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Exercise 1. Let ∅ 6= Ω ⊆ RN be open. Suppose that (un)n∈N is a sequence in H(Ω) which
converges locally uniformly on Ω (i.e., uniformly on each compact subset of Ω) to some
function u : Ω→ R. Prove that u ∈ H(Ω).

Exercise 2. For any point x = (x1, . . . , xN) ∈ RN , we set x′ := (x1, . . . , xN−1) ∈ RN−1

and x := (x′,−xN) ∈ RN . We write RN as the disjoint union RN = RN
+ ∪ RN

0 ∪ RN
− ,

where RN
+ := {x = (x′, xN) ∈ RN | xN > 0}, RN

− := {x = (x′, xN) ∈ RN | xN < 0}, and
RN

0 := {x = (x′, xN) ∈ RN | xN = 0}. Note that, for every x ∈ RN , x is the image of x
under re�ection in the hyperplane RN

0 .
Let ∅ 6= Ω ⊆ RN be an open subset which is symmetric under re�ection in RN

0 , i.e., we
have x ∈ Ω for every x ∈ Ω. We set Ω+ := Ω ∩ RN

+ , Ω− := Ω ∩ RN
− , and Ω0 := Ω ∩ RN

0 .
Suppose that u ∈ H(Ω+) satis�es limΩ+3x→x0 u(x) = 0 for every x0 ∈ Ω0. Show that

ũ : Ω −→ R, x 7−→


u(x), if x ∈ Ω+

0, if x ∈ Ω0

−u(x), if x ∈ Ω−

yields a well-de�ned function which is harmonic on Ω.


