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Noncommutative probability spaces

Definition
A noncommutative probability space (A, ¢) consists of
@ a complex algebra A with unit 14 and
@ a linear functional ¢ : A — C with ¢(14) = 1 (expectation).

Elements X € A are called noncommutative random variables.
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Noncommutative probability spaces

Definition
A noncommutative probability space (A, ¢) consists of
@ a complex algebra A with unit 14 and
@ a linear functional ¢ : A — C with ¢(14) = 1 (expectation).

Elements X € A are called noncommutative random variables.

Definition
A noncommutative probability space (A, ¢) is called
o C*-probability space if
A is a unital C*-algebra and
¢ is a state on A.
@ tracial TW*-probability space, if
A is a von Neumann algebra and
¢ is a faithful normal tracial state on A.
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Noncommutative distributions

Definition (“combinatorial distribution”)

Let (A, ¢) be a noncommutative probability space. For any given family
X = (Xj)ier of noncommutative random variables, we call

nx . (C<33i|iEI>—>C, $21$1k’—>¢(X11X2k)

the (joint) noncommutative distribution of X.
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Noncommutative distributions

Definition (“combinatorial distribution”)

Let (A, ¢) be a noncommutative probability space. For any given family
X = (Xj)ier of noncommutative random variables, we call

nx . C<l’i|iEI>—>C, $1ll‘zk’—>¢(X11sz)

the (joint) noncommutative distribution of X.

Definition (“analytic distribution”)

Let (A, ¢) be a C*-probability space. For any given X = X* € A, the
noncommutative distribution of X can be identified with the unique Borel
probability measure px on the real line R that satisfies

H(XF) = /Rtk dpx(t) for all integers k£ > 0.
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(Xlw" )X’n)
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(Xla"'7Xn) Y:=f(X1,"'7Xn)
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(Xla"'7Xn) “') Y = f(Xl,"'aXn)
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(Xla"'7Xn) “') Y = f(Xla"'aXn)

1
X1,...,X, freely indepen-
dent with given individual
distributions pix,, ..., px,,
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Noncommutative distribution px, . x,

e N

(Xl,...,Xn) "') W o= f(Xl,...,Xn)
| |
X1,..., X, freely indepen- Compute the analytic distribu-
dent with given individual tion and the Brown measure,
distributions px,, ..., X, respectively, of Y.
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Noncommutative distribution px, . x,

e N

(Xl,...,Xn) "') W o= f(Xl,...,Xn)
| |
X1,..., X, freely indepen- Compute the analytic distribu-
dent with given individual tion and the Brown measure,
distributions px,, ..., ux, respectively, of Y.
|

Study regularity properties like
@ absolute continuity of uy
o Holder continuity of 7,

@ absence of atoms for uy
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e N

(Xl,...,Xn) "') W o= f(Xl,...,Xn)
| |
X1,..., X, freely indepen- Compute the analytic distribu-
dent with given individual == tion and the Brown measure,
distributions px,, ..., ux, respectively, of Y.
|

Study regularity properties like
@ absolute continuity of uy
o Holder continuity of 7,
@ absence of atoms for uy

[Belinschi-M.-Speicher, "17], [Belinschi-Sniady-Speicher, 18], [Helton-M.-Speicher, '18]
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Noncommutative distribution px, . x,

e N

(Xl,...,Xn) "') W o= f(Xl,...,Xn)
| |
X1,..., X, freely indepen- Compute the analytic distribu-
dent with given individual tion and the Brown measure,
distributions px,, ..., ux, respectively, of Y.

|
\ Study regularity properties like

@ absolute continuity of uy
o Holder continuity of 7,
@ absence of atoms for uy

[Shlyakhtenko-Skoufranis, "15], [Ajanki-Erdds-Kriiger, "16], [Alt-Erdos-Kriiger, '18]
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Noncommutative distribution px, . x,

(X1,...

|

X1,...,X, freely indepen-
dent with given individual

distributions px,, ..., ux,
|
Regularity conditions such as

o O*(X1,...,Xn) < 00
o \*(X1,...,Xp) > —
o (5*(X1,...,Xn) =N

, Xn)
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= f(Xl, ce
|
Compute the analytic distribu-
tion and the Brown measure,

respectively, of Y.

|
Study regularity properties like
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@ absolute continuity of uy
o Holder continuity of 7,
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Noncommutative distribution px, . x,

e N

(X1,...,Xn) LT 2 Y = f(X1,...,X,)
| |
X1,..., X, freely indepen- Compute the analytic distribu-
dent with given individual tion and the Brown measure,
distributions px,, ..., ux, respectively, of Y.
Regularity condlitions such as Study regularityI properties like
o O*(Xy,...,Xp) <o0 @ absolute continuity of py
® X"(X1,...,Xp) > —00 o Holder continuity of F,,
° §*(Xy,...,Xn)=n @ absence of atoms for uy

