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What this talk will be mostly about:
free probability theory

2004 NAS Award in Mathematics to Voiculescu for
“the theory of free probability, in particular, using random matrices and a
new concept of entropy to solve several hitherto intractable problems in
von Neumann algebras”

von Neumann
algebras

free probability
theory

random
matrices
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Operators, C∗-algebras, von Neumann algebras

single operators: kind of complicated matrices

bounded linear operator on Hilbert space

operator algebras: families of operators
I C∗-algebras: large families of operators

∗-algebras of bounded operators which are closed in the operator norm
topology ("uniform convergence")

I von Neumann algebras: very large families of operators

∗-algebras of bounded operators which are closed in weak operator
topology ("point-wise convergence")
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1974
Halmos: I have a photographic memory

There was a mathematical life of Voiculescu
before free probability,

starting in single operator theory

I Apostol, Foias, Voiculescu:
characterization of non-quasitriangular
operators (1973)

I non-commutative Weyl-von Neumann
theorem (1976)

moving into operator algebras:
I Pimsner-Voiculescu: K-theory of
C∗-algebras (1980, 1982)

beginnings of free probability:
“Symmetries of some reduced free
product C∗-algebras” (1985)
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Timisoara-Herculane, ∼ 1980
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von Neumann algebras

introduced by John von Neumann in 1929
are non-trivial versions of ∞×∞ matrices
describe geometries of non-integer dimension
are used for a mathematical description of
quantum mechanics

History
1936-1943: fundamental work by Murray and von Neumann
1976: deep results on classification by Alain Connes (Fields Medal
1982)
around 1982: work of Vaughan Jones on subfactors and connection to
knot theory (Fields Medal 1990)
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The free group factor(s)
There are free groups: F2, F3, F4, . . .

Fn is the free group in n non-commuting generators

Fn is given by words in n letters

from this we build C∗-algebras: C∗r (F2), C∗r (F3), C∗r (F4), . . .

C∗r (Fn) is the norm closure of the left regular representation of CFn

C∗r (Fn) is given by sentences in the n letters, also allowing
complicated infinitely long sentences

and von Neumann algebras: L(F2), L(F3), L(F4), . . .

L(Fn) is the closure in weak operator topology of the left regular
representation of CFn . . . they are called free group factors
L(Fn) is given by sentences in the n letters, also allowing very
complicated infinitely long sentences
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The basic question

the free groups are different
but how about their operator algebras

; although they look different,
they might be the same – such guys like to come in disguise!

Are the operator algebras the same for different n, i.e., do there exist
∗-isomorphisms

C∗r (Fn)→ C∗r (Fm)

or
L(Fn)→ L(Fm)

for m 6= n?
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Operator algebras come in disguise: they might
look different, but still could be the same

The operator algebras of F2, F3, F4 could be . . .

all the same
Peter Sellers
(in Dr. Strangelove)

some the same,
some different

all different
free probabilists:
Voiculescu, Guionnet,
Speicher (MFO 2015)

Which is it?
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Why is this so hard
It might not look so hard to see that they are the same, even if they
look different on the surface

eigth times: Alec Guinness
in Kind Hearts and Coronets

This is kind of true for C∗-algebras
There we have strong tools (K-theory) for distinguishing different
C∗-algebras
Pimsner-Voiculescu (1982): all C∗r (Fn) are different!

actually: von Neumann algebras can look very different, but still be
the same deep inside ... like Dr. Who

Dr. Who, in
13 different
incarnations

we have only very few tools to distinguish von Neumann algebras
none of them applies to the free group factors
Voiculescu took, starting in the 1980’s, a quite different approach
("non-commutative probability") to deal with the free group factors
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What does probability have to do with this???

Shall we roll some dice to decide whether the free group factors are
the same . . .

maybe invoking Voiculescu as a joker

... no, not really ...
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What does probability have to do with this???
And why is it non-commutative???

Usual probability: throwing a coin

heads

tails I don’t know

is described by matrices which commute

Quantum probability: measuring spin of an electron
spin up spin down I don’t know

nature does not know

is described by matrices which do not commute
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Quantum reality is non-commutative
Quantum physics is a kind of non-commutative probability

Nature on the quantum level is described by non-commuting matrices
we can calculate from the matrices averages for all possible
measurements

And what does this have to do with the free group factors???
Free group factors are in a sense also a complicated kind of matrices,
and we can also calculate for them averages of all possible kind of
functions

Conclusion
So let us consider our free group factors also as realizations of a kind
of non-commutative probability theory . . .
and take some inspiration from classical probability theory to
understand them better
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Our inspiration from classical probability:
It is the distribution that matters!!!

Relevance of distribution
Very different concrete situations have the same distribution. For statistical
purposes only the latter is important, actual details of realization are
irrelevant.
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Our inspiration from classical probability:
It is the distribution that matters!!!
Normal distribution describes approximately:

distribution of Galton box

https://commons.wikimedia.org/w/
index.php?curid=57045935

distribution of blood pressure

https://images.app.goo.gl/isgpWsJFApM53koh9
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Our inspiration from classical probability:
It is the distribution that matters!!!
Relevance of distribution
Very different concrete situations have the same distribution. For statistical
purposes only the latter is important, actual details of realization are
irrelevant.

