Noncommutative rational functions
evaluated in random matrices

Tobias Mai

joint work with
Benoit Collins, Akihiro Miyagawa, Félix Parraud, and Sheng Yin

Saarland University

UniMelb-Bielefeld RMT Seminar
June 9, 2021

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 1/23



The asymptotics of independent Gaussian random matrices

Selfadjoint Gaussian random matrices

Tobias Mai (Saarland University) NC rational functions evaluated in RM



Selfadjoint Gaussian random matrices
Selfadjoint Gaussian random matrices

A standard selfadjoint Gaussian random matrix is a selfadjoint random
matrix X = (Xj;)&,_,, for which

{Re(ijl)’ 1<k<I< N} U {Im(Xk,l)| 1<k<I< N}
are independent centered Gaussian random variables, such that
ERe(Xyx)’] =% for I<k<N  and

E[Re(Xg;)?] = EIm(Xy))?] = o5 for l<k<I<N
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Selfadjoint Gaussian random matrices
Selfadjoint Gaussian random matrices

A standard selfadjoint Gaussian random matrix is a selfadjoint random
matrix X = (Xj;)&,_,, for which

{Re(ijl)’ 1<k<I< N} U {Im(Xk’l)\ 1<k<I< N}
are independent centered Gaussian random variables, such that

ERe(Xyx)’] =% for I<k<N  and
E[Re(Xk;)?] = EIm(Xy,)%] = o5 for 1<k <I<N.

The law of a standard selfadjoint Gaussian random matrix X% is the
probability measure " on My (C)gs 2 RV that is determined by

N2
dp™ (X) = ZlNe‘JzYT‘“N(XQ)dX with Zy =27 (%) 2

and dX = Hszl ka,k Hl§k<l§N dRe(Xkyl) dIm(Xk,l)
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The asymptotics of independent Gaussian random matrices RGNS L]

Asymptotics of the empirical eigenvalue distribution

Empirical eigenvalue distribution

1 N
pxy = 55 D 0w
j=1

with A\ (XN), ..., An(X?Y) being the
random eigenvalues of X%,
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The asymptotics of independent Gaussian random matrices RGNS L]

Asymptotics of the empirical eigenvalue distribution

Empirical eigenvalue distribution '
1 & ‘

pxy = 55 D 0w Z

Jj=1 .

with A\ (XN), ..., An(X?Y) being the
random eigenvalues of X%,

J N =5

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 3/23



The asymptotics of independent Gaussian random matrices RGNS L]

Asymptotics of the empirical eigenvalue distribution

Empirical eigenvalue distribution

1 N
pxy = 55 D 0w
j=1

with A\ (XN), ..., An(X?Y) being the
random eigenvalues of X%,
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The asymptotics of independent Gaussian random matrices RGNS L]

Asymptotics of the empirical eigenvalue distribution

Empirical eigenvalue distribution

HxN = Z5>\ XN)

with Al(XN),...,)\N(XN) being the
random eigenvalues of X%,

y N =100
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The asymptotics of independent Gaussian random matrices RGNS L]

Asymptotics of the empirical eigenvalue distribution

Empirical eigenvalue distribution

HxN = Z5>\ XN)

with Al(XN),...,)\N(XN) being the
random eigenvalues of X%,

y N =1000
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The asymptotics of independent Gaussian random matrices RGNS L]

Asymptotics of the empirical eigenvalue distribution

Empirical eigenvalue distribution

1 N
Xy =55 D Oh(xv)
j=1

with A\ (XN), ..., An(X?Y) being the
random eigenvalues of X%,

/ N = 1000
Theorem (Wigner (1955/1958))
Consider (X V) yen. For all k € No, it holds true that

A}i_r)rlooE[/Rtk dMXN(t)] —/Rtkda(t)

for the semicircular distribution  do(t) = 5=v/4 — 2 1_gg(t) dt.
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The asymptotics of independent Gaussian random matrices RGNS L]

Asymptotics of the empirical eigenvalue distribution

Empirical eigenvalue distribution

1 N
Xy =55 D Oh(xv)
j=1

with A\ (XN), ..., An(X?Y) being the
random eigenvalues of X%,

/ N = 1000
Theorem (Wigner (1955/1958) & Arnold (1967))
Consider (X V) yen. For all k € No, it holds true that

lim [ t*duyn(t) = / t* do(t) almost surely
N—oo R R

for the semicircular distribution  do(t) = 5=v/4 — 2 1_gg(t) dt.
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The asymptotics of independent Gaussian random matrices

A change of perspective |
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Sl Sl
A change of perspective |

A tracial W*-probability space is a tuple (M, ) consisting of
@ a von Neumann algebra M, (nc random variables)

e a faithful normal tracial state 7 : M — C. (expectation)
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The asymptotics of independent Gaussian random matrices A change of perspective

A change of perspective |

A tracial W*-probability space is a tuple (M, ) consisting of
@ a von Neumann algebra M, (nc random variables)
e a faithful normal tracial state 7 : M — C. (expectation)J
Example
o (L>(Q,P),E), where (2, F,P) is a cIassicaI probability space and E
the usual expectation that is given by E[X fQ (w).
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The asymptotics of independent Gaussian random matrices A change of perspective

A change of perspective |

A tracial W*-probability space is a tuple (M, ) consisting of
@ a von Neumann algebra M, (nc random variables)
e a faithful normal tracial state 7 : M — C. (expectation)J
Example
o (L>(Q,P),E), where (2, F,P) is a cIassicaI probability space and E
the usual expectation that is given by E[X fQ (w).
o (My(C),try), where try is the normallzed trace on MN((C).
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Sl Sl
A change of perspective |

A tracial W*-probability space is a tuple (M, ) consisting of

@ a von Neumann algebra M, (nc random variables)
e a faithful normal tracial state 7 : M — C. (expectation)
Example
o (L>(Q,P),E), where (2, F,P) is a cIassicaI probability space and E
the usual expectation that is given by E[X fQ (w).

o (Mn(C),try), where try is the normallzed trace on MN((C).

