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Exercise 1. Let (G, -) be a group. A function F' : G — C is called positive definite on G,
if the condition

3 Flgt-g1) fl9)f(g2) = 0

91,92€G

is satisfied for each function f : G — C with finite support, i.e. #{g € G| f(g) # 0} < .
Prove the following statements:

(a) Let F, Fy : G — C be positive definite functions on G, then their pointwise product
' G—=C, g Fi(g)Fa(g)
is also a positive definite function on G.
(b) If we consider the group (R, +), then for any w € (0, 00), the function
F: R—C, T e e

is positive definite on R.

Exercise 2. For n € N, let &,, denote the group of all permutations of {1,...,n}. As
in the Definition 9.1 of the lecture, we denote by i(m) the number of inversions of any
permutation T € G,,, i.e.

i(m) =#{(k, )| 1 <k<l<n, m(k) >n(l)}.

(a) For 1 <k <n, we consider the permutation T}, € &, that is given by

(b2 k—1 k k+1 --- n—1 n
kn=\1 2 .. k=1 n k - n—2 n—1)"

Calculate i(T},) and Ty, .

(b) Prove that each permutation 7 € &,, can be represented uniquely as 7 = o7},
with ¢ € 6,7 and 1 < k < n, where we identify &,,_; with the subgroup of &,
consisting of all permutations fixing n.
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(c) In the situation of (b), we have that i(7) = i(0) + i(Tkn).
(d) In the corresponding group algebra
Cl6,] = { Z Clﬂ-ﬂ" a, € Cforall m € GH},

WEGn
on which addition and multiplication is defined by
( Z awr) + ( Z bU(T) = Z(GT—FbT)T
TeGy, ceG, TEG,
and

( Z a,r7r> . ( Z baa) = Z (arb,) (mo) = Z < Z awbg> T,

€6y, ce6y, T,0€6, T€6, moeG,
T=—TTO

respectively, we consider for any fixed —1 < ¢ < 1 the elements

Q, = Z ¢ and By = Z qi(T’“v") Ty
k=1

7'('6671
Show that a,, = a,,_10,.

Remark: In the proof of Theorem 9.4, which was given in the lecture, we observed that

g = > ™ (n7n)pen  for any n e HE",
71'6671,

where © € &,, acts on the algebraic tensor product H®" in the obvious way by permuting the
factors, i.e., if we have n =m ® -+ @ ny, then ™) = 1) ® -+ @ Ny(y). Clearly, this action of
S, on HE" extends to an action of C[&,,] on H®". Hence, by using the notation from above, we
can write

n,m)q = (N, ann)yen for all n € H®™,

so that the question whether (:,-), is positive definite amounts to the question of positivity of
the operator oy, on H®"™. This observation is at the base of D. Zagier’s proof of Theorem 9.4,
which can be found in his paper Realizability of a model in infinite statistics (1992), and the
formula in (d) is one of the crucial steps thereof.

Exercise 3. Prove the following statements:
(a) For all n € N, we have

. 1, ifn=1
—1)im = )
> (-1 {07

. )
otherwise
TI'GGn

where i(7) denotes the number of inversions of any permutation © € &, as it was
defined in Definition 9.1 of the lecture (and also recalled in Exercise 2).

(b) For all m € N, it holds true that

mEP2(2m)

where i(7) denotes the number of crossings of any pairing m € P2(2m) as it was
defined in Theorem 9.7 of the lecture.



