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Exercise 1 (20 + 5* points). On ¢? = (?(N), fix the standard orthonormal basis (e, )nen
and consider the associated unilateral shift S € B(¢?), which is determined by Se,, = e, 1
for all n € N.

(a)

We define f;; := S 1(1-55%)(5*)7! for all 4, j € N. Prove the following statements:
(i) fu is a projection of rank 1,
(i) fijfu = djxfu,
(iii) f{;‘ = sz',
(iv)
In the following, we put M, := C*(f;; | 1 <i,7 <n) C B(¢?).

v fijen: in€i-

Let E;; denote the matrix where the ij-th entry is 1 and all other entries are 0.
Show that the map

n n
Y My(C) — M, Z ijEij Z ij fij
1,j=1 i,j=1
is a *-isomorphism.
Hint: Functional analysis I, Sheet 10, Exercise 3

Let T € B(£?) be an operator with the property that the image of both T" and T*
is contained in span{es,...,e,} C ¢* for some n € N. Show that T' can be written
as T'= ", u;fij for some ay; € C.

Show that an arbitrary finite rank operator T € B({?) can be approximated in
operator norm by a sequence (7},)%2; of finite rank operators of the previous form.

please turn the page



(d)

(e)*

See Remark 9.9 in the lecture notes of Functional analysis I for the definition of the
strong operator topology (SOT). We define

x-alg(S) := {n.c. polynomials in S and S*},
o*(8) = g
W) = Wg(S)SOT
Show that KC(¢%) C C*(S) C W*(S) = B(¢?).

Hint: You may use Theorem 9.8 and Remark 9.9 in the lecture notes of Functional analysis I

without proving them.

Are the inclusions KC(¢?) C C*(S) and C*(S) C W*(S) proper?

Exercise 2 (20 points). Let (H, (-,-)) be a Hilbert space over K and denote by || - || the
norm induced by (-, -). The weak topology on H is the locally convex topology on H that
is generated by the family P = {p, | x € H} of seminorms

P H —=10,00), y = [{y, )]

For details on that terminology, we refer to Definitions 1.17 and 1.33 in the lecture notes
of Functional analysis I.

(a)
(b)

Verify that the weak topology on H is Hausdorff.

Prove that every bounded sequence (x,)>%; in H has a weakly convergent subse-
quence (T, )72 .

Hint: Assume first that H is separable. Construct a countable subset F of H’ which is dense in
H' with respect to || - ||g+. Use a diagonal argument to extract a subsequence (z,, )52, of (x,)5%
for which (f(zn,))32, is convergent for all f € F. Deduce that (f(z,,))7>, is in fact convergent
for all f € H’. Use the reflexivity of H to find the weak limit of (z,,);,. Finally, reduce the

general case to the previously discussed case of a separable Hilbert space.

Prove that every bounded sequence (x,)>%; in H has a weakly convergent subse-
quence (z,, )7, for which the sequence

(#2)

is convergent in the norm topology.

o0

K=1

Hint: Use (b) in order to reduce the problem to the case where (x,,)2 ; is itself weakly convergent
and has the weak limit 0. Construct iteratively a subsequence (z,, )% of (z,)22, such that

forall ke Nand I =1,... k.

| =

|<‘Tnk+1 ) Im>| S

Finally, expand || 25:1 T, H2 and use the properties of (z,,, )7, in order to show that 7 Ele T,

converges to 0 in norm as K — oo.



