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Exercise 1 (10 points). Let tr be the normalized trace on M, (C), given by
tr((a;)) = = > a;, where we know tr(zy) = tr(yz). Let h € M,(C) be positive and
fn : M,(C) — C be the map defined by fi(z) := tr(hz). Show that the map h — fj
is an orderpreserving bijection between the positive elements of M, (C) and the positive
functionals on M,,(C), with || f|| = tr(h).

Exercise 2 (10 points). Let f be a state on a C*-algebra A and (7, Hy) its GNS repre-
sentation.

(a) Let I <« A be an ideal in A. Prove that I C ker(wy) if and only if I C ker(f).

(b) The state f is called faithful, if f(a) = 0 implies @ = 0 for all positive elements
a € A. Show that ker(my) = 0 if f is faithful.

(c) Let (ux)xen be an approximate unit for A. Verify that (7s(uy))xea converges to 1
in the strong operator topology on B(Hy), i.e. mp(uy)é — € for all € € Hy.

Exercise 3 (10 points). Let (m;, H;,&;), i = 1,2 be cyclic representations of a C*-algebra
Aand f; : A — C, i = 1,2 positive functionals with f;(x) = (m;(x)&;,&;). Prove that if
f1 = fo, then there exists a unitary U : H; — Hy with my(x) = Um (2)U* and U& = &.

Exercise 4 (10 points). Let e, f € B(H) be projections. Show that the following are
equivalent:

(i) ef =e
(ii) fe=e
(iii) eH C fH
(iv) f — e is a projection
(v) f — e is positive

If one (and hence all) of these conditions is satisfied, we write e < f.