[Charlesworth-Shlyakhtenko, '16], [M.-Speicher-Weber, '17],
[M.-Speicher-Yin, '18], [Banna-M., '18]
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Basic classes of “noncommutative test functions”

©® Noncommutative polynomials, i.e., expressions of the form

d n
P =ag+ E E iy, i Tig " T,

k=11i1,....ip=1

in formal non-commuting indeterminates x1, ..., z,; we denote the
unital complex algebra consisting of all noncommutative polynomials
by C(z1,...,xn).
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k=11i1,....ip=1
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@ Matrices of noncommutative polynomials, i.e., elements P in
Mpy(C(x1,...,x,)) for an arbitrary N € N.
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Basic classes of “noncommutative test functions”

©® Noncommutative polynomials, i.e., expressions of the form

d n
P=ao+Y Y . pwiy -,

k=11i1,....ip=1

in formal non-commuting indeterminates x1, ..., z,; we denote the
unital complex algebra consisting of all noncommutative polynomials
by C(z1,...,xn).

@ Matrices of noncommutative polynomials, i.e., elements P in
Mpy(C(x1,...,x,)) for an arbitrary N € N.

© Affine linear pencils, i.e., matrices of noncommutative polynomials
that are of the particular form

P=0by+bix1+ -+ bnxy

with scalar matrices by, b, ..., b, of appropriate size.
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A more advanced class: noncommutative rational functions
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A more advanced class: noncommutative rational functions

o By definition, noncommutative rational functions are elements of the
free field CLxq, ..., zn>.
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o By definition, noncommutative rational functions are elements of the
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e Formally, CLx1,...,z,> is the universal field of fractions for the ring
C(z1,...,zy,) of noncommutative polynomials.
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A more advanced class: noncommutative rational functions

o By definition, noncommutative rational functions are elements of the

free field CLxq, ..., zn>.

e Formally, CLx1,...,z,> is the universal field of fractions for the ring
C(z1,...,zy,) of noncommutative polynomials.

@ Its existence is a highly non-trivial fact: Amitsur, Bergman, Cohn, ...

But what does this actually mean?
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A more advanced class: noncommutative rational functions

o By definition, noncommutative rational functions are elements of the
free field CLxq, ..., zn>.

e Formally, C{xz1,...,z,> is the universal field of fractions for the ring
C(z1,...,zy,) of noncommutative polynomials.

@ Its existence is a highly non-trivial fact: Amitsur, Bergman, Cohn, ...

But what does this actually mean?

15 Loosely speaking, noncommutative rational functions are built out of
noncommutative polynomials by successive applications of the
arithmetic operations addition, multiplication, and inversion.
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A more advanced class: noncommutative rational functions

o By definition, noncommutative rational functions are elements of the
free field CLxq, ..., zn>.

e Formally, C{xz1,...,z,> is the universal field of fractions for the ring
C(z1,...,zy,) of noncommutative polynomials.

@ Its existence is a highly non-trivial fact: Amitsur, Bergman, Cohn, ...

But what does this actually mean?

15 Loosely speaking, noncommutative rational functions are built out of
noncommutative polynomials by successive applications of the
arithmetic operations addition, multiplication, and inversion.

1z They can be realized as equivalence classes of noncommutative
rational expressions which are non-degenerate.
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From rational functions to affine linear pencils

Definition
Let Q € Mn(C(xy,...,x,)) be given.

@ The (inner) rank of Q, denoted by p(Q), is the least integer & > 1 for
which Q can be written as Q = R;Rsy with some rectangular matrices

R, € Mka((C(acl, 00 C ,xn>) and Rs € kaN(C<x1, Ty ,xn>)
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From rational functions to affine linear pencils

Definition
Let Q € Mn(C(xy,...,x,)) be given.

@ The (inner) rank of Q, denoted by p(Q), is the least integer & > 1 for
which Q can be written as Q = R;Rsy with some rectangular matrices

R, € Mka((C@Cl, 00 C ,xn>) and Rs € kaN((C<$1, Ty ,xn>)

o We call Q full if it has full rank, i.e., if p(Q) = N.
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From rational functions to affine linear pencils
Definition
Let Q € Mn(C(xy,...,x,)) be given.

@ The (inner) rank of Q, denoted by p(Q), is the least integer & > 1 for
which Q can be written as Q = R;Rsy with some rectangular matrices

R, € MNXk((C<$17 500 ,xn>) and Rs € kaN((C<$1, 500 ,xn>)

o We call Q full if it has full rank, i.e., if p(Q) = N.

