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Exercise 1. Let ) £ Q C RY be open and connected. We denote by H, (Q2) the set of all
harmonic functions u :  — R which satisfy u(z) > 0 for all x € Q.

Prove the following assertion: for each choice of x,y € €2, there exists a constant 7 > 0
(depending only on z and y) such that

ru(z) < uly) < vu(r)  forall u € Ho(Q).

Hint: Check that one obtains an equivalence relation ~ on 2 by the following rule: for z,y € , one has
x ~ y if and only if there exists some 7 > 0 such that 7~ !u(z) < u(y) < Tu(z) holds for every u € H ().
Deduce from Harnack’s inequalities that the equivalence class {y € Q | x ~ y} of any = € Q is an open
subset of 2. Finally, use that 2 is connected in order to show that there is only one such equivalence

class.

Exercise 2. Let X be a topological space and let f : X — [—00,00) be an upper
semicontinuous function (i.e., f~'([—00,a)) is an open subset of X for each a € R).

(i) Show that for every limit point y € X,
limsup f(z) < f(y).

Ty
Hint: Recall that by definition

limsup f(x) = inf sup f(x),
Ty Uel(y) zeU\{y}

where U(y) denotes the set of all neighborhoods of y.

(ii) Suppose that K C X is a compact subset. Show that

sup f(z) < o0
zeK

and that there exists some xy € K such that f(zo) = sup,cx f(2).