For X = X* € M, let Ex be the associated resolution of the identity. The
Borel probability measure px := 7 o Ex is called the (analytic) distribution
of X; it is uniquely determined by

T(X*) = / t*dux(t)  for all k € Ny.
R

v
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The asymptotics of independent Gaussian random matrices A change of perspective

A change of perspective |l

A noncommutative random variable S = S§*
in (M, 7) with ug = o, where

do(t) = % 1210 dt,

is called (standard) semicircular element.
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Sl Sl
A change of perspective |l

A noncommutative random variable S = S§*
in (M, 7) with ug = o, where

do(t) = % 1210 dt,

is called (standard) semicircular element.

Theorem (Wigner (1955/1958) & Arnold (1967))
Consider (X V) yen. For all k € Ny, it holds true that

lim [ t*duyn(t) = / t* do(t) almost surely
R R

N—o0

for the semicircular distribution  do(t) = 5-v/4 — 2 15 (¢) dt.
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Sl Sl
A change of perspective |l

A noncommutative random variable S = S§*
in (M, 7) with ug = o, where

do(t) = % 1210 dt,

is called (standard) semicircular element.

Theorem (Wigner (1955/1958) & Arnold (1967))

Consider (X™V)yen. For all polynomials p € C[z], it holds true that

lim try(p(X™N)) = 7(p(S)) almost surely
N—o00

for a semicircular element S in some tracial W*-probability space (M, 7).

v
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Sl Sl
A change of perspective |l

A noncommutative random variable S = S§*
in (M, 7) with ug = o, where

1
dO’(t) = % 4 — t2 1[_272] (t) dt,

is called (standard) semicircular element.

Theorem (Wigner (1955/1958) & Arnold (1967))
Consider (X™V)yen. For all polynomials p € C[z], it holds true that

lim try(p(X™N)) = 7(p(S)) almost surely
N—o00

for a semicircular element S in some tracial W*-probability space (M, 7).

v

dist,
In other words: XN 26 almost surely as N — oo J

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 5/23



A change of perspective |ll

bias Mai (Saarland University) NC rational functions evaluated in RM



The asymptotics of independent Gaussian random matrices

A change of perspective |ll
Let H be a complex Hilbert space; the full Fock space over H is

F(H):=EH® with H®":=CQ.

n=0
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The asymptotics of independent Gaussian random matrices A change of perspective

A change of perspective |ll
Let H be a complex Hilbert space; the full Fock space over H is

F(H):=EH® with H®":=CQ.
n=0

For { € H, the left creation operator l¢ € B(F(H)) is determined by
@ &) =(@G®--®8 and [ Q=¢
Its adjoint is the left annihilation operator Iy € B(F(H)).
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The asymptotics of independent Gaussian random matrices A change of perspective

A change of perspective |ll
Let H be a complex Hilbert space; the full Fock space over H is

F(H):=EH® with H®":=CQ.
n=0

For { € H, the left creation operator l¢ € B(F(H)) is determined by
l§(§1®®’£n):§®§1®®£n and ZEQ:£
Its adjoint is the left annihilation operator Iy € B(F(H)).

Let &1,...,&q be a orthonormal system in H. We put S; := ¢, + I, for
1=1,...,d and

M :=W*(Sy,...,S54) C B(F(H)) and 7: M —C, X — (XQ,Q).

Then (M, 1) is a tracial W*-probability space and Sy, ..., S, are freely
independent semicircular elements.

v
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The asymptotics of independent Gaussian random matrices

Voiculescu's multivariate extension of Wigner's theorem

Tobias Mai (Saarland University) NC rational functions evaluated in RM



The asymptotics of independent Gaussian random matrices A/ CIATRER T EOIT ]

Voiculescu's multivariate extension of Wigner's theorem
Theorem (Voiculescu (1991))

Consider (X)yen for d-tuples XV = (X, ..., X¥) of independent
standard selfadjoint Gaussian random matrices. For all noncommutative
polynomials p € C(z1,...,x4), it holds true that

J\;i_r)nooE[trN(p(X{V, s XN =7(p(S4, ..., Sq))

for freely independent semicircular elements Sy, ..., Sy in (M, 7).
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The asymptotics of independent Gaussian random matrices A/ CIATRER T EOIT ]

Voiculescu's multivariate extension of Wigner's theorem
Theorem (Voiculescu (1991), Hiai & Petz (2000))

Consider (X)yen for d-tuples XV = (X, ..., X¥) of independent

standard selfadjoint Gaussian random matrices. For all noncommutative
polynomials p € C(z1,...,x4), it holds true that

A}im trn(p(X3Y, ..., X)) =7(p(Sy,...,S4)) almost surely
—00

for freely independent semicircular elements Sy, ..., Sy in (M, 7).
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The asymptotics of independent Gaussian random matrices A/ CIATRER T EOIT ]

Voiculescu's multivariate extension of Wigner's theorem
Theorem (Voiculescu (1991), Hiai & Petz (2000))
Consider (X)yen for d-tuples XV = (X, ..., X¥) of independent
standard selfadjoint Gaussian random matrices. For all noncommutative
polynomials p € C(x1,...,x4), it holds true that
A}im trn(p(X3Y, ..., X)) =7(p(Sy,...,S4)) almost surely
—00

for freely independent semicircular elements Sy, ..., Sy in (M, 7).