Facts

e Qfull <= Q.nvertible in My(C<Lxy,...,2,>)

y
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From rational functions to affine linear pencils

Definition
Let Q € Mn(C(xq,...,x,)) be given.

@ The (inner) rank of Q, denoted by p(Q), is the least integer & > 1 for
which Q can be written as Q = R;Rsy with some rectangular matrices

R, € MNXk((C<JI1, 500 ,xn>) and Rs € kaN((C<JI1, 500 ,xn>)

o We call Q full if it has full rank, i.e., if p(Q) = N.

Facts

o Qfull <= Qinvertible in Mn(CLxy,...,z0>)
e Every noncommutative rational function r € CLx1,...,x,> admits a

linear representation, i.e., it can be written as » = uQ~'v with a full

affine linear pencil Q € My(C(zy,...,x,)) and scalar vectors u and
v of appropriate size.

v
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How can we “evaluate” such functions?
Trivial facts

Let A be a unital algebra and consider X1,...,X,, € A. There is a unital
homomorphism

evy : Clry,...,x,) — A

that is uniquely determined by the condition that evx(z;) = X; for each
i =1,...,n. The latter extends naturally to a unital homomorphism

evit) My (Clar, ..., 2n) = My(A), (Pa)liy — (evx (Pa))Mis-

v
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How can we “evaluate” such functions?

Trivial facts

Let A be a unital algebra and consider X1,...,X,, € A. There is a unital
homomorphism

evy : Clxy,...,zp) > A

that is uniquely determined by the condition that evx(z;) = X; for each
i =1,...,n. The latter extends naturally to a unital homomorphism

evg?[) : MN((C<$1, ... ,xn>) — MN(.A>, (Pkl)i:\,[lzl — (eVX(Pkl))i]c\{lzl'

v

This defines evaluation of (matrix-valued) noncommutative polynomials
and of affine linear pencils, in particular. Rational functions are more subtle.
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How can we “evaluate” such functions?

Trivial facts

Let A be a unital algebra and consider X1,...,X,, € A. There is a unital
homomorphism

evy : Clxy,...,zp) > A

that is uniquely determined by the condition that evx(x;) = X; for each
i =1,...,n. The latter extends naturally to a unital homomorphism

N
evit) My (Clar, ..., 2n) = My(A), (Pa)liy — (evx (Pa))Mis-
This defines evaluation of (matrix-valued) noncommutative polynomials
and of affine linear pencils, in particular. Rational functions are more subtle.

Challenging facts

@ Not every rational expression can be evaluated everywhere.
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How can we “evaluate” such functions?

Trivial facts

Let A be a unital algebra and consider X1,...,X,, € A. There is a unital
homomorphism

evy : Clxy,...,zp) > A

that is uniquely determined by the condition that evx(x;) = X; for each
i =1,...,n. The latter extends naturally to a unital homomorphism

v My(Clar,...,2n)) = My(A), (Pu)iey = (evx(Pu)Nes.

This defines evaluation of (matrix-valued) noncommutative polynomials
and of affine linear pencils, in particular. Rational functions are more subtle.
Challenging facts

@ Not every rational expression can be evaluated everywhere.

@ Two rational expressions representing the same rational function do
not necessarily give the same value under evaluation.

Tobias Mai (Saarland University) June 17, 2019 8/20
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Noncommutative derivatives

Consider again the (*-)algebra C(xy,...,x,) of noncommutative
polynomials in formal (selfadjoint) variables z1,..., z,.
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Noncommutative derivatives

Consider again the (x-)algebra C(z1,...,x,) of noncommutative
polynomials in formal (selfadjoint) variables z1,..., z,.
Definition

The noncommutative derivatives are the linear mappings

01y 0n: Clay, ... xn) = Clay, .. xn) @ Clxy, ..., zp)

which are uniquely determined by the two conditions
o 8j(P1P2) = (8JP1) - P+ P - (@Pg) for all P, P e (C<£IJ1, .

cy T,
° (%a:i:6i,j1®1fori,j:1,...,n.
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Noncommutative derivatives

Consider again the (x-)algebra C(z1,...,x,) of noncommutative
polynomials in formal (selfadjoint) variables z1,..., z,.
Definition

The noncommutative derivatives are the linear mappings

01y 0n: Clay, ... xn) = Clay, .. xn) @ Clxy, ..., zp)

which are uniquely determined by the two conditions
o 8j(P1P2) = (83P1) - P+ P - (@Pg) for all P, P e (C<CL‘1, c.. ,LL‘n>,
° 8]'331' :61,]1(8)1 fori,j=1,...,n.

