tN+1∂N+1f(z, . . . , z, z + tw)](w, . . . , w)

form ∈ N, z, w ∈Mm(B) and t ∈ C. (You can assume for this that ∂k−1(z1, . . . , zk)](w1, . . . , wk−1)
is linear in the arguments wi.)
Hint: It might be helpful, to consider the matrix

y :=


z tw 0 . . . 0 0
0 z tw . . . 0 0
...

... . . . ... . . . ...
0 0 0 . . . z tw
0 0 0 . . . 0 z + tw


and observe that

y ·

1
...
1

 =

1
...
1

 · (z + tw
)

Exercise 4 (10 points).
Consider the C∗-algebra Mn(C) of n× n matrices over C. We define its upper half-plane
by

H+(Mn(C)) := {b ∈Mn(C) | ∃ε > 0 : Im(b) ≥ ε1},

where Im(b) := (b− b∗)/(2i).
(i) In the case n = 2, show that in fact

H+(M2(C)) :=
{(

b11 b12
b21 b22

)∣∣∣∣ Im(b11) > 0, Im(b11) Im(b22) >
1

4
|b12 − b21|2

}
.

(ii) For general n ∈ N, prove: if a matrix b ∈ Mn(C) belongs to H+(Mn(C)) then all
eigenvalues of b lie in the complex upper half-plane C+. Is the converse also true?


