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Problem 20 (15 points). (i) In the first part of this exercise we shall prove the weak
law of large numbers: let (X;);en be a sequence of independent and identically distri-
buted random variables with common mean y = E[X;] and variance 0 = Var [X}].

Let .
1
Sn = E i_g 1 Xz

Show that V¢t > 0,
P[|S, — | > t] === 0.
(ii) In this part we shall prove the strong law of large numbers under the assumption
that the fourth moment is finite.

(1) Let Xy,..., X, be independent random variables with common mean p = E [ X]]
and define S5, as above. Suppose that

My = sup E [(X; — p)*] < oc.

1<i<n

Show that A

< 3n’M,

n

Z(Xi — )

1=1

E

and deduce that V¢t > 0,
3M,

B[S, —ul > 1) < St

(2) Let (X;)ien be a sequence of independent and identically distributed random
variables with common mean p = E[X;] and such that E [X!] < co. Define Sy
as above and show that

S, 2% almost surely.



Problem 21 (20 points). (i) Let b > 0,0 > 0 and let X be a real random variable
with E[X] = 0 and E [X?] < 02. Show the following:

(1) If | X| < b almost surely then for all A > 0,
o
Mx (M) < exp (ﬁ (e —Ab—l)) )

(2) If for all k > 3,
1
E [X*] < Sklo®

then for all A € [0,1],

Mx() < exp (30 ).

(i) Let b,09,...,0, > 0 and let Xy,..., X, be independent centered random variables
such that E[X?] < ¢? forall i =1,...,n and

E [X}] < %k!afbkz

for all £ > 3. Show that for every ¢ > 0,
P d>t] <2 SR E—
Lo =) = ( 2(0% + tb))

where 02 =" | o7
(iii) Let b,04,...,0, > 0 and let X,..., X, be independent centered random variables
such that E [X?] < ¢ and |X;| < b almost surely for all i = 1,...,n. Show that for

every t > 0,
- tb
IP(‘ i Zt)SQGXp(—ﬁH< )),
i=1

where H(x) = (14 z)log(l + x) — x.

Problem 22 (5 points). Let d be a fixed narural number and (u;);en be a sequence of
centered random vectors in R? with covariance matrix ¥ = E [ul ] Let X, = (u1,...,uy)
be the d x n-matrix whose columns are the wu;.

(i) Show that almost surely,

(ii) Fix z € C; and consider the map
®,: My(C) = My(C), A (A—2I)7?

Show that ®, is continuous.



(iii) Let p, and p* be the empirical spectral measures of %Xné\fg and X, respectively.
Show that p, — u> almost surely as n — oo.

(iv) Calculate the limiting distribution as n — oo for %XHXHT under the assumption
¥ =%l

Problem 23 (20 points). Let (X,,)nen be a sequence of independently identically distribu-
ted standard Gaussian random variables A/(0, 1) and let A and (A,,),en be real symmetric
positive semidefinite deterministic matrices. We are interested in studying the asymptotic
behavior of mZAnxn , where z,, = (X1,...,X,)T. Denote by A and p? the empirical
spectral measures of A,, and A respectively, and assume that p» = 4.

(i) Show that if

lim sup / 2| dp"(2) =0 and / lz| dp?(z) < oo (%)
k=00 neN R
R\[—k,k]
then )
“TrA, =2 | zdpt(x).
n R

(i) Show that (%) is satisfied if sup,,cy [|An]] < M < oo for some M > 0. Deduce that

lE (2] Anzn) 2% | adpt(x).
n R

(iii) Let O, be an orthogonal n x n-matrix. Compute the expectation and covariance
matrix of the Gaussian vector O,,x,,.

(iv) Deduce that there exist independently identically distributed standard Gaussian
random variables Y; such that

1T 1 . A 2
“aT Ay, = = AY2

where the A" are the eigenvalues of A,,.

(v) Show that
4

K
< =
n2

E

1 n
H;/\f‘ Z;

where Z; = Y? — 1.

(vi) Deduce that almost surely,

n'r
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