Clx1,...,xn) @ C{x,...,x,) becomes a C(xy,...,x,)-bimodule via

P - (Q1®Q2) P :=(P1Q1) ® (Q2F2).
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Conjugate variables and free Fisher information

Let (M, 7) be a tracial W*-probability space and consider any selfadjoint
operators X1,..., X, € M; we put Mg := vN(X1,...,X,).
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Conjugate variables and free Fisher information

Let (M, 7) be a tracial W*-probability space and consider any selfadjoint
operators X1,..., X, € M; we put My := vN(Xq,...,X,).

Definition (Voiculescu (1998))

If &1,...,&, € L?(Mo, ) are such that for all P € C(zy,...,z,)

(T ®7)((0;P)(X1,.- ., Xn) = T(&P(X1,..., Xp)), F=1,...,n,

then (&1,...,&y,) is called the conjugate system for (X1,..., X,).
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Conjugate variables and free Fisher information

Let (M, 7) be a tracial W*-probability space and consider any selfadjoint
operators X1,..., X, € M; we put My := vN(Xq,...,X,).

Definition (Voiculescu (1998))
If &1,...,&, € L?(Mo, ) are such that for all P € C(zy,...,z,)

(1T)((0;P)(X1,...,Xn)) =7(&P(X1,...,Xpn)), j=1,...,n,

then (&1,...,&y,) is called the conjugate system for (X1,..., X,).

Definition (Voiculescu (1998))

The (non-microstates) free Fisher information is defined by

Z 16112 if a conjugate system (&1,...,&,)
O (Xy,..., X,) = N2 for (X1,...,X,) exists

0, otherwise

V.
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Interlude: Gibbs laws and the Schwinger-Dyson equation
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Interlude: Gibbs laws and the Schwinger-Dyson equation
Theorem (Guionnet, Shlyakhtenko (2009))

Let V € C(x1,...,zy) be “nice” and let (X{N), e ,X7(1N)) be random
matrices of size N x N following the Gibbs law

A (X™ L x )y = L N X)) g () g,

Zy
Then, for all P € C(z1,...,x,),
A}im trN(P(XfN), LX) = 7(P(Xy,...,X,)) almost surely
— 00

for selfadjoint operators X7, ..., X, in some W*-probability space (M, 1)
that satisfy the Schwinger-Dyson equation with potential V.
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Interlude: Gibbs laws and the Schwinger-Dyson equation

Theorem (Guionnet, Shlyakhtenko (2009))

Let V € C(x1,...,zy) be “nice” and let (XfN), e ,X7(1N)) be random

matrices of size N x N following the Gibbs law
A (X™ L x )y = L N X)) g () g,
Then, for all P € C(z1,...,x,),
A}iinoo trN(P(XfN), LX) = 7(P(Xy,...,X,)) almost surely

for selfadjoint operators X7i,..., X, in some W*-probability space (M, 1)
that satisfy the Schwinger-Dyson equation with potential V.

Observation
For such (X1,...,X,), we always have that ®*(X1,...,X,,) < oc.

V.
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Useful variants of the free entropy dimension

Suppose that Sy,..., S, are freely independent semicircular elements that

are also free from {X1,..., X, }, then (X; + VS, ..., Xp +V1Sy)

admits a conjugate system for each ¢ > 0. More precisely, we have
2

n
< OF(X o X
T S 1+ VST, +V1S,) <
with C? .= (X2 + - + X2).

; for all ¢t > 0,
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Useful variants of the free entropy dimension

Suppose that Sy,..., S, are freely independent semicircular elements that

are also free from {X1,..., X}, then (X1 +V1S1,..., X, + V1S,)
admits a conjugate system for each ¢ > 0. More precisely, we have
2

n
< .. —
e d (X1 + VS, X+ VES,) < = forall >0,
with C? .= (X2 + - + X2).
Definition (Connes, Shlyakhtenko (2005))

° 6*(X):=n— nrtn\iglft@*(xl +VESL, . X+ VES,)
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Useful variants of the free entropy dimension

Suppose that Sy,..., S, are freely independent semicircular elements that

are also free from {X1,..., X}, then (X1 +V1S1,..., X, + V1S,)
admits a conjugate system for each ¢ > 0. More precisely, we have
2

n
< .. —
e d (X1 + VS, X+ VES,) < = forall >0,
with C? .= (X2 + - + X2).
Definition (Connes, Shlyakhtenko (2005))

° 6*(X):=n— nrtn\iglft@*(xl +VESL, . X+ VES,)

o A(X) :=n — dim gz o0 {T e FL2(M)) 5 [Ty, JX3J] = 0}

j=1
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Useful variants of the free entropy dimension

Suppose that Sy,..., S, are freely independent semicircular elements that
are also free from {X1,..., X, }, then (X; + VS, ..., Xp +V1Sy)

admits a conjugate system for each ¢ > 0. More precisely, we have
2

n
T <P s n n) < - 5
C2+nt_q>(X1+\/Esl’ , Xn 4+ V1S,,) ; forallt >0
with C? .= (X2 + - + X2).