So let us try to understand the distribution of our free group factors

our free group factors L(Fn) are coming with a faithful trace τ
all relevant properties of L(Fn) can be recovered from the distribution
of a set of generators e1, . . . , en of L(Fn); i.e., from all moments

τ(ei(1) · · · ei(k)) ∀k, i(1), . . . , i(k)

instead of investigating the technical syntax of our sentences formed
by the various L(Fn) we try now to understand their semantics
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Free group factors speak in different languages . . . so their
distributions are hard to understand

L(F2): du balsiongie chongbun.

(Korean)

L(F3): toH, wej maS jIH.

(Klingon)

. . .

(. . . . . . )

2004 NAS Award in Mathematics for “the theory of free probability, in particular, using random matrices and a new
concept of entropy to solve several hitherto intractable problems in von Neumann algebras”

von Neumann algebras free probability theory random matrices

Random matrices speak in kind of Esperanto . . .
. . . a universal language which has an easier structure

(Esperanto)

random matrices are a nice blend of classical probability and
non-commutative matrices
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Free group factors speak in different languages . . . so their
distributions are hard to understand

L(F2): two generators are enough. (Korean)
L(F3): well, I prefer three. (Klingon)
. . . (. . . . . . )

2004 NAS Award in Mathematics for “the theory of free probability, in particular, using random matrices and a new
concept of entropy to solve several hitherto intractable problems in von Neumann algebras”

von Neumann algebras free probability theory random matrices

Random matrices speak in kind of Esperanto . . .
. . . a universal language which has an easier structure

random matrices: I don’t know how many generators you need, at
least I am easier to understand (Esperanto)
random matrices are a nice blend of classical probability and
non-commutative matrices
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Random Matrices
Random matrices are sequences of N ×N matrices whose entries are
chosen randomly (according to a prescribed distribution)

History
1928: Wishart introduced random matrices in statistics, for finite N
1955: Wigner introduced random matrices in physics, with N →∞
1972: Montgomery and Dyson discovered relation between zeros of
the Riemann zeta function and eigenvalues of random matrices
since 2000: random matrix theory developed into a central subject in
mathematics, with many different connections

Fundamental observation
many random matrices show for N →∞ almost surely a deterministic
behavior;
thus the randomness helps us to calculate things, but the result does
not depend on it
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Wigner random matrices (Wigner 1955)

Definition

A Wigner random matrix XN = 1√
N

(
xij
)N
i,j=1

is symmetric: X∗N = XN , i.e. xij = xji for all i, j
entries {xij | 1 ≤ i ≤ j ≤ N} are chosen according to
independent coin tosses: head = +1, tail = −1

Example: eigenvalue distribution for N = 3000
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von Neumann algebras and random matrices
we can translate some parts of the free group factors language into
the random matrix language

we can work much better with random matrices, as they have more
structure and give us often more intuition

von Neumann
algebra

random matrix



1 −1 −1 1 −1 ‖ 1 −1 −1 −1 1
−1 1 −1 −1 1 ‖ 1 −1 1 1 1
−1 −1 1 1 −1 ‖ 1 1 1 −1 1
1 −1 1 −1 1 ‖ 1 −1 −1 −1 1
−1 1 −1 1 −1 ‖ −1 −1 −1 1 1
= = = = = = = = = = =
1 1 1 1 −1 ‖ 1 1 −1 1 1
−1 −1 1 −1 −1 ‖ 1 1 1 −1 1
−1 1 1 −1 −1 ‖ −1 1 −1 −1 −1
−1 1 −1 −1 1 ‖ 1 −1 −1 1 −1
1 1 1 1 1 ‖ 1 1 −1 −1 1



For example, when we cut them into pieces . . . it is easier to work with
the pieces of random matrices.
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Results about free group factors
Realizing the free group factors with the help of random matrices gave
some new insights and allowed to derive new deep results about free group
factors

it can not be that some are the same and some are different

L(F2), L(F3), L(F4) . . .

all the same
Peter Sellers
(in Dr. Strangelove) some the same,

some different

all different
free probabilists:
Voiculescu, Guionnet,
Speicher (MFO 2015)

free group factors do not have Cartan subalgebras (counter example to
old conjecture)
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Why is this all so exciting?

– Free Probability
bridges between theoretical and applied subjects!

operator algebras
complicated
versions of infinite
dimensional
matrices; with a
lot of interesting
structure – but not
easy to deal with

results on←−−−−−−−−−−
free group factors

free probability
abstract setting
for investigating
non-commutative
algebras from a
probabilistic
perspective

calculation of−−−−−−−−−−−−−→
eigenvalue distributions

random matrices
blend of probability and
non-commutativity

applications in many applied
fields:

(next talk on Monday)
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And no: there is no free lunch nor free dinner in
free probability ...
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And no: there is no free lunch nor free dinner in
free probability ...
... unless you are the inventor of the subject and
have your 70th birthday!
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Happy Birthday, Dan!

Dan and Ioana at Pisa, in front of a statue of Dini
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