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Exercise 1 (20 points). For 1 ≤ p ≤ ∞ we consider the Banach spaces

`p :=
{
(an)n∈N

∣∣an ∈ C, ‖(an)‖p <∞
}

where ‖(an)‖p :=

(
∞∑
n=1

|an|p
) 1

p

1 ≤ p <∞

‖(an)‖∞ := supn∈N|an| p =∞

(a) Let 1 < p, q < ∞ with 1
p
+ 1

q
= 1. Show that the dual space of `p is isometrically

isomorphic to `q.

Hint: Use Hölder’s inequality ‖(an)(bn)‖1 ≤ ‖(an)‖p‖(bn)‖q, where the product
(an)n∈N(bn)n∈N is defined by (anbn)n∈N.

(b) Let 1 ≤ p < q ≤ ∞. Show that `p ( `q and ‖(an)‖q ≤ ‖(an)‖p.

(c) Let (an) ∈ `p for all 1 ≤ p <∞. Show that limq→∞‖(an)‖q = ‖(an)‖∞.

(d) What’s going wrong if we try to make `p for 0 < p < 1 a normed space?

Exercise 2 (10 points). Show, that the unit ball of the Banach space (c0, ‖·‖∞), {(an)∈
c0 | ‖(an)‖∞≤1}, has no extreme points.

Exercise 3 (10 points). We consider the space (c, ‖·‖∞), where:

c := {(an)n∈N | an ∈ C, lim
n→∞

an exists}, ‖(an)‖∞ := supn∈N|an|

Show that the dual space of c is `1. (So c0 ( c and c′o = c′.) For this, show first, that the
mapping F : c→ C, (an) 7→ limn→∞ an is continuous and linear.
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Additional exercise [10 extra points]:

(i) Let T : X → Y be a linear mapping between vector spaces. Show that the pre-image
T−1(A) of convex sets A ⊆ Y is again convex.

For 0<p<1 we define now the vector space

Lp := {f : [0, 1]→ C | f Borel-measurable and
∫
[0,1]

|f(x)|pdλ(x) <∞},

where λ is the usual Borel-measure on R restricted to [0, 1] and we identify as usual
functions f1 and f2 if they only differ on zero-sets.

(ii) Show that d(f, g) :=
∫
[0,1]
|f(x)− g(x)|pdλ(x) defines a metric on Lp.

(iii) Use for given n ∈ N and 0 = x0 < x1 < . . . < xn = 1 the convex combination

f =
1

n

(
nf · 1[x0,x1] + nf · 1[x1,x2] + . . .+ nf · 1[xn−1,xn]

)
to show that for every ε > 0 we can write f as a convex combination of elements
g1, . . . , gn ∈ Lp with d(0, gi) < ε for all 1 ≤ i≤n. This shows, that (Lp, d) is not a
locally-convex vector space.

(iv) Deduce that Lp is the only open, convex set of the metric space (Lp, d) containing
0.

(v) Show that (Lp, d)′ = {0}, i.e. there is no non-trivial functional on (Lp, d).

(vi) Prove, that Theorem 2.7 from the lecture does not hold for a general (metric) vector
spaces: Not every (continuous) linear functional defined on a closed subspace of a
(metric) vector space has a continuous, linear extension to the whole space.