Definition (Connes, Shlyakhtenko (2005))

° 6*(X):=n— nrtn\iglft@*(xl +VESL, . X+ VES,)

o A(X) :=n — dim gz o0 {T e F(L2M) | SITy, X3 T) = 0}

j=1

Theorem (Connes, Shlyakhtenko (2005))

Oﬁé*(Xl,...,Xn) S A(Xl,...,Xn) STL

v
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Atoms of (matrices of) polynomials and rational functions
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Atoms of (matrices of) polynomials and rational functions
Theorem (M., Speicher, Yin (2019))
The condition A(X7,...,X,,) = n is satisfied if and only if

(X1,...,X,) induces a “faithful model” of the free field inside
the x-algebra A of all unbounded linear operators affiliated to M.

v
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Atoms of (matrices of) polynomials and rational functions
Theorem (M., Speicher, Yin (2019))
The condition A(X7,...,X,,) = n is satisfied if and only if
(X1,...,X,) induces a “faithful model” of the free field inside
the x-algebra A of all unbounded linear operators affiliated to M.

In particular, if A(Xy,...,X,) =n, then the following holds:
Q@ X = (Xy,...,X,) has the strong Atiyah property.
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Atoms of (matrices of) polynomials and rational functions
Theorem (M., Speicher, Yin (2019))
The condition A(X7,...,X,,) = n is satisfied if and only if
(X1,...,X,) induces a “faithful model” of the free field inside
the x-algebra A of all unbounded linear operators affiliated to M.

In particular, if A(Xy,...,X,) =n, then the following holds:
Q@ X = (Xy,...,X,) has the strong Atiyah property.

@ For every selfadjoint P € My (C(xy,...,x,)), the operator
Y := P(Xy,...,X,,) has atoms precisely at the points in the set

{)\ eC|P—-Aye My(C(zy,...,zy)) is not full}

with size iy ({A}) = 1 — £p(P — Aly).

v
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Atoms of (matrices of) polynomials and rational functions
Theorem (M., Speicher, Yin (2019))
The condition A(X7,.

.., X)) = n is satisfied if and only if
(X1, ..

., Xy,) induces a “faithful model” of the free field inside
the x-algebra A of all unbounded linear operators affiliated to M.

In particular, if A(Xy,...,X,) =n, then the following holds:
Q@ X = (Xy,...,X,) has the strong Atiyah property.

@ For every selfadjoint P € My (C(x, .

.,Tn)), the operator
Y = P(X,.

.., X,,) has atoms precisely at the points in the set
{AeC|P -y € Mn(Clzi,...,z,)) is not full}

with size iy ({A}) = 1 — £p(P — Aly).

© Every r € CLxy,...,x,> admits a well-defined evaluation r(X) € A.

If  is non-constant and selfadjoint, then the analytic distribution of
7(X) has no atoms.
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Hoélder continuity: a criterion

Consider Y = Y™ in (M, 7). Let uy be the analytic distribution of ¥ and
let Fy be its cumulative distribution function, i.e., Fy (t) := py ((—o0, t]).
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Hoélder continuity: a criterion

Consider Y = Y™ in (M, 7). Let uy be the analytic distribution of ¥ and
let Fy be its cumulative distribution function, i.e., Fy (t) := py ((—o0, t]).

Lemma (M., Speicher, Yin (2018))
If there exist ¢ > 0 and o > 1 such that

c||[(Y = s)pll2 = [Ipll2

for all s € R and each spectral projection p of Y, then Fy is Holder
continuous with exponent (3 := —=;; more precisely, we have that

|Fy(t) — Fr(s)] < Pt —s|®  forall s,t € R.
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Hoélder continuity: a criterion

Consider Y = Y™ in (M, 7). Let uy be the analytic distribution of ¥ and
let Fy be its cumulative distribution function, i.e., Fy (t) := py ((—o0, t]).

Lemma (M., Speicher, Yin (2018))
If there exist ¢ > 0 and o > 1 such that
cl|(Y = s)pll2 = [Ipll3

for all s € R and each spectral projection p of Y, then Fy is Holder

continuous with exponent (3 := —=;; more precisely, we have that

|Fy(t) — Fr(s)] < Pt —s|®  forall s,t € R.

