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1 Partial Di↵erential Equations

Definition 1.1. Let U denote an open subset of Rn.
An expression of the form

F pDkupxq, Dk´1upxq, . . . , Dupxq, upxq, xq “ 0

for all x P U is called a kth order par-
tial di↵erential equation (PDE) where

F : Rnk ˆ Rnk´1 ˆ ¨ ¨ ¨ ˆ Rn ˆ R ˆ U Ñ R is given
and u : U Ñ R is unknown.

Definition 1.2. An expression of the form

F pDkupxq, Dk´1upxq, . . . , Dupxq,upxq, xq “ 0

for all x P U is called a kth order system of PDEs
where F : Rmnk ˆRmnk´1 ˆ¨ ¨ ¨ˆRmnˆRmˆU Ñ Rm

is given and u : U Ñ Rm with u “ pu1, . . . , umq is
unknown.

Definition 1.3. A given problem is well-posed if

(a) the problem in fact has a solution,

(b) this solution is unique,

(c) the solution depends continuously on the data
given in the problem.

Otherwise, it is called ill-posed.

A classical or strong solution is a u verifying the
PDE(s) (of order k) which is k times continuously dif-
ferentiable such that conditions (a), (b) and (c) hold.

A generalized or weak solution satisfies the equa-
tion(s) in some precisely defined sense. It can occur
that a PDE does not have a (continuously) di↵eren-
tiable solution, but we may find a weaker form of so-
lution by reformulating the problem in a weaker way.

2 Navier Stokes Equations

• a semilinear system of PDEs of second order

• describing the motion of a fluid in Rn (n “ 2, 3)
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Given

• x P Rn and t • 0

• ⌫ viscosity of the fluid

• fipx, tq components of given, externally applied
forces

Looking for

• ppx, tq P R pressure

• upx, tq “ puipx, tqqi“1,...,n P Rn velocity vector
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Do smooth, physically reasonable solutions
for the Navier Stokes equations in R3 ex-
ist? Here, physically reasonable means that the so-
lutions do not blow up for t P r0, T s. So we need
p, u P C8pRn ˆ r0,8qq and ≥

Rn |upx, tq|2dx † C for all
t • 0 (bounded energy).
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