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Exercise 1. Let ∅ 6= Ω ⊆ RN be open and bounded with piecewise smooth boundary ∂Ω.
Suppose further that Ω0 ⊆ RN is an open subset such that Ω ⊂ Ω0. Deduce from Gauss'
divergence theorem (Theorem 3.4 in the lecture) that Green's identity∫

Ω

(
u(x)∆v(x)− v(x)∆u(x)

)
dλN(x) =

∫
∂Ω

(
u(x)Dnv(x)− v(x)Dnu(x)

)
dσ∂Ω(x)

holds for all u, v ∈ C2(Ω0), where σ∂Ω is the surface measure on ∂Ω, n : ∂Ω→ RN are the
outer unit normal vectors to the surface ∂Ω, and Dn denotes the directional derivative in
the direction n, i.e., Dnu(x) := 〈gradu(x), n(x)〉.
Hint: Apply Gauss' divergence theorem to both u · grad v and v · gradu.

Exercise 2. Let ∅ 6= K ⊂ C be compact. For any given 2 ≤ n ∈ N, we call

δn(K) := max
(w1,...,wn)∈Kn

∏
1≤i<j≤n

|wi − wj|
2

n(n−1)

the n-th diameter of K; an n-tuple (w1, . . . , wn) ∈ Kn for which the maximum is attained
is called a Fekete n-tuple for K. A Fekete polynomial for K of degree n, for 2 ≤ n ∈ N, is
a polynomial q of the form

q(z) =
n∏

j=1

(z − wj)

where (w1, . . . , wn) ∈ Kn is a Fekete n-tuple for K. Prove the following assertions:

(i) The sequence (δn(K))∞n=2 is decreasing.

(ii) If q is any Fekete polynomial for K of degree n ≥ 2, then

‖q‖1/n
K ≤ δn(K) where ‖q‖K := max

z∈K
|q(z)|.