Proof — following ideas of [Charlesworth, Shlyakhtenko (2016)].
Take p = Ey ((s,t]) for the spectral measure Ey of Y and observe that

Y2 and  ||(Y = )plle < [t — sluy (s, )12

O]

Ipll2 = py ((s,t])

v
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Hoélder continuity of polynomials
Suppose that ®*(X1,..., X,) < .
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Hoélder continuity of polynomials

Suppose that ®*(X1,..., X,) < .

Theorem (Banna, M. (2018))

Let P € C(xy,...,x,) be selfadjoint with degree d > 1 and consider
Y = P(X1,...,Xn).

Then there exists some constant C' > 0 such that

2
|Fy(t) — Fy(s)] < C|t — s|2@™=D  for all 5,t € R.
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Hoélder continuity of polynomials
Suppose that ®*(X1,..., X,) < .

Theorem (Banna, M. (2018))
Let P € C(xy,...,x,) be selfadjoint with degree d > 1 and consider

Y = P(X1,...,Xn).

Then there exists some constant C' > 0 such that

2
|Fy(t) — Fy(s)] < C|t — s|2@™=D  for all 5,t € R.

In fact, for every R > max;—;__, ||X;[/, we can take

od

2 2 2 4] d! ok
C = (8(13*(X)1/2R) 3PR(P) 3(2d_1) HPHRs(TLl) H < ! ) 320D ,
k=1

d—k)!

where ||P||r and pr(P) are quantities that depend only on P and R.

v
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Holder continuity and finiteness of free entropy
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Hoélder continuity and finiteness of free entropy
Suppose that ®*(X1,..., X,,) < <.
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Hoélder continuity and finiteness of free entropy
Suppose that ®*(X1,..., X,,) < occ.

Corollary (Banna, M. (2018))
Let P € C(xy,...,x,) be selfadjoint with degree d > 1; consider

Y = P(X1,..., Xn).

Then, the logarithmic energy (and thus also the free entropy x*(Y))

I(py) == /R/Rlog s i " dpy (s) dpy (t)

is finite; in fact, there is an explicit bound in terms of the input data.

Tobias Mai (Saarland University) Regularity properties

June 17, 2019 16 / 20



Hoélder continuity and finiteness of free entropy
Suppose that ®*(X1,..., X,,) < occ.

Corollary (Banna, M. (2018))
Let P € C(xy,...,x,) be selfadjoint with degree d > 1; consider

Y = P(X1,..., Xn).

Then, the logarithmic energy (and thus also the free entropy x*(Y))

I(py) == /R/Rlog s 1 n dpy (s) dpy (t)

is finite; in fact, there is an explicit bound in terms of the input data.

Remark

This is a first step towards a conjecture of Charlesworth and Shlyakhtenko
(2016) saying that this should remain valid under the weaker condition

X*(le R ,Xn) > —00.

v
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Eigenvalue distributions

Consider a random matrix X of size N x N.
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Eigenvalue distributions
Consider a random matrix X of size N x N.

Definition

The empirical eigenvalue distribution of
X is the random probability measure 1 x
on C that is given by

1 N
W = X (w) :de)\ (w)*

June 17, 2019 17 / 20
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Eigenvalue diStribUtionS Gaussian random matrices
Consider a random matrix X of size N x N.

Definition

The empirical eigenvalue distribution of
X is the random probability measure 1 x
on C that is given by

1 N
W= X (w) = NZ(S)\ (w)*

June 17, 2019 17 / 20
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Eigenvalue diStribUtionS Gaussian random matrices
Consider a random matrix X of size N x N.

Definition

The empirical eigenvalue distribution of
X is the random probability measure 1 x
on C that is given by

1 N
W= X (w) = NZ(S)\ (w)*
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Elgenvalue dIStrIbUtIOHS Gaussian random matrices

Consider a random matrix X of size N x N.

Definition
The empirical eigenvalue distribution of -
X is the random probability measure 1 x
on C that is given by

1 N
WHMX(UJ :NZ Aj(w)+ H H
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Eigenvalue diStribUtionS Gaussian random matrices
Consider a random matrix X of size N x N.

Definition
The empirical eigenvalue distribution of ' -
X is the random probability measure 1 x -
on C that is given by

1 N
WHMX(UJ :NZ Aj(w)+ w ’7

June 17, 2019 17 / 20
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Eigenvalue diStribUtionS Gaussian random matrices
Consider a random matrix X of size N x N.

