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Exercise 1. Let H be a Hilbert space. We consider the full Fock space
FH)=EPH*  HP=C-Q
k=0

over H, where Q denotes the vacuum. As in Example 1.7 (see also Reminder 5.1), we put
S(f) == U(f) +1*(f) for any vector f € H, where I(f) and [*(f) are the creation and
annihilation operator, respectively, with respect to f.

Now, let vectors fi,..., fx € H be given such that ||f;|| =1 for j =1,...,k and
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Prove that

Ui (S(f))Uns(S(f2)) - U (S(fi))2 = ™ @ 5™ @ - @ fi7™

holds for all ny,...,n; € N, where (Uy,)nen, are the Chebyshev polynomials which we
introduced in Exercise 1, Assignment 3A.

Exercise 2. Let (S;);>0 a free Brownian motion as it was introduced in Definition 5.4.

Show that
/ dS,, - -dS,, = Un< / dSt) for all n € N,
0.1 0.1

where (U, )nen, are again the Chebyshev polynomials which we introduced in Exercise 1,
Assignment 3A.

Exercise 3. Consider the C*-algebra M,,(C) of n x n matrices over C. By definition (cf.
Section 4.4), we have

1
H*(M,(C)) :=={B € M,(C)| e > 0: Im(B) >el}, Im(B):= 2—2,(3 — B*).
In the case n = 2, show that in fact

) = { [ )

For general n € N, prove that if a matrix B € M, (C) belongs to H*(M,(C)), then all
eigenvalues of B lie in the complex upper half-plane C*. Is the converse also true?

bm} € MQ(C)' Im(by1) > 0, Im(byy) Im(bay) > i\bu - b_21|2}.