By C(z1,...,xq), we denote the algebra of noncommutative polynomials

m d
p=ap+ g E Qi i Tiq " Ty

=11 6l goongip=1l
in the (formal) noncommuting indeterminates z1, ..., z4.
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The asymptotics of independent Gaussian random matrices A/ CIATRER T EOIT ]

Voiculescu's multivariate extension of Wigner's theorem
Theorem (Voiculescu (1991), Hiai & Petz (2000))

Consider (X)yen for d-tuples XV = (X, ..., X¥) of independent
standard selfadjoint Gaussian random matrices. For all noncommutative
polynomials p € C(z1,...,x4), it holds true that

A}im trn(p(X3Y, ..., X)) =7(p(Sy,...,S4)) almost surely
—00

for freely independent semicircular elements Sy, ..., Sy in (M, 7).

di
In other words: XN 2% 6 almost surely as N — o J
By C(z1,...,xq), we denote the algebra of noncommutative polynomials

m d
p=ap+ E g Qi ipg Tiq * " Ty

=11 6l goongip=1l
in the (formal) noncommuting indeterminates x1, ..., z4.
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Evaluations of noncommutative rational functions The central question

From noncommutative polynomials to rational functions

Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(xy,...,z4), it holds true that

lim try(p(X{Y,..., X)) =7(p(S1,...,Sq4)) almost surely.
N—oo
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Evaluations of noncommutative rational functions The central question

From noncommutative polynomials to rational functions

Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(z1,...,zy), it holds true that

lim try(p(X{Y,..., X)) =7(p(S1,...,Sq4)) almost surely.
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Evaluations of noncommutative rational functions The central question

From noncommutative polynomials to rational functions

Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(z1,...,zy), it holds true that

lim try(p(X{Y,..., X)) =7(p(S1,...,Sq4)) almost surely.
N—oo

= Noncommutative polynomials p € C(z1,...,z4) are built in an
iterative manner out of C and the variables x4, ..., x4 by the
arithmetic operations addition and multiplication.

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 8/23



Evaluations of noncommutative rational functions The central question

From noncommutative polynomials to rational functions

Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(xy,...,z4), it holds true that

lim try(p(XY, ..., X)) =7(p(S1,...,Sq4)) almost surely.
N—o00

= Noncommutative polynomials p € C(z1,...,z4) are built in an
iterative manner out of C and the variables x4, ..., x4 by the
arithmetic operations addition and multiplication.

Question (Speicher (2019))

What happens if we allow also inverses, i.e., if we pass from the class of
noncommutative polynomials to noncommutative rational functions?

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 8/23



Evaluations of noncommutative rational functions The central question

From noncommutative polynomials to rational functions

Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(xy,...,z4), it holds true that

lim try(p(XY, ..., X)) =7(p(S1,...,Sq4)) almost surely.
N—o00

1= Noncommutative polynomials p € C(x1,...,x4) are built in an
iterative manner out of C and the variables x4, ..., x4 by the
arithmetic operations addition and multiplication.

Question (Speicher (2019))

What happens if we allow also inverses, i.e., if we pass from the class of
noncommutative polynomials to noncommutative rational functions?

1= Previous results concern the particular case of bounded evaluations
such as (1 —iS;)"1S5(1 +451)7;

1

see [Yin (2018)] and [Erdds, Kriiger, Nemish (2020)].
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Evaluations of noncommutative rational functions Noncommutative rational functions

Noncommutative rational functions

@ By definition, noncommutative rational functions are elements of the
free field CLz, ..., xq>.
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Evaluations of noncommutative rational functions Noncommutative rational functions

Noncommutative rational functions

@ By definition, noncommutative rational functions are elements of the
free field CLz, ..., xq>.

e Formally, C{xy, ..., x4 is the universal field of fractions for the ring
C(z1,...,zq) of noncommutative polynomials.
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Evaluations of noncommutative rational functions Noncommutative rational functions

Noncommutative rational functions

@ By definition, noncommutative rational functions are elements of the
free field CLz, ..., xq>.

e Formally, C{xy, ..., x4 is the universal field of fractions for the ring
C(z1,...,zq) of noncommutative polynomials.

@ Its existence is a highly non-trivial fact: Amitsur, Bergman, Cohn, ...
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Evaluations of noncommutative rational functions Noncommutative rational functions

Noncommutative rational functions

@ By definition, noncommutative rational functions are elements of the
free field CLz, ..., xq>.

e Formally, C{xy, ..., x4 is the universal field of fractions for the ring
C(z1,...,zq) of noncommutative polynomials.

@ Its existence is a highly non-trivial fact: Amitsur, Bergman, Cohn, ...

But what does this actually mean?
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Evaluations of noncommutative rational functions Noncommutative rational functions

Noncommutative rational functions

@ By definition, noncommutative rational functions are elements of the

free field CLxy, ..., xq>.

e Formally, C{x1,..., 24> is the universal field of fractions for the ring
C(z1,...,zq) of noncommutative polynomials.

@ Its existence is a highly non-trivial fact: Amitsur, Bergman, Cohn, ...

But what does this actually mean?

1= Noncommutative rational functions r € C{x1,..., 24> are built,
loosely speaking, out of C and the variables x4, ..., x4 by successive
applications of the arithmetic operations addition, multiplication, and
inversion.
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Evaluations of noncommutative rational functions Noncommutative rational functions

Noncommutative rational functions

@ By definition, noncommutative rational functions are elements of the
free field CLxy, ..., xq>.

e Formally, C{x1,..., 24> is the universal field of fractions for the ring
C(z1,...,zq) of noncommutative polynomials.

@ Its existence is a highly non-trivial fact: Amitsur, Bergman, Cohn, ...

But what does this actually mean?

1= Noncommutative rational functions r € CLx1, ..., 24> are built,
loosely speaking, out of C and the variables x4, ..., x4 by successive
applications of the arithmetic operations addition, multiplication, and
inversion.

