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The conjecture:
On a projective non-singular algebraic variety over C, any Hodge class is a rational linear combination
of classes cl(Z) of algebraic cycles.

1.1 Definition: Let (An)n∈Z [(An)n∈Z] be a sequence of R-modules and (dn)n∈Z [(dn)n∈Z] a sequence
of homomorphisms dn : An → An−1 [dn : An → An+1] such that dn ◦ dn+1 = 0 [dn ◦ dn−1 = 0].
Then (A∗, d∗) [(A∗, d∗)] is called a [co]chain complex with boundary operator dn [dn].
The elements of An [An] are called n-[co]chains, the elements of Zn := ker dn ⊆ An [Zn := ker dn ⊆ An]
n-[co]cycles and the elements of Bn := im dn+1 ⊆ An [Bn := im dn−1 ⊆ An] n-[co]boundaries.

1.2 Definition: Let (A, d) be a (co)chain complex. The quotient Hn(A, d) := Zn(A, d)/Bn(A, d) is called
the n-th (co)homology class of (A, d), its elements (co)homology classes and the sequence (Hn(A, d))n∈Z
the (co)homology of (A, d). Two elements from Hn(A, d) are called (co)homologuous.

2.1 Definition: Let E be a vector space on R. A multilinear form of degree p is a map α : E×· · ·×E −→
R that is linear in every component.
α is alternating if α(. . . , vi, . . . , vj , . . . ) = −α(. . . , vj , . . . , vi, . . . ) ∀i 6= j.

2.2 Definition: Let U ⊆ Rn. A differential form of degree p on U is a map

ω : U −→ {alternating multilinear forms of degree p on Rn}

The exterior derivative dω of a differential form ω =
∑

1≤i1<...<ip≤n

gi1,...,ipdxi1 · · · dxip is defined as

dω :=
∑

1≤i1<...<ip≤n

(
∂

∂x1
gdx1 + · · ·+ ∂

∂xn
gdxn)dxi1 · · · dxip

A (p− 1)-differential form α on U is called a primitive function of ω, if dα = ω.
ω is called exact, if it has a primitive function and closed, if dω = 0.

3.1 Definition: A function f : X → Y , X, Y topological spaces, is called a homeomorphism, if f is
bijective, continuous and f−1 is continuous. A topogical space M together with a family (Ui, φi)i∈I

of open subsets Ui and homeomorphisms φi : Ui → φi(Ui) ⊆ Rn, such that M =
⋃
i∈I

Ui, is called a

topological manifold. φ is called a chart, (Ui, φi)i∈I an atlas. The transition maps of an atlas are

φαβ = φβ ◦ φ−1
α

∣∣
φα(Uα∩Uβ)

: φα(Uα ∩ Uβ) → φβ(Uα ∩ Uβ)

4.1 Definition: Let X be a smooth manifold and Ωp(X) the set of smooth p-differential forms on X.
The de-Rham-complex is the cochain complex

0 → C∞(X) ∼= Ω0(X)
d0

−→ Ω1(X)
d1

−→ Ω2(X)
d2

−→ · · ·

where dp : Ωp(X) → Ωp+1(X) is the exterior derivative.
The k-th de-Rham-cohomology Hk

dR(X) is the k-th cohomology group of the de-Rham-complex.

4.2 Theorem: (de Rham, 1931)
The de-Rham-cohomology H∗

dR(X) of a smooth manifold X is isomorph to the singular cohomology in
R, i.e. H∗

dR
∼= H∗

sing(X,R).
For c ∈ Hsing

p (X) the isomorphism is given by

ω ∈ Hp
dR(X) 7−→ (c 7→

∫
c

ω) ∈ (Hsing
p (X,R) ∼= H∗

sing(X,R)


