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Exercise 1 (10 points). Let M be a factor of type II; and let 7 : M — C be its unique
faithful normal tracial state. Show that

T(P(M)) = [0, 1].

Hint: Fix any ¢ € [0, 1] and consider the set S; := {p € P(M) | 7(p) < t}. Verify that S; is partially

ordered and use Zorn’s lemma to prove that S; contains a maximal element p; finally, show that 7(p) = t.

Exercise 2 (10 points). Let M C B(H) be a type II; factor with its unique faithful
normal tracial state 7 : M — C. Suppose that M possesses a cyclic and separating vector
2 in H such that 7(z) = (zQ,) for all z € M. Denote by M’ the commutant of M
in B(H) and let J : MQ — MQ be defined by J(2Q2) = 2*Q for all x € M. Prove the
following statements:

(a) The antilinear operator J : MQ — M) extends uniquely to an antilinear isometry
J : H — H that satisfies J?> = 1 and (J&,n) = (Jn, &) for all £,n € H; we call J the

canonical conjugation operator on H.
(b) For all x,y € M, it holds true that JaJ(yQ2) = yz*Q.

(c) For every x € M’', we have that JzQ2 = z*Q.

Deduce that JMJ = M’ and show that also M’ is a type II; factor. How does the unique
faithful tracial state on M’ look like?

Hint: For proving JMJ = M’, switch the roles of M and M’. What does (c) tell us about this case?

Exercise 3 (10 points). Let G be a non-trivial countable discrete i.c.c. group. Consider
the left group von Neumann algebra M = L(G), which is a factor of type II;, with its
unique faithful normal tracial state 7.

(a) Show that L?*(M,7) and ¢*(G) are isomorphic as (left) M-modules.

(b) Conclude that also the right group von Neumann algebra R(G) is a type II; factor.
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Exercise 4 (10 points). Let M be a separable factor of type II; and let (H;);cr be a
countable family of separable M-modules. Prove that

dim ( @ Hl-) = Z dim,, H,.
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Hint: Show that @,.,(L*(M,7) & ¢*(N)) and L*(M,7) ® (*(N) are equivalent M-modules, where 7

denotes the unique faithful normal tracial state on M.

Exercise 5 (10* points). Consider the group U, (C) of unitary matrices in M, (C). If
U,n(C) is endowed with the topology induced by the restriction of the operator norm on
My (C) = B(C"™), it forms a compact group. Let p be a Radon probability measure defined
on the Borel sets of U, (C) which is (left) invariant in the sense that p(uf2) = p(€2) holds
for all Borel subsets Q C U,(C) and all u € U,(C). (Note that such a measure exists
and is in fact unique; it is called the (left) Haar measure of U,(C).) Show that for all
x € M,(C)

tr,(z)1 = / uzu® dp(u).
n(C)

Hint: Put y := fUn(C) uru* du(u) € M,(C). Show that y € Z(M,(C)) by proving that y € U,(C)".

Finally, use these observations to compute tr, (y).