1z They can be realized as equivalence classes of noncommutative
rational expressions which are non-degenerate.
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Evaluations of noncommutative rational functions

What actually are noncommutative rational expressions?
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Evaluations of noncommutative rational functions N ative rational expr

What actually are noncommutative rational expressions?

Definition
A (noncommutative) rational expression r in d formal variables x4, ..
is a syntactically valid combination of

@ scalars A € C and the variables z1, ..., x4,

o the arithmetic operations +, -, !, and

@ parentheses (,).

-y Ld
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Evaluations of noncommutative rational functions N

ative rational expr
What actually are noncommutative rational expressions?
Definition
A (noncommutative) rational expression 7 in d formal variables x1, .
is a syntactically valid combination of

@ scalars A € C and the variables z1, ..., x4,

o the arithmetic operations +, -, !, and
@ parentheses (,).

-y Ld

Example
o r(z1,m2) = (x1-22—4)"1- 21 (22 21 —4)7!

) T(l‘l,mg) = (Z = 1'1)—1 - To + 27 - (l = 1‘2)_1
o r(z1,72) = (21 -T2 — T2 - 1)L
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Evaluations of noncommutative rational functions N ative rational expr

What actually are noncommutative rational expressions?

Definition
A (noncommutative) rational expression 7 in d formal variables x1, ..., z4
is a syntactically valid combination of

@ scalars A € C and the variables z1, ..., x4,

o the arithmetic operations +, -, !, and

@ parentheses (,).

Example
o r(z1,m2) = (x1-22—4)"1- 21 (22 21 —4)7!
o r(z1,m2) = (i —x1) ! 1
® r(r1,x2) = (1 29 — T2 - 1)~

o ri(z1,2) =07L,  ro(wr,x2) = (1 —x1) 7!

~:132—|—x1'(i—m2)_
1
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Matrix evaluation equivalence
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Evaluations of noncommutative rational functions Matrix evaluation equivalence

Matrix evaluation equivalence

Let » be any noncommutative rational expression in x1, ..., Zq.
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Evaluations of noncommutative rational functions Matrix evaluation equivalence

Matrix evaluation equivalence

Let » be any noncommutative rational expression in x1, ..., Zq.
@ For any unital complex algebra A, we define the A-domain of r by

doma(r) := {X = (X1,..., Xq) € A | “r(X) is defined in A"}.
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Evaluations of noncommutative rational functions Matrix evaluation equivalence

Matrix evaluation equivalence

Let » be any noncommutative rational expression in x1, ..., Zq.
@ For any unital complex algebra A, we define the A-domain of r by

domy(r) == {X = (X1,..., Xq) ‘r(X) is defined in A"}

o We say that r is non-degenerate if dom(c)(r) # (), where

domM(C H domMN(C)( r).
NeN
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Evaluations of noncommutative rational functions Matrix evaluation equivalence

Matrix evaluation equivalence

Let » be any noncommutative rational expression in x1, ..., Zq.
@ For any unital complex algebra A, we define the A-domain of r by
domy(r) == {X = (X1,..., Xq) ‘r(X) is defined in A"}

o We say that r is non-degenerate if dom(c)(r) # (), where

domyy(cy(r) := ] domagy (e (r).
NeN

According to [Kaliuzhnyi-Verbovetskyi, Vinnikov (2012)], we have that
C{ay,...,x4¥» = {[r] | r non-degenerate nc rational expression},

where [r] are equivalence classes with respect to the equivalence relation

ri~ry = VXE&€ domM(@)(n) N dOHlM((c)(Tg) : Tl(X) = T’Q(X).
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Evaluations of noncommutative rational functions The main problems

Back to our question . ..
Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(xy,...,z4), it holds true that

Nlim trn(p(X3Y, ..., X)) =7(p(Sy,...,Sq4)) almost surely
—00
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Evaluations of noncommutative rational functions The main problems

Back to our question . ..
Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(xy,...,z4), it holds true that

Nlim trn(p(X3Y, ..., X)) =7(p(Sy,...,Sq4)) almost surely
—00

We want to replace p € C(xy,...,x4) by r € CLx1, ..., 24>,
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For all noncommutative polynomials p € C(xy,...,z4), it holds true that

Nlim trn(p(X3Y, ..., X)) =7(p(Sy,...,Sq4)) almost surely
—00

We want to replace p € C(xy,...,x4) by r € CLx1, ..., 24>,
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DL il
Back to our question . ..

Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(xy,...,z4), it holds true that

lim try(p(X{Y,..., X)) =7(p(S1,...,S4)) almost surely
N—ro0

We want to replace p € C(xy,...,x4) by r € CLx1, ..., 24>,

Problems

© Prove that the empirical eigenvalue distribution of r(X{V, ..., XJ)

converges in law to the analytic distribution of (S, ..., Sq)
Tobias Mai (Saarland University)
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DL il
Back to our question . ..
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Problems
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Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(xy,...,z4), it holds true that

lim try(p(X{Y,..., X)) =7(p(S1,...,S4)) almost surely
N—ro0

We want to replace p € C(xy,...,x4) by r € CLx1, ..., 24>,

Problems
Q r(51,...,S54) might fail to be well-defined as a bounded operator.

1= Prove that r(S1,...,S¢) is well-defined in M, the x-algebra of densely
defined and closed operators that are affiliated with M.

© Prove that the empirical eigenvalue distribution of r(X{V, ..., X%)
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Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(z1,...,z4), it holds true that

lim try(p(X{Y,..., X)) =7(p(S1,...,S4)) almost surely
N—ro0

We want to replace p € C(xy,...,x4) by r € CLx1, ..., 24>,

Problems

Q r(51,...,S54) might fail to be well-defined as a bounded operator.

1= Prove that r(S1,...,S¢) is well-defined in M, the x-algebra of densely
defined and closed operators that are affiliated with M.
@ r(X{,...,XY) might fail to exist with non-zero probability.

