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Exercise 1 (10 points). Let A € L(H) be selfadjoint (i.e. A* = A). Show:
[A]l = sup{|(Az, z)| | [|=]| = 1}

Hint for <:1If ||Az|| > ||A|| — € for ||z|| = 1, consider a suitable ONB {z,y,...} of H and
investigate the corresponding “coefficient matrix” of A.

Exercise 2 (10 points). Let H, K be Hilbert spaces and V' : H — K linear and bounded.

(a) Show, that the following definitions of “V" is isometric” are equivalent (where 1 €
L(H) is defined by 1z := z):

HVV=1 Q) (Ve,Vy) =(z,y) Vo,y € H, (i) [Vl = [|z]| Vo € H

(b) Show that V' is unitary (i.e. V*V = VV* = 1) if and only if V is a surjective
isometry. (These are exactly the isomorphisms of Hilbert spaces, see 5.35 of the
lecture.)

(c) A self-adjoint isometry is called symmetry. Show that V is a symmetry if and
only if there are closed subspaces Hy, H. C H such that H = H, & H_ and
V(zy+2_)=z4 —x_holdsfor all X, € Hy and z_ € H_.

Hint: Investigate 1(1+ V).
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Exercise 3 (10 points). On the last exercise sheet we associated to A € L(¢?) a matrix
of infinite size. An operator A € L(¢?) is called Hilbert-Schmidt operator, if:

[ Allas == (Z |%’|2> <00 (1)

i,j€EN
The norm || - ||us is called Hilbert-Schmidt norm. Let || - || denote the operator norm.

(a) Show: If a matrix (a;;); jen fulfills condition (1), there is an operator A € L(¢?) with
these matrix coefficients. In this case it holds || Al < ||Allus-

(b) Show that every Hilbert-Schmidt operator is compact, but not every compact ope-
rator is a Hilbert-Schmidt operator.

(c) Let A be a Hilbert-Schmidt operator and B, C' € £(¢?). Show that BAC' is a Hilbert-
Schmidt oerator with [|BAC||lus < ||Bl|ool|Allus||C||leo- So the Hilbert-Schmidt ope-
rators form a two-sided ideal in L(H).

Exercise 4 (10 points). Let H be a Hilbert space, K C H a closed subspace and P the
corresponding projection (sheet 7). Let A € L(H). We say that K is invariant for A, if
AK C K. Show that K is invariant for A and A* if and only if PA = AP.