Definition
The empirical eigenvalue distribution of ‘ - M
X is the random probability measure 1 x )
on C that is given by

1 N
WHI’LX(UJ _NZ(S)\ (w)- w ’7

Definition

The mean eigenvalue distribution of X is
the probability measure iy on C that is
given by

Bx = Elux].
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Elgenvalue dIStI’IbUtIOI’]S Gaussian random matrices

Consider a random matrix X of size N x N.

Definition
The empirical eigenvalue distribution of ‘ s
X is the random probability measure 1 x
on C that is given by
| N
9 1) = 7 2 Bt | |

Definition as I\ f’g
The mean eigenvalue distribution of X is
the probability measure iy on C that is
given by o

ix = Elpx. ) -
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Elgenvalue dIStI’IbUtIOI’]S Gaussian random matrices

Consider a random matrix X of size N x N.

Definition

The empirical eigenvalue distribution of ‘ - M
X is the random probability measure 1 x
on C that is given by

1 N
9 1) = 7 2 Bt | |

Definition o
The mean eigenvalue distribution of X is
the probability measure iy on C that is
given by o

Bx = Elux].
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Eigenvalue distributions

Gaussian random matrices

Consider a random matrix X of size N x N.

Definition

The empirical eigenvalue distribution of ‘ n
X is the random probability measure 1 x
on C that is given by

1 N
9 1) = 7 2 Bt | |

Definition . I

.31

The mean eigenvalue distribution of X is
the probability measure iy on C that is
given by o

fix = Elpx].

Tobias Mai (Saarland University) Regularity properties June 17, 2019 17 / 20



Elgenvalue dIStI’IbUtIOI’]S Gaussian random matrices

Consider a random matrix X of size N x N.

Definition

The empirical eigenvalue distribution of ‘ - M
X is the random probability measure 1 x
on C that is given by

1 N
9 1) = 7 2 Bt | |

Definition o i
The mean eigenvalue distribution of X is
the probability measure iy on C that is
given by o

Bx = Elux].
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Elgenvalue dIStI’IbUtIOI’]S Gaussian random matrices
Consider a random matrix X of size N x N. ~» Wigner's semicircle theorem

Definition

The empirical eigenvalue distribution of ‘ - M
X is the random probability measure 1 x
on C that is given by

1 N
9 1) = 7 2 Bt | |

Definition o i
The mean eigenvalue distribution of X is
the probability measure iy on C that is
given by o

Bx = Elux].
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Gaussian block random matrices

Tobias Mai (Saarland University) Regularity properties



Gaussian block random matrices

Corollary (M., Speicher, Yin (2018); Banna, M. (2018))
Let bo, b1, ...,b, € My(C) be selfadjoint such that the quantum operator

L: Mg(C) — My(C), b+ bbby + ---+ b,bby,
satisfies £(b) > ctry(b)14 for all positive b € My(C) for some ¢ > 0. Put
XM =y @1y +b @ XM + .- 4 b, @ XN

for independent standard Gaussian random matrices (XﬁN), e ,X;LN)) and
S=bpR1+b51+:--+b, 05,

for freely independent semicircular elements Si,...,.S,.
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Gaussian block random matrices

Corollary (M., Speicher, Yin (2018); Banna, M. (2018))
Let bo, b1, ...,b, € My(C) be selfadjoint such that the quantum operator

L: My(C) — My(C), b bibby + -+ bnbby,

satisfies £(b) > ctry(b)14 for all positive b € My(C) for some ¢ > 0. Put
XM =y @1y +b @ XM + .- 4 b, @ XN

for independent standard Gaussian random matrices (X§N), ... ,X;LN)) and

S=bpR1+b51+:--+b, 05,

for freely independent semicircular elements Si,...,S,. Then we have:
(i) Fs is Holder continuous with exponent %
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Gaussian block random matrices

Corollary (M., Speicher, Yin (2018); Banna, M. (2018))
Let bo, b1, ...,b, € My(C) be selfadjoint such that the quantum operator

L: My(C) — My(C), b bibby + -+ bnbby,

satisfies £(b) > ctry(b)14 for all positive b € My(C) for some ¢ > 0. Put
XM =y @1y +b @ XM + .- 4 b, @ XN

for independent standard Gaussian random matrices (X§N), ... ,X;LN)) and

S=bpR1+b51+:--+b, 05,

for freely independent semicircular elements Si,...,S,. Then we have:
(i) Fs is Holder continuous with exponent %

ww  [Ajanki-Erd6s-Kriiger, '16], [Alt-Erdos-Kriiger, 18]
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Gaussian block random matrices

Corollary (M., Speicher, Yin (2018); Banna, M. (2018))