© Prove that the empirical eigenvalue distribution of r(X{V, ..., XJ)
converges in law to the analytic distribution of (S, ..., Sq)
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Back to our question . ..

Theorem (Voiculescu (1991), Hiai & Petz (2000))

For all noncommutative polynomials p € C(z1,...,z4), it holds true that

lim try(p(X{Y,..., X)) =7(p(S1,...,S4)) almost surely
N—ro0

We want to replace p € C(xy,...,x4) by r € CLx1, ..., 24>,

Problems

Q r(51,...,S54) might fail to be well-defined as a bounded operator.

1= Prove that r(S1,...,S¢) is well-defined in M, the x-algebra of densely

defined and closed operators that are affiliated with M.
@ r(X{,...,XY) might fail to exist with non-zero probability.

i Prove that, for all N which are large enough, r(X7{",

LX) is
well-defined almost surely.

© Prove that the empirical eigenvalue distribution of r(X{V, ..., X%)
converges in law to the analytic distribution of (S, ..., Sq)

Tobias Mai (Saarland University)
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The main results Evaluations in random matrices

Main result |: evaluations in random matrices

Suppose that XV = (X, ... ,XCZIV) for N € N are d-tuples of selfadjoint
random matrices with laws 1) on My (C)Z, which are absolutely

continuous with respect to the Lebesgue measure on My (C)<,.
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The main results Evaluations in random matrices

Main result |: evaluations in random matrices

Suppose that XV = (X{V,..., X)) for N € N are d-tuples of selfadjoint
random matrices with laws 1) on My (C)Z, which are absolutely

continuous with respect to the Lebesgue measure on My (C)<,.

Theorem (Collins, M., Miyagawa, Parraud, Yin (2021))
Let r be a noncommutative rational expression in d formal variables which

is non-degenerate. Then there exists some Ny € N such that almost surely

XN e dom  (cy(T) for all N > Ny.
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Evaluations in random matrices
Main result |: evaluations in random matrices

Suppose that XV = (X{V,..., X)) for N € N are d-tuples of selfadjoint
random matrices with laws 1) on My (C)Z, which are absolutely

continuous with respect to the Lebesgue measure on My (C)<,.

Theorem (Collins, M., Miyagawa, Parraud, Yin (2021))

Let r be a noncommutative rational expression in d formal variables which
is non-degenerate. Then there exists some Ny € N such that almost surely

XN e dom  (cy(T) for all N > Ny.

Recall that independent standard selfadjoint Gaussian random matrices of
size N x N follow the law

1
Al (X) = Zfde*%“N“f*"*Xﬁ) dX; ... dX,.
N
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The main results Evaluations in operators

Main result II: evaluations in operators

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.
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The main results Evaluations in operators

Main result II: evaluations in operators

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.

Definition (Connes, Shlyakhtenko (2005))

HS
d
A(X) = d - dimpmg e { T € FR(L(M))? ‘ S (T, JX;0) =0}
j=1
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Main result II: evaluations in operators

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.

Definition (Connes, Shlyakhtenko (2005))

HS
d
A(X) = d - dimpmg e { T € FR(L(M))? ] S (T, JX;0) =0}
j=1

Facts

o For a single operator X = X*, we have A(X) =1— Y, p ux({t})%
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The main results Evaluations in operators

Main result II: evaluations in operators

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.

Definition (Connes, Shlyakhtenko (2005))

HS
d
A(X) = d - dimpmg e { T € FR(L(M))? ] S (T, JX;0) =0}
j=1

Facts

o For a single operator X = X*, we have A(X) =1— Y, p ux({t})%
o If {Xl, ce ,Xk} and {Xk—i-ly .

A(X1,.

.., X4} are freely independent, then

o Xa) = DKy, Xi) + AXn1, -, Xa).
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The main results Evaluations in operators

Main result II: evaluations in operators

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.

Definition (Connes, Shlyakhtenko (2005))

HS
d
A(X) = d - dimpmg e { T € FR(L(M))? ] S (T, JX;0) =0}
=1

Facts

o For a single operator X = X*, we have A(X) =1— Y, p ux({t})%

o If {X1,..., X} and {Xyi1,..., X4} are freely independent, then

A(Xla s00 7Xd) = A(Xla soc an) + A(Xk-i-la s00 7Xd)'

In particular, for a d-tuple S = (S1,...,Sy) of freely independent
semicircular elements, we have that A(S) = A(S1) + -+ A(Sy) = d.

Tobias Mai (Saarland University)

NC rational functions evaluated in RM

June 9, 2021 14 /23



The main results

Main result Il: evaluations in operators (continued)

Tobias Mai (Saarland University) NC rational functions evaluated in RM



The main results Evaluations in operators

Main result Il: evaluations in operators (continued)

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.
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The main results Evaluations in operators

Main result Il: evaluations in operators (continued)

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.

Theorem (M., Speicher, Yin (2019))

The canonical evaluation homomorphism

evy : C<LL’1, e ,.’L‘d> = M, Tiy Lig ** * Ty, = XilXiz s Xik

extends to an injective homomorphism Evx : C<€xy, ..., 243 — M.
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The main results Evaluations in operators

Main result Il: evaluations in operators (continued)

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.

Theorem (M., Speicher, Yin (2019))

The canonical evaluation homomorphism

evy : C<.’L’1, e ,.’L‘d> = M, Tiy Lig ** * Ty, = XilXiz s Xik

extends to an injective homomorphism Evx : C<€xy, ..., 243 — M.

Recall: Ckay,...,z4% = {[r] ‘ r non-degenerate nc rational expression }
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The main results Evaluations in operators

Main result Il: evaluations in operators (continued)

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 7) satisfying A(X) = d.

