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Exercise 1. For any n € N and each f € L*(R"), we define f* € L*(R") by

[ty te, .. tn) = f(tn, ... ta, t1).

Show that the Wigner integrals I,(f), I,(f*) € B(F(L*(R;)) satisfy for all f € L*(R")
the relation

Exercise 2. Let f € L?(Ry) and g € L*(R%) be given. We define the (first) contraction
f~geL*Ry) by

(f ~g)(ts) = i F(t)g(t,ts) dt.

Prove that in this case the following version of It6’s formula holds true:

/f(tl) dSn : /g(t2> ts) dSthStg
= /f(tl)g<t27t3) dStldStzdStS + /(f ~ g)(t3> dSts

Exercise 3. Let S be a semicircular variable as in Example 1.7 and let
Js : C(S) — C(S) ® C(S) be the non-commutative derivative with respect to S, which
we regard as an unbounded linear operator

ds : L*(S;¢) D D(9s) = L*(S;¢) @ L*(S; )

with domain D(0g) = C(S). Furthermore, we consider the rescaled Chebyshev polynomi-
als of the second kind (U, )nen,, which we introduced in Exercise 1, Assignment 3A.
Show that for all n,m € Ny

I5(Un(5) © Un(5)) = Unim1(5).



