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Exercise 1 (20 points). Let ϑ = p
q
∈ Q.

(a) Find a representation π : Aϑ →Mq(C).

(b) Prove that there exist unital *-homomorphisms ϕ : Aϑ → B and ψ : Aϑ → D such
that ϕ(vq) = 1 and ψ(vq) 6= 1.

(c) Deduce that Aϑ is not simple.

(d) Show that uq and vq commute with every element in Aϑ, where u, v denote the
generators of Aϑ. Thus, there is a *-homomorphism C(T2) → C∗(uq, vq) ⊆ Aϑ (in
fact, this is an isomorphism).

Exercise 2 (20 points). Consider On := C∗(S1, . . . , Sn | S∗i Si = 1,
∑n

i=1 SiS
∗
i = 1),

the Cuntz algebra for 2 ≤ n ∈ N. A word in On is an element Sµ = Si1 . . . Sik , where
µ = (i1, . . . , ik) ∈ {1, . . . , n}k. Here |µ| := k denotes the length of the word Sµ and µ is
called multi-index.

(a) Prove the following statements.

(i) If |µ| = |ν|, then S∗µSν = δµν1.

(ii) If |µ| < |ν|, then S∗µSν =

{
Sν′ if ν = µν ′

0 else.

(iii) If |µ| > |ν|, then S∗µSν =

{
S∗µ′ if µ = νµ′

0 else.

(b) Let k ∈ N. Show that
∑

δ multi-index,|δ|=k SδS
∗
δ = 1.

(c) Let µ, ν be such that |µ| 6= |ν| and |µ|, |ν| ≤ k. Verify S∗γ(SµS∗ν)Sγ = 0 for Sγ = Sk1S2.

(d) Let k ∈ N. Show:

(i) w :=
∑
|δ|=k SδSγS

∗
δ ∈ On is an isometry, with Sγ := S2k

1 S2.
(ii) wx = xw for all x ∈ span{SµS∗ν | |µ| = |ν| = k}.

(iii) w∗SµS∗νw =

{
SµS

∗
ν if |µ| = |ν|

0 else
for all |µ|, |ν| ≤ k.