Theorem (M., Speicher, Yin (2019))

The canonical evaluation homomorphism

evyx : C<l’1, ce ,l’d> — M, Tiy Lig ** * Ty, = XilXig 00 Xik
extends to an injective homomorphism Evx : CLxq,..., 243 — M.
Recall: Ckay,...,z4% = {[r] ‘ r non-degenerate nc rational expression }

Theorem (Collins, M., Miyagawa, Parraud, Yin (2021))

Let r be a noncommutative rational expression in d formal variables which
is non-degenerate. Then

X € dom (r) and r(X) = Evx([r]).
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The main results Convergence in law

Main result Ill: convergence in law
Definition
A noncommutative rational expression 7 in d formal variables is said to be

selfadjoint, if for every unital complex *-algebra A, we have r(X)* = r(X)
for all X € A% Ndom4(r), where we set Ay, :={X € A| X* = X}.
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The main results Convergence in law

Main result Ill: convergence in law
Definition
A noncommutative rational expression 7 in d formal variables is said to be

selfadjoint, if for every unital complex *-algebra A, we have r(X)* = r(X)
for all X € A% Ndom4(r), where we set Ay, :={X € A| X* = X}.

Theorem (Collins, M., Miyagawa, Parraud, Yin (2021))

Let XV = (X{V,..., X2) be a d-tuple of selfadjoint random matrices.
Further, let r be a non-degenerate noncommutative rational expression in d
variables which is selfadjoint. Suppose the following:

o XV B ¥ almost surely as N — oo for a d-tuple X in some tracial
W*-probability space (M, 7) satisfying A(X) = d.
@ For N large enough, 7(X%) is well-defined almost surely.

Then r(X) is well-defined, and the empirical measure of r(X*V) converges
almost surely in law towards the analytic distribution of (X).
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Glimpse behind the scenes Fullness

Glimpse behind the scenes I: fullness
Definition
Let A € My(C(xy,...,zq)) be given.

@ The (inner) rank of A, denoted by p(A), is the least integer r > 1 for
which A can be written as A = Ry Ry with some rectangular matrices

Ry € kar((c<$1, 56 .,xd>) and Ry € erk(c<331; 500 ,:L'd>).
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Glimpse behind the scenes Fullness

Glimpse behind the scenes I: fullness
Definition
Let A € My(C(xy,...,zq)) be given.

@ The (inner) rank of A, denoted by p(A), is the least integer r > 1 for
which A can be written as A = Ry Ry with some rectangular matrices

Ry € kar((c<$1, 56 .,xd>) and Ry € erk(c<371; 500 ,l‘d)).

o We call A full if it has full rank, i.e., if p(A) = k.
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Glimpse behind the scenes Fullness

Glimpse behind the scenes I: fullness
Definition
Let A € My(C(xy,...,zq)) be given.

@ The (inner) rank of A, denoted by p(A), is the least integer r > 1 for
which A can be written as A = Ry Ry with some rectangular matrices

Ry € MkXT(C<ZL'1,. . .,.Td>) and Ry € erk(c<371; 500 ,l’d)).

o We call A full if it has full rank, i.e., if p(A) = k.

Facts

v
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Glimpse behind the scenes Fullness

Glimpse behind the scenes I: fullness
Definition
Let A € My(C(xy,...,zq)) be given.

@ The (inner) rank of A, denoted by p(A), is the least integer r > 1 for
which A can be written as A = Ry Ry with some rectangular matrices

Ry € MkXT(C<ZL'1,. . .,.Td>) and Ry € erk(C<IB1, 500 ,l’d)).

o We call A full if it has full rank, i.e., if p(A) = k.

Facts
o Afull <= Ainvertible in My (CLz1,...,24>)

v
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Glimpse behind the scenes Fullness

Glimpse behind the scenes I: fullness
Definition
Let A € My(C(xy,...,zq)) be given.

@ The (inner) rank of A, denoted by p(A), is the least integer r > 1 for
which A can be written as A = Ry Ry with some rectangular matrices

Ry € MkXT(C<£L‘1,. . .,$d>> and Ry € MTXk(C<.CL‘1, 500 ,:L'd>).

o We call A full if it has full rank, i.e., if p(A) = k.

Facts
o Afull <= Ainvertible in My (CLz1,...,24>)

o If there is X = (X1,..., Xq) € My (C)? for some N € N such that
A(X) is invertible in My (C), then A is full.

v
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Glimpse behind the scenes Fullness

Glimpse behind the scenes I: fullness
Definition
Let A € My(C(xy,...,zq)) be given.

@ The (inner) rank of A, denoted by p(A), is the least integer r > 1 for
which A can be written as A = Ry Ry with some rectangular matrices

Ry € MkXT(C<x1,. . .,$d>) and Ry € erk(@<$1, 500 ,J}d)).

o We call A full if it has full rank, i.e., if p(A) = k.

Facts
o Afull <= Ainvertible in My (C€xy,...,z4>)
o If thereis X = (X1,...,X,) € My(C)? for some N € N such that
A(X) is invertible in My (C), then A is full.

o Conversely, if A is full, then there exists Ny € N such that for each
N > Ny there is X € My(C) for which A(X) is invertible.

v
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Glimpse behind the scenes

Glimpse behind the scenes II: linearization
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Glimpse behind the scenes Formal linear representations

Glimpse behind the scenes II: linearization
Definition (Helton, M., Speicher (2018))

Let r be a noncommutative rational expression in the formal variables
x1,...,2q4. A formal linear representation p = (u, A,v) of r (of dimension
k) consists of
@ an affine linear pencil A = Ay @1+ A1 Qa1 + - + Ay ® x4 with
matrix coefficients Ag, Ay, ..., Ag € My(C),

@ and a row vector © and a column vector v of dimension k& over C,

and satisfies the following property:

For any unital complex algebra A and each X € domy(r), we
have that A(X) is invertible in My(A) and 7(X) = uA(X) v.
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Glimpse behind the scenes Formal linear representations

Glimpse behind the scenes II: linearization
Definition (Helton, M., Speicher (2018))

Let r be a noncommutative rational expression in the formal variables
x1,...,2q4. A formal linear representation p = (u, A,v) of r (of dimension
k) consists of
@ an affine linear pencil A = Ay @1+ A1 Qa1 + - + Ay ® x4 with
matrix coefficients Ag, Ay, ..., Ag € My(C),

@ and a row vector © and a column vector v of dimension k& over C,

and satisfies the following property:

For any unital complex algebra A and each X € domy(r), we
have that A(X) is invertible in My(A) and 7(X) = uA(X) v.

