Seminar: Millenium Problems
The Hodge conjecture 29.11.2017

The conjecture:
On a projective non-singular algebraic variety over C, any Hodge class is a rational linear combination
of classes cl(Z) of algebraic cycles.

1.1 Definition: Let (A,), o, [(A"),cz] be a sequence of R-modules and (d.,),,c;, [(d"), c;] a sequence
of homomorphisms d,, : A,, — A, _1 [d" : A" — A""1] such that d,, o d,, 41 =0 [d* od"™1 =0].

Then (A.,d,) [(A*,d*)] is called a [co/chain complex with boundary operator d, [d™].

The elements of A,, [A"] are called n-[co/chains, the elements of Z,, :=kerd,, C A,, [Z" :=kerd" C A"]
n-[cojcycles and the elements of B,, := imd, 1 C A, [B" :=imd"~! C A"] n-[co/boundaries.

1.2 Definition: Let (A4, d) be a (co)chain complex. The quotient H,(A,d) := Z,(A,d)/B,(A,d) is called
the n-th (co)homology class of (A, d), its elements (co)homology classes and the sequence (H, (A, d))nez
the (co)homology of (A, d). Two elements from H, (A,d) are called (co)homologuous.

2.1 Definition: Let F be a vector space on R. A multilinear form of degreepisamap o : Ex---xE —»
R that is linear in every component.
a is alternating if a(. .., vi, ... v5,...) = —a(...,v5,...,0;,...) Vi §.

2.2 Definition: Let U C R". A differential form of degree p on U is a map
w : U — {alternating multilinear forms of degree p on R"}

The exterior derivative dw of a differential form w = > Gir,... iy A4, -+ - dxy, is defined as
1<iy <..<ip<n

0 0
dw = Z (a 1gdx1 + @gdmn)d% coday,

1<i1<...<ip<n

A (p — 1)-differential form a on U is called a primitive function of w, if da = w.
w is called ezact, if it has a primitive function and closed, if dw = 0.

3.1 Definition: A function f : X — Y, X, Y topological spaces, is called a homeomorphism, if f is
bijective, continuous and f~! is continuous. A topogical space M together with a family (U;, ¢;)icr

of open subsets U; and homeomorphisms ¢; : U; — ¢;(U;) € R™, such that M = |J U;, is called a
il
topological manifold. ¢ is called a chart, (U;, ¢;)icr an atlas. The transition maps of an atlas are

bap = bp 0 ¢;1‘¢Q(UQOU[€) : 0o (Ua NUB) — ¢pp(Us NUp)

4.1 Definition: Let X be a smooth manifold and QP(X) the set of smooth p-differential forms on X.
The de-Rham-complez is the cochain complex
0 1 2
0—C=(X) =X)L ol(x) L oXx) L
where dP : QP (X) — QPTL(X) is the exterior derivative.
The k-th de-Rham-cohomology H (’jR(X ) is the k-th cohomology group of the de-Rham-complex.

4.2 Theorem: (de Rham, 1931)
The de-Rham-cohomology H,(X) of a smooth manifold X is isomorph to the singular cohomology in
R,ie Hjp=H, (X,R).

Force H ;mg(X ) the isomorphism is given by

we HYL(X (crs / (H3™(X,R) = HY, (X, R)

sing