Let bg, b1, . ..,b, € My(C) be selfadjoint such that the quantum operator
L: My(C) = My(C), b bybby + - + bbby

satisfies £(b) > ctry(b)14 for all positive b € My(C) for some ¢ > 0. Put
XM =y @1y +b @ XM + .- 4 b, @ XN

for independent standard Gaussian random matrices (X§N), e ,X;LN)) and
S=bpR1+b51+:--+b, 05,
for freely independent semicircular elements Si,...,S,. Then we have:
(i) Fs is Holder continuous with exponent %

(i) There is some C' > 0 such that, with respect to the Kolmogorov
distance dk.;, we have that dko(fixv), ps) < CN—2/11,

ww  [Ajanki-Erd6s-Kriiger, '16], [Alt-Erdos-Kriiger, 18]
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Polynomial evaluations for Gibbs laws
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Polynomial evaluations for Gibbs laws
Corollary (Banna, M. (2018))

1

Let V € C(x1,...,xy) be “nice” and let (X(N), . ,X7(LN)) be random
matrices of size N x N distributed according to the Gibbs law

A (X, xy = %G—NTr(V(XiN)V“,XT(IN))) dx®™ . ax,
N

y
June 17, 2019 19 / 20
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Polynomial evaluations for Gibbs laws

Corollary (Banna, M. (2018))
Let V € C(x1,...,zy) be “nice” and let (X§N), . ,Xy(LN)) be random

matrices of size N x N distributed according to the Gibbs law

1
dAK(va), o ,X7(1N)) _ We—NTr(V(XEN)V“,XﬁLN))) deN) de(lN)‘
N

Then, for each non-constant selfadjoint P € C(z1,.

.., Zn), we have that:
(i) The empirical eigenvalue distribution jiy-(v) of

Y™ .= p(x™ . x®)y
converges in distribution almost surely to a compactly supported Borel
probability measure i on R with a cumulative distribution function

that is Holder continuous with exponent ﬁ.

v
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Polynomial evaluations for Gibbs laws
Corollary (Banna, M. (2018))

1

Let V € C(x1,...,zy) be “nice” and let (X(N), . ,Xy(LN)) be random
matrices of size N x N distributed according to the Gibbs law

A (X, xy = ive_NTr(v(XfN)7.__,X§LN>)) dx®™ . ax,
Z
N
Then, for each non-constant selfadjoint P € C(z1,.

.., Zn), we have that:
(i) The empirical eigenvalue distribution jiy-(v) of

Y™ .= p(x™ . x®)y

n

converges in distribution almost surely to a compactly supported Borel
probability measure i on R with a cumulative distribution function
that is Holder continuous with exponent T 2

29-1)"
(i) We have that

dKol(ﬁy(N),M) — 0 as N — oo. )

Regularity properties June 17, 2019 19 / 20
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Polynomial evaluations for GUEs
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Polynomial evaluations for GUEs
Corollary (Banna, M. (2018))

Let (XfN), e ,X,(LN)) be independent Gaussian random matrices of size
N x N.
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Polynomial evaluations for GUEs
Corollary (Banna, M. (2018))

Let (XfN), e 7X,(fv)) be independent Gaussian random matrices of size
N x N. For each non-constant selfadjoint P € C(x1,...,x,), we have:

(i) The empirical eigenvalue distribution jiy-(n) of
Y™ .= px™ . x)

converges in distribution almost surely to a compactly supported Borel

probability measure . on R with a cumulative distribution function
that is Holder continuous with exponent ——

1
241"
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Polynomial evaluations for GUEs
Corollary (Banna, M. (2018))
Let (XM x{V

n ) be independent Gaussian random matrices of size
N x N. For each non-constant selfadjoint P € C(x1,...,x,), we have:

(i) The empirical eigenvalue distribution jiy-(n) of

Y™ .= px™ . x)

converges in distribution almost surely to a compactly supported Borel
probability measure . on R with a cumulative distribution function
that is Holder continuous with exponent ——

1
201
(i) There is a constant C' > 0 such that

S T
dkol (Bry vy, ) < CN 1329260 for all N € N.
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Polynomial evaluations for GUEs
Corollary (Banna, M. (2018))
Let (XM x{V

n ) be independent Gaussian random matrices of size
N x N. For each non-constant selfadjoint P € C(x1,...,x,), we have:

(i) The empirical eigenvalue distribution jiy-(n) of

Y™ .= px™ . x)

converges in distribution almost surely to a compactly supported Borel
probability measure . on R with a cumulative distribution function
that is Holder continuous with exponent ——

1
201
(i) There is a constant C' > 0 such that

S T
dkol (Bry vy, ) < CN 1329260 for all N € N.

Thank youl

Tobias Mai (Saarland University)
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