Theorem (Helton, M., Speicher (2018))

Each noncommutative rational expression r admits a formal linear
representation p = (u, A, v). If r is non-degenerate, then A is full.

v
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Invertibility of affine linear pencils
Glimpse behind the scenes Ill: invertibility

Consider an affine linear pencil
A=Al +A1 Q021+ - +A;Q x4
in Mi(C) @ C(xy,...,zq) = Mp(C(zy,...,2z4)) which is full.
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(ST RO R EREEU R Invertibility of affine linear pencils

Glimpse behind the scenes Ill: invertibility
Consider an affine linear pencil

A=AR1+A1 @21+ -+ A1 ® x4
in Mi(C) @ C(xy,...,zq) = Mp(C(zy,...,2z4)) which is full.
Theorem (M., Speicher, Yin (2019))

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 1) satisfying A(X) = d. Then

A(X) € My(M) is invertible in My (M).
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(ST RO R EREEU R Invertibility of affine linear pencils

Glimpse behind the scenes Ill: invertibility
Consider an affine linear pencil

A=A401+A1Q@0x1+ -+ A1 ® 2y
in Mk(C) ®(C<$1, ... ,$d> = Mk((C<a:1, .. ,xd)) which is full.
Theorem (M., Speicher, Yin (2019))

Suppose that X = (X1,...,Xy) is a d-tuple of selfadjoint operators in a
tracial W*-probability space (M, 1) satisfying A(X) = d. Then

A(X) € My(M) is invertible in My (M).

Theorem (Collins, M., Miyagawa, Parraud, Yin (2021))

Suppose that XV = (X, ... ,Xév) for N € N are d-tuples of selfadjoint
random matrices with laws p on My (C)Z, which are absolutely
continuous with respect to the Lebesgue measure on My (C)%. Then there
exists some Ny € N such that almost surely

A(X™N) is invertible in Mj,x(C) for all N > N.

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 19/23

v




Glimpse behind the scenes
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Glimpse behind the scenes IV: recursive structure

Fact

Let %Ry be the set of all non-degenerate noncommutative rational
expressions in d formal variables. Suppose that ;& C R satisfies:

O CU{zy,...,zq} CR.

@ For r1,79 € R, we have 71 + 79 € R and r1 - 75 € R.

© If » € N is such that 7! is non-degenerate, then 7! € .
Then R = Ry.
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(ST EGG R RGNS The recursive structure of nc rational expressions

Glimpse behind the scenes IV: recursive structure

Fact

Let %Ry be the set of all non-degenerate noncommutative rational
expressions in d formal variables. Suppose that ;& C R satisfies:

O CU{zy,...,zq} CR.

@ For r1,79 € R, we have 71 + 79 € R and r1 - 75 € R.

© If » € N is such that 7! is non-degenerate, then 7! € .
Then R = Ry.

The evaluation part is proven by applying the previous argument to

Mo := {r | X € dom(r) and r(X) = Evx([r])} respectively
Ro := {r | INo € N : almost surely VN > Ny : XN e domMN((c)(T)}-
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(ST EGG R RGNS The recursive structure of nc rational expressions

Glimpse behind the scenes IV: recursive structure

Fact

Let %Ry be the set of all non-degenerate noncommutative rational
expressions in d formal variables. Suppose that ;& C R satisfies:

O CU{zy,...,zq} CR.

@ For r1,79 € R, we have 71 + 79 € R and r1 - 75 € R.

© If » € N is such that 7! is non-degenerate, then 7! € .
Then R = Ry.

The evaluation part is proven by applying the previous argument to
Ro 1= {r | X € domgy(r) and 7(X) = Evx([r])} respectively
Ro := {r | ANy € N : almost surely VN > Ny : XV ¢ dom ¢y (7) }-

For @, use linearization p = (u, A, v) of r and the Schur complement
u

formula for the full affine linear pencil (2 A) € My1(Clz1,...,x4q)).

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 20/23
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Glimpse behind the scenes V: selfadjoint linearization
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(TN EGG R RN Selfadjoint formal linear representations

Glimpse behind the scenes V: selfadjoint linearization
Definition (Helton, M., Speicher (2018))

Let r be a selfadjoint noncommutative rational expression. A selfadjoint
formal linear representation p = (Q,w) of r (of dimension k) consists of
@ an affine linear pencil Q = Qo1+ Q1 Rz + -+ + Qg ® xgq with
selfadjoint matrix coefficients Qo, @1, ..., Qq € Mi(C),
@ and a column vector w of dimension k over C,
and satisfies the following property:

For any unital complex *-algebra A, if X € A% N domy(r), then
Q(X) is invertible in My(A) and r(X) = w*Q(X)lw.
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(TN EGG R RN Selfadjoint formal linear representations

Glimpse behind the scenes V: selfadjoint linearization
Definition (Helton, M., Speicher (2018))

Let r be a selfadjoint noncommutative rational expression. A selfadjoint
formal linear representation p = (Q,w) of r (of dimension k) consists of
@ an affine linear pencil Q = Qo1+ Q1 Rz + -+ + Qg ® xgq with
selfadjoint matrix coefficients Qo, @1, ..., Qq € Mi(C),
@ and a column vector w of dimension k over C,
and satisfies the following property:

For any unital complex *-algebra A, if X € A% N domy(r), then
Q(X) is invertible in My(A) and r(X) = w*Q(X)lw.

Theorem (Helton, M., Speicher (2018))

Each selfadjoint noncommutative rational expression r admits a selfadjoint
formal linear representation p = (@, w). If r is non-degenerate, then @ is
full.
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Glimpse behind the scenes VI: convergence in law
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Glimpse behind the scenes

Glimpse behind the scenes VI: convergence in law

For X € Mvsa, define the cumulative distribution function

Fx : R—10,1], Fx(t) = ,UX((—OO,t]).
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Glimpse behind the scenes BN TIIFE R NETY

Glimpse behind the scenes VI: convergence in law

For X € Mvsa, define the cumulative distribution function
Fx: R—[0,1], Fx(t) = ;LX((—oo,t]).

By Portmanteau’s theorem, we need to show that (almost surely)

limsup | F,, cQ(x M) 1w(t) = Furo(x ) =0
N—o0

for every t € R which is a point of continuity of F,«g(x)-1u-

Tobias Mai (Saarland University) NC rational functions evaluated in RM June 9, 2021 22/23



Glimpse behind the scenes BN TIIFE R NETY

Glimpse behind the scenes VI: convergence in law

For X € ﬁ/lvsa, define the cumulative distribution function

Fx: R—[0,1], Fx(t) := pX((—oo,t]).

By Portmanteau’s theorem, we need to show that (almost surely)
limsup | F,, cQ(x M) 1w(t) = Furo(x ) =0
N—o0

for every t € R which is a point of continuity of F,«g(x)-1u-
Step 1: For e >0, let f. : R — R be continuous such that f.(t) =t~! for
all t € R\ [—¢,¢]; then, with Qn := Q(X) and Qu := Q(X),
|Fw*Q;,1w(t) - ‘Fw*nglw(t)‘ S ‘Fw*fs(QN)W(t) B ‘Fw*fa(Qoo)W(t”
+ (Trg @ trv ) (L—2 0 (QN)) + (Trp @ tra) (1—c ) (Qoo))-
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Glimpse behind the scenes VI: convergence in law

For X € Mvsa, define the cumulative distribution function

Fx: R—10,1], Fx(t) := px ((—o0,]).

By Portmanteau’s theorem, we need to show that (almost surely)

lim sup ’-’Tw*Q(XN)—lw(t) - ]:w*Q(X)—lw(t)} =0

N—oo
for every t € R which is a point of continuity of F,«g(x)-1u-
Step 1: Fore >0, let f- : R — R be continuous such that f.(t) = ¢t~! for
all t € R\ [—¢,¢]; then, with Qn == Q(X") and Qs = Q(X),
|Fw*Q;,1w(t) - ‘Fw*nglw(t)‘ S “Fw*fs(QN)W(t) B fW*fE(Qoo)W(t>|
+ (Trg @ trn) (1 o (@N)) + (Trg @ try ) (1—c ) (@)
Step 2: Prove that w* f.(Qn)w dist w* fo(Qoo)w as N — 00, by

approximating f. by polynomials, and use Portmanteau’s theorem again.
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Concluding remarks

Extension of the main results

So far: XN B K aimost surely as N — oo
o XV = (X, ..., XJ) are tuples of selfadjoint random matrices with

absolutely continuous laws on My (C)Z,
o X = (Xy,...,Xy) is a tuple of selfadjoint operators with A(X) = d
In such situations, we studied the (convergence in law of) evaluations of

(selfadjoint) non-degenerate noncommutative rational expressions.
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o XV = (X, ..., XJ) are tuples of selfadjoint random matrices with

absolutely continuous laws on My (C)Z,
o X = (Xy,...,Xy) is a tuple of selfadjoint operators with A(X) =d
In such situations, we studied the (convergence in law of) evaluations of

(selfadjoint) non-degenerate noncommutative rational expressions.
It is possible to generalize this to ...

O tuples (XY, UN) of selfadjoint and unitary random matrices with
absolutely continuous laws on My (C)4 x Uy (C)?% which are
convergent in *-distribution to (X,U) with A(X,U) = d; + dy;
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So far: XN B K aimost surely as N — oo
o XV = (X, ..., XJ) are tuples of selfadjoint random matrices with

absolutely continuous laws on My (C)Z,
o X = (Xy,...,Xy) is a tuple of selfadjoint operators with A(X) =d
In such situations, we studied the (convergence in law of) evaluations of

(selfadjoint) non-degenerate noncommutative rational expressions.
It is possible to generalize this to ...

O tuples (XY, UN) of selfadjoint and unitary random matrices with
absolutely continuous laws on My (C)4 x Uy (C)?% which are
convergent in *-distribution to (X,U) with A(X,U) = d; + dy;

@ (convergence in law of) evaluations of (selfadjoint) matrix-valued
non-degenerate noncommutative rational expressions.
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Concluding remarks

Extension of the main results

So far: XN B K aimost surely as N — oo
o XV = (X, ..., XJ) are tuples of selfadjoint random matrices with

absolutely continuous laws on My (C)Z,
o X = (Xy,...,Xy) is a tuple of selfadjoint operators with A(X) =d
In such situations, we studied the (convergence in law of) evaluations of

(selfadjoint) non-degenerate noncommutative rational expressions.
It is possible to generalize this to ...

O tuples (XY, UN) of selfadjoint and unitary random matrices with
absolutely continuous laws on My (C)4 x Uy (C)?% which are
convergent in *-distribution to (X,U) with A(X,U) = d; + dy;

@ (convergence in law of) evaluations of (selfadjoint) matrix-valued
non-degenerate noncommutative rational expressions.

Thank youl
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